Some general properties of U(1) gauged Q-balls

I. E. Gulamov^{a,b∗}, E. Ya. Nugaev^{c†}, M. N. Smolyakov^{b‡}

a Physics Department, Lomonosov Moscow State University Leninskie gory, 119991, Moscow, Russia b Skobeltsyn Institute of Nuclear Physics, Lomonosov Moscow State University Leninskie gory, 119991, Moscow, Russia c Institute for Nuclear Research of the Russian Academy 60th October Anniversary prospect 7a, 117312, Moscow, Russia

Abstract

The main properties of (3+1)-dimensional U(1) gauged Q-balls are discussed. A method for obtaining the charge and the energy of such gauged Q-balls using only the nongauged solution for the scalar field in the case, when the back-reaction of the gauge field on the scalar field is small, is presented, as well as the corresponding criteria of its applicability.

It is well known that, according to the well-known Hobart-Derrick theorem [1], there are no static solitons in the (3+1)-dimensional scalar field theory with a nonnegative scalar field potential. Apart from taking potentials which are not nonnegative (moreover, it is not difficult to show that all such solutions are classically unstable), there is a simple way to overcome the restriction put by the Hobart-Derrick theorem. Indeed, one can consider a theory of complex scalar field with global U(1) symmetry, possessing a time-dependent solution of the form

ϕ(t, ⃗x) = e^{iωt}φ(⃗x). (1)

Such solutions were proposed in [2] (see also [3] for some early papers, in which solitons of this type were discussed). Following [4], now non-topological solitons of this kind are called Q-balls.

A simplest generalization of Q-balls to the gauged case, i.e., from the global U(1) symmetry to the gauge U(1) symmetry, is straightforward. To our knowledge, for the first time this was done in [5]. Later such U(1) gauged Q-balls were discussed in many papers, for the most interesting results see [6, 7]. In the present manuscript we briefly present some new results for these solutions (see [8] for details).

We start with the action S = ∫ d^4x ( (∂^μϕ^∗ − ieA^μϕ^∗)(∂_μϕ + ieA_μϕ) − V (ϕ^∗ϕ) − 1 4 F_{μν} F^{μν} ) (2) and take the standard spherically symmetric ansatz for the fields describing a gauged Q-ball:

ϕ(t, ⃗x) = e^{iωt}f(r), A_0(t, ⃗x) = A_0(r), A_i(t, ⃗x) ≡ 0, (3)

where μ = 0, 1, 2, 3; r = √ ⃗x^2 and f(r), A_0(r) are real functions which vanish at r → ∞. We suppose that the function f(r) has no nodes and f(0) > 0. For the scalar field potential, the conditions V (0) = 0,^{dV}_{df} | |_{f=0}= 0 are supposed to fulfill.

∗e-mail: igor.gulamov@gmail.com †e-mail: emin@ms2.inr.ac.ru ‡e-mail: smolyakov@theory.sinp.msu.ru

The corresponding equations of motion take the form

2e^2(ω + g)f^2 = Δg, (4)

2(ω + g)^2f + 2Δf − dV df = 0, (5)

where Δ =^3 ∑ i=1 ∂_i∂_i, g = eA_0, V (f) = V (ϕ^∗ϕ). We define the charge of a gauged Q-ball as

Q = 2 ∫ d^3x(ω + g)f^2. (6)

We note that the physical charge is Q_{phys} = eQ, but for convenience, below we will use the charge Q, not Q_{phys}. Without loss of generality for simplicity we can consider ω ≥ 0, which implies Q ≥ 0. Indeed, according to [6] the sign of ω + g always coincides with the sign of ω, whereas g ≡ 0 for ω = 0 (see [5]).

The energy of a gauged Q-ball at rest is defined by E = ∫ d^3x ( (ω + g)^2f^2 + ∂_if∂_if + V (f) + 1 2e^2

∂_ig∂_ig ) . (7)

It is well known that for ordinary (nongauged) Q-balls the relation dE dQ = ω (8)

holds. It is not difficult to show that the same relation (8) holds for U(1) gauged Q-balls too. The calculation is straightforward and we do not present it here (see [8] for details). Although this relation is very simple, it leads to a rather important consequence. Indeed, there exist well-known estimates for the maximal charge of stable gauged Q-balls, presented in [6] (although these estimates were obtained within the particular model, they are used in many papers concerning gauged Q-balls). It is stated in [6] that for a charge Q, such that for a Q-ball of this charge the inequality^{dE}_{dQ} > M holds, it is energetically favorable to have a Q-ball with the charge Q_{max} and Q − Q_{max} free scalar particles. The maximal charge Q_{max} is defined as a solution to equation^{dE}_{dQ} = M. But let us recall that the inequality ω < M should hold for a Qball in a theory with^{dV (ϕ∗ϕ)}_{d(ϕ∗ϕ)} | |_{ϕ∗ϕ=0}= M 2 > 0 (see [5, 6]), otherwise the corresponding solution to equation (5) does not fall off at infinity rapidly enough to ensure the finiteness of the Q-ball charge and energy. So, for any gauged Q-ball in such a theory the inequality^{dE}_{dQ} = ω < M holds, and Q-balls with^{dE}_{dQ} ≥ M can never exist. Thus, the procedure used in [6] for estimating the value of the maximal charge of stable gauged Q-balls contradicts the main properties of gauged Q-balls and can not be considered as correct, as well as the consequent statement about the existence of the maximal charge (see also discussion in [8]).

Now we turn to the particular case when the back-reaction of the gauge field is supposed to be small (|g(r)| ≪ ω, |f(r) − f_0(r)| ≪ f_0(r), where f_0(r) = f_0(r, ω) is a nongauged Q-ball solution in the case e = 0). In this case one can use the linear approximation in g(r) and φ(r) = f(r) − f_0(r) above the nongauged background solution, which simplifies the analysis. Equations (4) and (5) can be reduced to the form

Δg − 2e^2ωf^2_0 = 0, (9)

Δφ + ω^2φ + 2ωgf_0 − 1 2 d^2V df^2 | | f=f_0

φ = 0, (10)

where f_0 is defined as a solution to the equation

ω^2f_0 + Δf_0 − 1 2 dV df | | |_{f=f0} = 0. (11)

In this approximation, the charge and the energy take the form

Q = Q_0 + △Q = Q_0 + 4π ∞∫ 0 drr^2(2gf^2_0 + 4ωf_0φ), (12)

E = E_0 + △E = E_0 + 4πω ∞∫ 0 drr^2(gf^2_0 + 4ωf_0φ) (13)

where Q_0 and E_0 are defined by Eqs. (6), (7) with f_0(r) instead of f(r) and with g ≡ 0.

Now we are ready to calculate △Q and △E. We will not present the detailed calculations, which can be found in [8], but briefly present the main steps of the derivation. First, we take equation (10), multiply it by^{df0}_{dω} , integrate over the spatial volume and perform integration by parts. Then, we take equation (11) and differentiate it with respect to ω. Using the latter equation, we arrive at ω ∫ ( gf_0 df_0 dω − φf_0 ) d^3x = 0. (14)

Now, let us consider the charge (12). According to (14),

△Q = 4π ∞∫ 0 drr^2g dq dω , (15)

where q = 2ωf^2_0 . Using the relation Δ^{dg}_{dω} = e^{2 dq}_{dω} , which follows from (9), we can show that ∫ d^3xg dq dω = 1 2 d dω ∫ d^3xgq. (16)

Let us define I = 1 2 ∫ d^3xgq. (17)

Then, for (12) and (13) we get

△Q = dI dω , △E = ω dI dω − I. (18)

It is possible to calculate the integral I explicitly [8]. Indeed, for a given background solution f_0, the spherically symmetric solution to (9), which vanishes at infinity, takes the form [5]

g = g(r) = −e^2 ∞∫ r q(y)ydy − e^2 1 r r∫ 0 q(y)y^2dy. (19)

Substituting it into (17), after some algebra we get

I = −16πe^2ω^2 ∞∫ 0 f^2_0 (r)r r∫ 0 f^2_0 (y)y^2dy dr. (20)

Thus, to examine the main properties of gauged Q-balls in a theory with a small back-reaction of the gauge field, it is not necessary to solve explicitly the corresponding linearized differential equations. Instead of this, one can simply take the corresponding nongauged background solution f_0(r, ω) to obtain I and calculate the corresponding E(Q) dependence.

Of course, the result presented above can be used only if the corrections are much smaller than the background solution itself. In order to check the validity of the linear approximation, we propose the parameter (we present it without the detailed derivation, it can be found in [8])

α(ω) = max_i { |g(0)| ω , |2△E − ω△Q| 2ωQ_0 , | | | g(0) f_0(r_i) df_0(r_i) dω | | | } . (21)

One should calculate (21) at several different points r_i for a given ω to obtain better estimates. The fulfillment of the condition α(ω) ≪ 1 suggests, although it does not ensure, that the linear approximation is valid. Similarly to the case of (20), only the background solution f_0(r, ω) is necessary for calculating α(ω). It is necessary to note that although the factor α(ω) is proportional to e^2, the smallness of e^2 does not guarantee the fulfillment of α(ω) ≪ 1 in the general case. A simple justification of this fact can be found in Appendix B of [8].

Finally, we compare the energies of gauged (obtained in the linear approximation in α(ω)) and nongauged Q-balls at a given charge Q. Equality of charges of gauged (with ω = ω_1) and nongauged (with ω = ω_2) Q-balls leads to

△Q(ω_1) ≈ (ω_2 − ω_1) dQ_0 dω | | |_{ω=ω1} . (22)

Thus, for the energies of gauged and nongauged Q-balls we can get

E(ω_1) − E_0(ω_2) ≈ △E(ω_1) − (ω_2 − ω_1) dE_0 dω | | ω=ω_1

≈ △E(ω_1) − ω_1△Q(ω_1) = −I(ω_1) > 0,

where we have used (8). Thus, at least for small α(ω), for any charge Q > 0 the energy of a gauged Q-ball is larger than the energy of the corresponding nongauged Q-ball with the same charge.

In [9] one can find explicit examples demonstrating how the presented technique can be used for calculations.

References

[1] R.H. Hobart, Proc. Phys. Soc. 82 (1963) 201; G.H. Derrick, J. Math. Phys. 5 (1964) 1252.

[2] G. Rosen, J. Math. Phys. 9 (1968) 996.

[3] G. Rosen, Phys. Rev. 183 (1969) 1186; D.L.T. Anderson and G.H. Derrick, J. Math. Phys.

11 (1970) 1336; R. Friedberg, T.D. Lee and A. Sirlin, Phys. Rev. D 13 (1976) 2739; G.C. Marques and I.Ventura, Phys. Rev. D 14 (1976) 1056; V.G. Makhankov, Phys. Rept. 35 (1978) 1.

[4] S.R. Coleman, Nucl. Phys. B 262 (1985) 263 [Erratum-ibid. B 269 (1986) 744].

[5] G. Rosen, J. Math. Phys. 9 (1968) 999.

[6] K. -M. Lee, J. A. Stein-Schabes, R. Watkins and L. M. Widrow, Phys. Rev. D 39 (1989) 1665.

[7] C. H. Lee and S. U. Yoon, Mod. Phys. Lett. A 6 (1991) 1479; H. Arodz and J. Lis, Phys. Rev. D 79 (2009) 045002; V. Benci and D. Fortunato, J. Math. Phys. 52 (2011) 093701; V. Benci and D. Fortunato, arXiv:1212.3236 [math-ph]; V. Dzhunushaliev and K. G. Zloshchastiev, Central Eur. J. Phys. 11 (2013) 325.

[8] I.E. Gulamov, E.Y. Nugaev and M.N. Smolyakov, Phys. Rev. D 89 (2014) 085006.

[9] I.E. Gulamov, E.Y. Nugaev and M.N. Smolyakov, “Linearized solutions for U(1) gauged Q-balls”, these Proceedings.