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Exact solutions in Lovelock gravity:

• Power-law vacuum solutions:

ds2 = −dt2+
∑

k

t2pkdx2k,
∑

i<j<l<m

pipjplpm = 0,
∑

n

pn = 3

• Exponential solutions:

ds2 = −dt2 +

N
∑

k=1

e2Hkt dx2k, Hk ≡ const

Chirkov Dmitry Exact exponential solutions in EGB cosmology 2/26



Exponential solutions

S =
1

2κ2

∫

dN+1x
√−g {LE + αLGB + Lmatter}

LE = R, LGB = RαβγδR
αβγδ − 4RαβR

αβ +R2

Matter is a perfect fluid with the equation of state p = ωρ
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∑

i 6=j

H2
i +

∑

{i>k}6=j

HiHk + 4α
∑

i 6=j

H2
i

∑

{k>l}6={i,j}
HkHl+

+12α
∑

{i>k>l>m}6=j

HiHkHlHm = −ωκ, j = 1, N

∑

i>j

HiHj + 12α
∑

i>j>k>l

HiHjHkHl = κ, κ =
κ2ρ

2

Continuity equation:

ρ̇+(ρ+p)
∑

i

Hi = 0 ⇐⇒ (ρ+p)
∑

i

Hi = 0 ⇐⇒









ρ = 0

p = −ρ
∑

k Hk = 0
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Exponential solutions are divided into

two different types:

1 with constant volume:

dV =
√−g exp

(

∑

k

Hk

)

dNx,
∑

k

Hk = 0

2 with volume changing in time:

• vacuum solutions (ρ = 0)

• Λ-term solutions (p = −ρ)
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Solutions with changing volume.

Space splits into isotropic subspaces

spatial dimensions N = 4:

• isotropic case: H1 = H2 = H3 = H4 ≡ H ∈ R

• (3+1)-splitting: H1 = H2 = H3 ≡ H = 1√
−4α

, H4 ≡ h ∈ R

• (2+2)-splitting: H1 = H2 ≡ H, H3 = H4 ≡ h, Hh = − 1

4α

α is coupling constant
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Solutions with changing volume.

Space splits into isotropic subspaces

spatial dimensions N = 5:

• isotropic case: H1 = H2 = H3 = H4 = H5 ≡ H ∈ R

• (4+1)-splitting:

H1 = H2 = H3 = H4 ≡ H =
1√

−12α
, H5 ≡ h ∈ R

• (2–2+1)-splitting:

H1 = H2 = −H3 = −H4 ≡ H =
1√
4α

, H5 ≡ h ∈ R

• (3+2)-splitting:

H1 = H2 = H3 ≡ H, H4 = H5 ≡ h, h = −4H2α+ 1

8Hα
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Solutions with changing volume.

Vacuum solutions:

• spatial dimensions N = 4:

H1 = H2 = H3 = H4 =
1√
−2α

, α < 0

• spatial dimensions N = 5:
1 isotropic:

H1 = H2 = H3 = H4 = H5 =
1√
−6α

, α < 0

2 (3+2)-splitting:

H1 = H2 = H3 = H, H4 = H5 = ξH

H2 =
f(ξ)

4α

∣

∣

∣

∣

∣

ξ=
3√
10

3
−

3√
100

6
−

2

3
≈−0.722

, f(ξ) = −ξ2 + 6ξ + 3

3ξ(3ξ + 2)
, α > 0
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Solutions with changing volume, N = 4

ds2 = −dt2 + e2H1t dx21 + e2H2t dx22 + e2H3t dx23 + e2H4t dx24

(H1,H2,H3,H4) Λ < − 3

2κ2α
, α < 0

(H,H, h, h) No

(H,H,H, h) No

(H,H,H,H) H2 = 1
4α

(

−1±
√

1 + 2κ2αΛ
3

)

(H1,H2,H3,H4) Λ = − 3

2κ2α
, α < 0

(H,H, h, h) H2 = h2 = − 1
4α

(H,H,H, h)
H2 = − 1

4α
,

h ∈ R
(H,H,H,H) H2 = − 1

4α
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Solutions with changing volume, N = 4

ds2 = −dt2 + e2H1t dx21 + e2H2t dx22 + e2H3t dx23 + e2H4t dx24

(H1,H2,H3,H4) Λ > − 3

2κ2α
, α < 0

(H,H, h, h)
H2 = 1

4

(

κ2Λ + 1
2α

±
√

(

κ2Λ+ 1
2α

)2 − 1

α2

)

,

h = − 1

4αH

(H,H,H, h) No

(H,H,H,H) No
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Solutions with changing volume, N = 4

ds2 = −dt2 + e2H1t dx21 + e2H2t dx22 + e2H3t dx23 + e2H4t dx24

(H1,H2,H3,H4) Λ > 1

2κ2α
, α > 0

(H,H, h, h)
H2 = 1

4

(

κ2Λ + 1
2α

±
√

(

κ2Λ+ 1
2α

)2 − 1

α2

)

h = − 1
4αH

(H,H,H, h) No

(H,H,H,H) H2 = 1
4α

(

−1 +
√

1 + 2κ2αΛ
3

)
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Solutions with changing volume, N = 4

ds2 = −dt2 + e2H1t dx21 + e2H2t dx22 + e2H3t dx23 + e2H4t dx24

(H1,H2,H3,H4) 0 < Λ 6 1

2κ2α
, α > 0

(H,H, h, h) No

(H,H,H, h) No

(H,H,H,H) H2 = 1
4α

(

−1 +
√

1 + 2κ2αΛ
3

)
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Solutions with changing volume, N = 5

ds2 = −dt2+e2H1t dx21+e2H2t dx22+e2H3t dx23+e2H4t dx24+e2H5t dx25

(H1,H2,H3,H4,H5) α > 0

(H,H,H,H,H) H2 = 1

12α

(

−1 +
√

1 + 6κ2αΛ
5

)

, Λ > 0

(H,H,H,H, h) No

(H,H,−H,−H,h) H2 = 1

4α
, h ∈ R, Λ = 1

2κ2α
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Solutions with changing volume, N = 5

ds2 = −dt2+e2H1t dx21+e2H2t dx22+e2H3t dx23+e2H4t dx24+e2H5t dx25

(H1, . . . ,H5) α < 0

(H,H,H,H,H)
H2 = 1

12α

(

−1−
√

1 + 6κ2αΛ
5

)

,Λ < − 5

6κ2α

H2 = 1

12α

(

−1 +
√

1 + 6κ2αΛ
5

)

,Λ < 0

(H,H,H,H, h) H2 = − 1
12α

, h ∈ R, Λ = − 5

6κ2α

(H,H,−H,−H,h) No
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Solutions with changing volume, N > 4

Vacuum isotropic solution:

H1 = . . . = HN ≡ H

H2 = − 1

α(N − 2)(N − 3)
, α < 0
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Solutions with changing volume, N > 4

Isotropic solutions with Λ-term:

H1 = . . . = HN ≡ H

• α > 0

H2 =

√

1 + 4κ2αΛ
(N − 2)(N − 3)

N(N − 1)
− 1

2α(N − 2)(N − 3)
, Λ > 0

• α < 0

H2 =

±
√

1 + 4κ2αΛ
(N − 2)(N − 3)

N(N − 1)
− 1

2α(N − 2)(N − 3)
, Λ < − N(N − 1)

4κ2α(N − 2)(N − 3)
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Solutions with changing volume, N > 4

Solutions with
(

[N − 1] + 1
)

-splitting:

H1 = . . . = HN−1 ≡ H, HN ≡ h

H2 = − 1

2α(N − 2)(N − 3)
, Λ = − N(N − 1)

4κ2α(N − 2)(N − 3)
, α < 0

h ∈ R
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Solutions with constant volume,
∑

kHk=0

∑

i 6=j

H2
i +

∑

{i>k}6=j

HiHk + 4α
∑

i 6=j

H2
i

∑

{k>l}6={i,j}
HkHl+

+12α
∑

{i>k>l>m}6=j

HiHkHlHm = −ωκ, j = 1, N

∑

i>j

HiHj + 12α
∑

i>j>k>l

HiHjHkHl = κ, κ =
κ2ρ

2

N
∑

k=1

Hk = 0
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Solutions with constant volume,
∑

kHk=0

Necessary conditions for solutions to exist:

ω <
1

3

ρ > ρlim(ω), ρlim(ω) =



















2

9κ2α

1

2σ+ − 1

ω − 1
(

ω − 1
3

)2
, α > 0

2

9κ2α

1

2σ− − 1

ω − 1
(

ω − 1

3

)2
, α < 0

σ± can be calculated numerically

Chirkov Dmitry Exact exponential solutions in EGB cosmology 19/26



Solutions with constant volume,
∑

kHk=0

X
(

[N − 1] + 1
)

-splitting: H1 = . . . = HN−1 ≡ H, HN ≡ h:

H2 = − 1

3α(N − 2)(N − 3)

ω − 1

ω − 1
3

, ρ =
2

9κ2α

N(N − 1)

(N − 2)(N − 3)

ω − 1
(

ω − 1
3

)2
,

h = −(N − 1)H, ω <
1

3
, α < 0

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

X
(

N
2
+ N

2

)

-splitting, N is even:
H1 = . . . = HN

2

≡ H ∈ R,

HN

2
+1

= . . . = HN ≡ h ∈ R

H2 =
1

3α(N − 2)

ω − 1

ω − 1

3

, ρ = − 2

9κ2α

N

N − 2

ω − 1
(

ω − 1
3

)2
, ω <

1

3
, α > 0

h = −H
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Solutions with constant volume,
∑

kHk=0

X ([n+ 1] + n)-splitting, n ≡
⌊

N
2

⌋

, N is odd:

H1 = . . . = Hn+1 ≡ H, Hn+2 = . . . = HN ≡ h

H2 =
1

3α

(N − 1)2

(N − 3)(N2 +N + 2)

ω − 1

ω − 1
3

,

ρ = − 2

9κ2α

N(N − 1)(N + 1)

(N − 3)(N2 +N + 2)

ω − 1
(

ω − 1
3

)2
,

h = −(1 + n−1)H, ω <
1

3
, α > 0
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Results.

1 Solutions with volume element changing in time belong to
one of the two types:

1 vacuum solutions
2 solutions with Λ-term

These solutions exist only when space is split into isotropic
subspaces.

2 Solutions with constant volume element exist only when
matter density exceeds (or equal to) some critical value
which depends on the equation of state of the matter. The
parameter ω of the matter should be smaller than 1

3
.
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Results.

"Realistic" solutions:

⋆ (4+1)-dimensional spacetime:

• Λ-term solution

H1 = H2 = H3 =
1√
−4α

, H4 ∈ R, Λ = − 3

2κ2α
, α < 0

⋆ (5+1)-dimensional spacetime:

• vacuum solution: H1 = H2 = H3 ≡ H, H4 = H5 = ξH

H2 =
f(ξ)

4α

∣

∣

∣

∣

∣

ξ=
3√
10

3
−

3√
100

6
− 2

3
≈−0.722

, f(ξ) = −ξ2 + 6ξ + 3

3ξ(3ξ + 2)
, α > 0

• Λ-term solution: H1 = H2 = H3 ≡ H, H4 = H5 ≡ h

192H6α3−112H4α2+(256Λπ α+ 4)H2α−1 = 0, h = −4H2α+ 1

8Hα
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Thank you!
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Subtracting i-th dynamical equation from j-th one we obtain:

(Hj −Hi)





1

4α
+

∑

{k>l}6={i,j}
HkHl





∑

k

Hk = 0

m

Hi = Hj ∨
∑

{k>l}6={i,j}
HkHl = − 1

4α
∨

∑

k

Hk = 0
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