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Introduction

Motivation: Information paradox

Information paradox: Hawking '75

Ψin BH:
φ̂

ρout

φ̂

Heuristic explanations: complementarity, remnants, Page & scrambling

times, etc.

We need solvable models!
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Introduction

Boundary CGHS

Callan, Giddings, Harvey, Strominger'92

dilaton gravity conformal matter

S =

∫
ϕ>0

d2x
√
|g|e−2ϕ

(
R + 4(∇ϕ)2 + 4λ2

)
− 1

2

∫
ϕ>0

d2x
√
|g| (∇f )2

+ 2
∫

ϕ=ϕ0

dσ
√
|h|e−2ϕ (K + 2λ)

Gibbons-Hawking term

In the bulk: gµν = e2ϕηµν (on shell)

f = f in(v) + f out (u)

T (v) = −(∂v f in)2/2
H(u) = −(∂uf out )2/2

Boundary condition: ∂2
vψ = T ψ

U(v) = −∂v lnψ/µ2 +
∫ v T , H = T

(
dU
dv

)−2

vu vu

T (v)

H(u)

U(v)
ϕ > ϕ0

T (v)

H(u)

U(v)
ϕ > ϕ0

ψ(v) = eµτ(v)

µ ≡ λeϕ0
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Multisoliton solutions

Solitons

∂2
uψ = T ψ

General solution: T = ∂2
vψ/ψ

Not so trivial!

→ T (v) 6=∞ at ψ = 0
→ T (v) ≤ 0 � positivity condition

vv1

v2

v3

ṽ1

vv1

v2

v3

ṽ1

Kovalevskaya idea:

T (v) ←→ simple analytic structure of general solution ψ(v)

poles polynomial

ψ(v) =
∏
i

(v − vi)
−si · P(v)

Soliton solutions

D. Levkov (INR RAS) Solitons in CGHS Quarks-2014 4 / 20



Multisoliton solutions

Equations for coe�cients

ψ(v) = N
∏
i

(v − vi)
−si ·

P(v)︷ ︸︸ ︷∏
m

(v − ṽm)

T = ∂2
vψ/ψ � Not singular at v = ṽm

⇒
∑

i

si

ṽm − vi
=
∑

m′ 6=m

1
ṽm − ṽm′

⇒ �nd ṽm

⇒ T (v) =
∑

i

[
si(si + 1)

(v − vi)2 +
Ti

v − vi

]
, Ti = Ti(ṽ)

ψ is a general solution⇒ si ∈ N/2

Soliton properties

Parameters: vi , si
Positivity condition T (v) ≤ 0 should be imposed!
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Multisoliton solutions

2�pole solution with si = 1

T (v) =
∑

i

[
2

(v − vi)2 +
Ti

v − vi

]
ψ(v) =

∑
i

ψi

v − vi
+ Cv + 1

 T1,2, ψ1,2,C � ?

Eqs. for coe�cients ⇒ T1 = −T2 =
4

v2 − v1
Positivity condition: T (v) ≤ 0 at v ≥ 0

v

v2v1

v

v2v1

v v1

v2

v v1

v2 0

0.5

1

1.5

-2 0 2
λv̄

−
v

2 T
Solution for ψ ⇒ ψ1 = 1

3(v1 − v2)(1
2 + C(2v1 − v2))

ψ2 = 1
3(v2 − v1)(1

2 + C(2v2 − v1))

C =
v3

1−v3
2

2(v1+v2)(v1−v2)3
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Multisoliton solutions

Penrose diagrams for 2�pole solution with si = 1
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ϕ = ϕ0ϕ = ϕ0

λ2U(v) = gv − e−2ϕ0∂vψ/ψ
e−2ϕ(u,v) = −λ2uv + g(v) + h(u)

D. Levkov (INR RAS) Solitons in CGHS Quarks-2014 7 / 20



Conformal symmetry

Conformal symmetry

∂2
vψ = T (v)ψ

v → w(v)

 ψ→ψ′(w) =
(

dw
dv

)1/2
ψ(v) , h = −1

2

T →T ′(w) =
(

dw
dv

)−2
T (v)− 1

2{v ; w} , h = 2
→Schwartz derivative

∝
c/12

Transformations of a CFT with c 6= 0 ?!

Soliton ↔ soliton ⇒ keep univaluedness

⇒ z = α
w − w0

w − w∞
∈ SL(2,C) � global conformal transformations
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Conformal symmetry

Asymptotics at v →∞

v = α
w − w0

w − w∞

T ′(w) = N · T (v)

(w − w∞)4 →
const

w4 at w →∞

w
w∞

∞w
w∞

∞

⇓
Asymptotics for solitons:

T (v) =
∑

i

[
si(si + 1)

(v − vi)2 +
Ti

v − vi

]
→ const

v4

⇓
v−1, v−2, v−3:∑

Ti =
∑

[si(si + 1) + Tivi ] =
∑[

2si(si + 1)vi + Tiv2
i

]
= 0

How many soluitions with N poles?
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Positivity condition

3�pole solution with si = 1

T (v) = − 8T 2

((v−v0)2+T 2)
2 +

2((v0−γ)2+T 2)
(v−γ)2((v−v0)2+T 2)

-6

-4

-2

0

-6 -4 -2 0
v0/T

γ
/T

Ei/λ

0.1

1

10

γ
= v

0+
T
√ 3

γ
= v

0−
T
√ 3

BH

v
v0 + iT

v0 − iT

γ
v

v0 + iT

v0 − iT

γ

T (v) ≤ 0 at v ≥ 0
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Positivity condition

3�pole solution with si = 1
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i

ψi
v−vi

+Cv +1

ψi = ψi(vj), C = C(vj)
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Classifying solitons

Rational Gaudin model

Gaudin problem:

Hi =
∑
j 6=i

(sisj)

vi − vj
, [Hi ,Hj ] = 0

Find eigenspectrum of Hi

Gaudin '76

v1 v2

v3 v4

s1 s2

s3 s4si (si + 1)

=

s(v) =
∑

i

si
v−vi

, T̂ (v) = s2(v) =
∑

i

(
s2

i
(v−vi )2 + 2Hi

v−vi

)
|0〉 = | ↓↓ . . . ↓〉 � vacuum

Solution: Bethe Ansatz

s+(v) = sx (v) + isy (v)

s+(ṽ1) . . . s+(ṽM)|0〉 � solution if
∑

i

si

ṽm − vi
=
∑

m′ 6=m

1
ṽm − ṽm′

Conclusion: T (v) = eigenvalue of T̂ (v)
ψ(v) has poles and zeroes at v = vi , ṽi
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Classifying solitons

Selection rules

Total number of states:
∏

(2si + 1)

v →∞ :


s(v) = 1

v

S︷ ︸︸ ︷∑
i

si

T (v) ≡ s2(v)→ 1
v2 S2

BUT: T (v)→ O(v−4) !

⇓
Solitons have S =

∑
si = 0

Spins Number of solitons

1⊗ 1 = 0⊕ 1⊕ 2 1
1⊗ 1⊗ 1 = 1⊕ 0⊕ 1⊕ 2⊕ 1⊕ 2⊕ 3 1
1
2 ⊗

1
2 ⊗

1
2 ⊗

1
2⊗ = 0⊕ 1⊕ 1⊕ 0⊕ 1⊕ 2 2
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Classifying solitons

Coalescence of singularities

v1 → v2

s(v) =
s1

v − v1
+

s2

v − v2
+ . . .→ s1 + s2

v − v2
+ . . .

v
v1

v2v
v1

v2

⇓

Spins sum up! (
1
2
⊗ 1

2
)︸ ︷︷ ︸

2×2 solutions

⊗ . . .→ (0⊕ 1)︸ ︷︷ ︸
1+3 solutions

⊗ . . .
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Classifying solitons

Example: 4�pole solution, si = 1/2

T1,2(v) = 3(v2−v1)2

4(v−v1)2(v−v2)2 + 3(v4−v3)2

4(v−v3)2(v−v4)2 + CT∓
√

∆
(v−v1)(v−v2)(v−v3)(v−v4)

v
v1

v2

v3

v4

v
v1

v2

v3

v4

T1(v)→ T (1,1)(v)
T2(v)→ 0

+:

vv

0

10

20

-4 -2 0 2 4
λv̄

s = 1/2 s = 1/2

T1

−
v

2 T

vv

0

10

20

-4 -2 0 2 4
λv̄

s = 1
T1

−
v

2 T
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Classifying solitons

4�pole solution with si = 1/2
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·
∏
j

√
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ψi = ψi(vj)
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Relation to Liouville theory

T�symmetry

in T (v), ψ(v): ∂2
vψ = T ψ

out H(u), χ(u): ∂2
uχ = Hχ

⇓
vu vu

T (v)

H(u)

τ

ψ = eµτ

χ = e−µτ

T (v)

H(u)

τ

ψ = eµτ

χ = e−µτv

u

v

u

H

ϕ
=

ϕ 0

ϕ = ϕ0

H

ϕ
=

ϕ 0

ϕ = ϕ0

Two sets of solitons!
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Relation to Liouville theory

From boundary CGHS to Liouville

Conformal symmetry ⇒ CFT?

Liouville equation: 2Φ + 8eΦ = 0

T (v) = 2πTvv
H(u) = 2πTuu

}
Energy�momentum tensor

Solution

ψ1,2(v): ∂2
vψi = T (v)ψi

χ1,2(u): ∂2
uχi = H(u)χi

e−Φ/2 = ψ1(v)χ1(u) + ψ2(v)χ2(u)

Boundary CGHS Liouville

T , H T , H
ψ = eµτ(v) ψ1(v)⇒ ψ2(v)

χ = e−µτ(u) χ1(u)⇒ χ2(u)

v

u Φ(u, v)

T (v)

H(u)
v

u Φ(u, v)

T (v)

H(u)

τ
n

U(v)

BCs in Liouville: (R|Γ = 0)

K = −µ+ π
µ(Tµντµτν)

Tµντµnν = 0

May help with quantization!
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Relation to Liouville theory

Outlook

Boundary CGHS is an exactly solvable model!

Possible applications:

Semiclassical calculations

→ S�matrix approach: 〈i |S|f 〉 ↔ complex classical solutions

t'Hooft et al

→ One�loop corrections: back reaction

Simpli�caltion: singularities behind the boundary!

Callan, Giddings, Harvey, Strominger

Exact solvability at quantum level?

Relation to Liouville theory.
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Relation to Liouville theory
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