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Abstract
It has been shown that muon flux intensities calculated in terms of the SIBYLL 2.1,
QGSJET II-04, and QGSJET 01 models in the energy range of 102 –104 GeV exceed the data
of the classical experiments L3+Cosmic, MACRO, and LVD on the spectra of atmospheric
muons by a factor of 1.5 – 2. It has been concluded that these tested models overestimate
the production of secondary particles with the highest energies in interaction of hadrons.
The LHCf and TOTEM accelerator experiments show also some disagreements with these
model predictions at highest energies of secondary particles.
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Introduction

The longitudinal development of extensive air showers and, hence, the depth Xmax of its maximum depends strongly on the rate of the projectile particle energy E fragmentation. If a
probability of secondary particles production in the energy range of ∼( 0.01 – 0.6)E is high
then the depth Xmax is expected to be rather large. And contrary, in case of the severe energy
fragmentation the length of a shower and the depth Xmax of its maximum will be small.
The intensity of the muon flux in the atmosphere depends also on the secondary particles
produced in this energy range of ∼(0.01 – 0.6)E. So, this energy interval is the most important
for the extensive air shower longitudinal development. The study of the secondary particle
production with the most highest energies is also of importance for understanding of hadronic
interactions.
The extensive air shower data are interpreted in terms of some models of hadronic interactions. These models at the most highest energies of secondary particles are tested at the
accelerator experiments LHCf [1] and TOTEM [2]. We suggest [3, 4, 5] to test also the most
popular models of hadronic interactions with the atmospheric muon data [6, 7, 8], measured
with rather high accuracy at energies above 102 GeV. This test is of the primary importance
for the study of composition of the primary particles.
All features of the energy spectrum, arrival directions and a composition of the primary
cosmic ray particles should be determined to understand the origin of cosmic rays, their possible
sources and a transport of particles in various magnetic fields on their ways to the Earth.
In the standard approach the depth Xmax of shower maximum as a function of energy E of
the primary particle is used to study a composition. In the alternative approach the ratio α of
signals sµ (600) in the underground and s(600) in the surface detectors at a distance of 600 m
from the shower core is used to study the nature of the primary particles:
∗
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α = sµ (600)/(s(600).

(1)

The Yakutsk array data interpreted in terms of the same model QGSJET II-03 [9] gave
the heavy composition if no testing is applied and the light composition with testing [5]. The
ratious α calculated in terms of the QGSJET II-03 model [9] for the primary protons (solid
line) and the primary iron nuclei (dashed line) and the Yakutsk array data (points with the
error bars) [10] are shown in figure 1 as functions of the signals s(600) in the surface detectors
when no testing is applied [3] and in figure 2 as functions of the energy E of the primary particle
when testing was used [11].
It had been found [12] that the atmospheric muon energy spectrum calculated in terms of
the QGSJET II-03 model [9] and with the ATIC-2 primary particle spectrum [13] is by a factor
1.5 lower than data [6, 7, 8]. In [12] the transport equations have been used to estimate the
muon energy spectrum. Many other papers [14, 15, 16, 17] used the same method.
We suggest the very simple alternative method [11] to simulate the muon energy spectrum
to test some hadronic interaction models.
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Simulations

The package CORSIKA 7.4 [18] had been used to estimate the energy spectra D(Eµ ) of muons
in the energy range of 102 – 105 GeV in the atmosphere from the primary protons and helium
nuclei with energies within the interval 102 – 107 Gev in terms of the QGSJET 01 [19], QGSJET
II-04 [20], SIBYLL 2.1 [21] models with statistics 106 – 102 events.
To estimate these energy spectra of muons D(Eµ ) with energies in the energy range of 102
– 105 GeV in the atmosphere we need to know
1) the energy spectra dIp /dE and dIHe /dE of the primary protons and helium nuclei with
energies within the interval 102 – 107 Gev;
2) at the level of observation the energy spectra of muons Sp (Eµ , E) and SHe (Eµ , E) produced in showers induced by the primary proton and helium nuclei with the fixed energies E
in terms of the QGSJET 01 [19], QGSJET II-04 [20], SIBYLL 2.1[21] models.
Then the energy spectra of muons D(Eµ ) are calculated as follows. The spectrum Dp (Eµ )
in showers induced by the primary protons:
Z
DP (Eµ ) · dEµ = dE · (dIP /dE) · SP (Eµ , E) · dEµ
(2)
The spectrum DHe (Eµ ) in showers induced by the primary helium nuclei:
Z
DHe (Eµ ) · dEµ = dE · (dIHe /dE) · SHe (Eµ , E) · dEµ

(3)

The sum of these spectra at the level of observation:
D(Eµ ) = (Dp (Eµ ) + DHe (Eµ ))

(4)

is the calculated spectrum of atmospheric muons. To estimate integrals (2) and (3) we have to
calculate the spectra of muons Sp (Eµ , E) · dEµ in showers induced by the primary protons with
fixed energy E and the spectra of muons SHe (Eµ , E) · dEµ in showers induced by the primary
helium nuclei with fixed energy E in terms of various models for different values of energy E.
Calculations have been carried out for 24 values of energy E for the primary protons and for
19 values of energy E for the primary helium neclei.
The energy spectra of muons Sµ (Eµ , E)dEµ calculated in terms of for the model QGSJET
II-04 [20] are shown in figure 3 for the primary protons with various fixed energies E (1 –
3.162 · 102 , 2 – 103 , 3 – 104 , 4 – 105 , 5 – 106 , 6 – 107 ) GeV, and in figure 4 for the primary
2

helium nuclei with various fixed energies E (1 – 103 , 2 – 104 , 3 – 105 , 4 – 106 , 5 – 107 GeV).
It should be noted, that dependence of these spectra on energy Eµ near the energy E of the
primary particle is very sharp. The dependence of these spectra Sµ (Eµ , E)dEµ on the model
used is also of interest.
The muon spectra Sµ (Eµ , E)dEµ calculated in terms of the various models (+ – SIBYLL
2.1 [21],  – QGSJET II-04 [20], ◦ – QGSJET 01 [19]) are shown in figure 5 for the primary
protons with the energy E = 105 GeV and in figure 6 for the primary helium nuclei with the
energy E = 105 GeV.
To estimate integrals (2) and (3) we need also to know the primary particle energy spectra
dIp /dE and dIHe /dE. As the energy per nucleon is of importance only the energy spectra of
the primary protons and helium nuclei should be taken into account.
At energies E ≤ E1 = 3 · 106 GeV we have used Gaisser T. K. and Honda M. approximation
[22] (GH) for the primary proton and helium nuclei:
p
α
dNA /dEk = K · (Ek + bexp(c Ek ) ,

(5)

where the parameters α, K, b and c are assumed as 2.74, 14900, 2.15 and 0.21, accordingly,
for the primary protons (A = 1) and as 2.64, 600, 1.25 and 0.14, accordingly, for the primary
helium nuclei (A = 4). We will use GH approximation as (dIp /dE)GH and (dIHe /dE)GH .
We suggested the modified GH approximation of the energy spectra of the primary particles
at energies E > E1 . For the primary protons it looks as follows
(dIp /dE)m = (dIp /dE)GH · (E1 /E)0.5 .

(6)

For the primary helium nuclei it should be as
(dIHe /dE)m = (dIHe /dE)GH · (E1 /E)0.5 ,

(7)

where E1 = 3 · 106 GeV.
Figures 7, 8, 9 show the energy spectra of the primary protons and the primary helium
nuclei and of the sum of the primary proton and helium nuclei, respectively. At these figures
the GH [22] and the modified Gaisser-Honda approximation (formulas (6) and (7)) are shown
as dashed line. The various data are shown by different symbols: AMS02 [23] – solid line,
ATIC-2 [13] – ◦, CREAM [24] – •, ARGO [25] – 4, WCFTA [26] – , KASKADE (QGSJET
II-03) [27] – × and KASKADE (SIBYLL2.1) [27] – +, RUNJOB [28] – , TUNKA [29] – ♦
(all particles), SPHERE-2 [30] – N (all particles).
The models QGSJET 01 [19], QGSJET II-04 [20], SIBYLL 2.1 [21] are tested with the help
of the smooth approximation of the atmospheric muon data observed by the collaborations
L3+Cosmic [6], MACRO [7] and LVD [8]. These muon data had been used for comparison with
our results of simulations of the energy spectrum of muons.
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Results and conclusion

The spectra of vertical muons Dp (Eµ )+DHe (Eµ ) in the energy range of 102 – 104 GeV calculated
in terms of various hadron interaction models (SIBYLL 2.1 [21] (+), QGSJET II-04 [20] () and
QGSJET 01 [19] (◦)) in showers induced by the primariy protons and helium nuclei are shown
in figure 10. It can be seen that the SIBYLL 2.1 model [21] predicts the maximum intensity
of the muon flux with the highest energies; the QGSJET 01 model [19] gives values which
are smaller by approximately 30%. The QGSJET II-04 model [20] predicts an intermediate
result. This conclusion is in agreement with the results shown in figure 3. Figure 10 also
clearly demonstrates the steepening of the spectrum at energies of muons Eµ much higher than
the decay constant B± of π ± mesons in the atmosphere (B± ≈ 100 GeV). Comparison of the
calculated spectra with experimental data allows testing models.
3

Figure 11 shows the ratio R of the muon energy spectrum D(Eµ ) calculated in [12] in
terms of the QGSJET II-03 model with the primary particle spectra [13] to results of our
simulations in terms of the same model but for the GH spectrum [22] of the primary particles.
The difference ∼ 20% may be accounted for the different primary spectrum used. Indeed,
figures 7, 8, 9 demonstrate, that the ATIC-2 spectrum of the primary particles is (10 – 20)%
above the GH spectrum used in our simulations. The smooth approximation of the results of
the L3+Cosmic [6], MACRO [7] and LVD [8] experiments was taken as data for comparison.
The ratio of the spectra calculated in terms of various models to this approximation is shown
in figure 12. It can be seen that this ratio in the muon energy range of 102 – 104 GeV increases
from ∼ 1.4 to ∼ 1.6 for the SIBYLL 2.1 model [21], from ∼ 1.3 to ∼ 1.4 for the QGSJET II-04
model [20], and from ∼ 1.2 to ∼ 1.3 for the QGSJET 01 model [19]. The most important fact
is that an increase in this ratio begins at energies Eµ > 103 GeV and it reaches ∼ 2 for the
SIBYLL 2.1 model, ∼ 1.7 for the QGSJET II-04 model and ∼ 1.55 for the QGSJET 01 model
at Eµ = 104 GeV. No slowing of this increase is observed at highest energies of muons. Thus,
figure 12 demonstrates a very serious departure of the calculated spectra from the data reported
in [6, 7, 8]. This difference is associated with a slower rate of fragmentation of the energy of
incident particles in events of their interaction with nuclei in the atmosphere. Thus, these
models overestimate the probability of the generation of secondary particles with the highest
energies. According to the calculations, the main contribution to integrals (2) and (3) comes
from secondary particles with energies in the ranges of (0.01 – 0.6)E and (0.001 – 0.1) E, where
E is the energy of an incident particle, for the primary protons and helium nuclei, respectively.
This overestimated probability is also confirmed by the data of the LHCf [1] and TOTEM [2]
accelerator experiments. For example, the QGSJET II-04 model [20] overestimates the density
of charged particles dNch /dη per unit of pseudorapidity at the pseudorapidity η = 6.345 by
a factor of k ≈ 1.3 as compared to the TOTEM data [2]. This difference increases at large η
values because of the difference between the slopes of the calculated curve and the data from [2].
The QGSJET 01 [19] model predict the density dNch /dη which is (18 – 30)% higher than that
in [2], and the SIBYLL 2.1 model [21] gives the density which is (4 – 16)% lower in the interval
5.3 ≤ η ≤ 6.4. However, the SIBYLL 2.1 model gives a significantly smoother dependence
of the density dNch /dη. This dependence intersects the extrapolation curve of the data [2] at
η ∼ 6.5 and is significantly above this extrapolation curve at η ∼ 7–8. Under the assumption
of a similar dependence for charged mesons, this results in a decrease in the calculated density
of muons at large distances x from the axis of the shower. This decrease was observed in the
Pierre Auger Collaboration data [31] and Yakutsk EAS array data [32]. Comparison of the
√
LHCf data [1] on the energy spectra of photons in p–p collisions at an energy of s = 7 TeV
with predictions of various models in the pseudorapidity range 8.81 ≤ η ≤ 8.99 shows that the
QGSJ II-03 model [9] gives a two to four times smaller number of photons, whereas the SIBYLL
2.1 [21] model predict a 1.5 – 2 times larger number of photons. Thus, all models should be
significantly corrected for the highest energies of secondary particles.
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Figure 1: The fraction α of muons calculated in terms of the QGSJET II-03 model for the
primary protons (solid line) and the primary iron nuclei (dashed line) and the Yakutsk array
data [10] vs. the signal s(600) in the surface detectors when no testing is applied.
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Figure 2: The fraction α of muons calculated in terms of the QGSJET II-03 model for the
primary protons (solid line) and the primary iron nuclei (dashed line) vs. energy E of the
primary particle when testing is applied.

Figure 3: The energy spectra of muons generated in showers induced by the primary protons
with various fixed energies E for the model QGSJET II-04: 1 – 3.162 · 102 , 2 – 103 , 3 – 104 , 4
– 105 , 5 – 106 , 6 – 107 GeV.
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Figure 4: The energy spectra of muons generated in showers induced by the primary helium
nuclei with various fixed energies E for the model QGSJET II-04: 1 – 103 , 2 – 104 , 3 – 105 , 4
– 106 , 5 – 107 GeV.
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Figure 5: The muon energy spectrum calculated in terms of the various models: + – SIBYLL
2.1,  – QGSJET II-04, ◦ – QGSJET 01 in showers induced by the primary protons with the
energy E = 105 GeV .
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Figure 6: The muon energy spectrum calculated in terms of the various models: + – SIBYLL
2.1,  – QGSJET II-04, ◦ – QGSJET 01 in showers induced by the primary helium nuclei with
the energy E = 105 GeV .
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Figure 7: The energy spectrum of the primary protons.

11

5

4

10

-2 -1

-1

dIHe/dE, m s sr GeV

1.75

10

He

3

E

2.75

10

2

10

2

3

10

10

4

5

10

10

6

10

7

10

E, GeV

Figure 8: The energy spectrum of the primary helium nuclei.
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Figure 9: The sum of spectra of the primary protons and helium nuclei.
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Figure 10: The atmospheric muon spectra simulated in terms of the SIBYLL 2.1 (+), QGSJET
II-04 () and QGSJET 01 (◦) models.

Figure 11: The ratious R of energy spectra of muons D(Eµ ) calculated in [12] in terms of the
model QGSJET II-03 to our spectra [11]
.
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Figure 12: A comparison of calculated results with the atmospheric muon data [6, 7, 8]
(MC/DATA): + – SIBYLL 2.1,  – QGSJET II-04, ◦ – QGSJET 01.
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