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Skyrme family

@ (2+1)-dim: Baby Skyrme model [L = % L PO* P — % (0,0 X 8V¢)2 _ V(¢)J
o : 52 52; Poo = (0707 1) Standard choice: V(gb) — /_1,2(]_ — ¢3)
Qez=m(s?) Q=4 [ 9016 x tag)do

1 1
@ (3+1)-dim: Skyrme model L= 3 L @OF P — 1 (0,0 X 8,,¢)2 —V(¢)
¢:8° = 85% ¢ =1(0,0,0,1) R, =08,UUT; U = ¢ol +ic® - ¢*

[c == 1 SRR+ (R RIRE R + 42U -1 }]
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Baby Skyrme model

¢ = (o', 9%, ¢°); o - 9% = 1; ¢: S*— §°
Q = 4 [ &z €4pceij$?0;9°0;0° =

Skyrme term provides a scale e
but cannot stabilise the soliton: potential term is necessary / / /

E > 470 equality is possible if k¥ =0 and m = 0
Axially symmetric ansatz:
@' = sin f(r) cos(Qp — 0);

¢' = sin f(r) sin(Qyp — 9);
¢° = cos f(r)




' . Baby Skyrme model .

potential term U(() may be chosen almost

arbitrarily, however must vanish at infinity for a given vacuum field value in order to
. . . . a _
ensure existance of the finite energy solutions: qb(o) = (0, 0, 1)

Several potential terms have been studied in great detail:
« «Old” model, with U(¢) = m2(1 — ¢3)
* Holomorphic model, with [ (gb) = m2(1 — ¢3)4

« “Double vacuum” model, with [J (¢) — m2(1 o ¢§)




Baby Skyrme model

potential term U(() may be chosen almost
arbitrarily, however must vanish at infinity for a given vacuum field value in order to
. . . . a _
ensure existance of the finite energy solutions: qb(o) = (0,0,1)

Several potential terms have been studied in great detail:
« «Old” model, with U(¢) = m2(1 — ¢3)
« Holomotphic model, with [ (gb) — m2(1 — ¢3)4

« “Double vacuum” model, with [J (¢) — m2(1 o ¢§)
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Baby Skyrmionsin action:

Condensed M atter Systems

RoRler et al.
Nature 442 (2006) 797

Pt : :
rfrrr’ Chiral Skyrmions in
noncentrosymmetric magnets

J. Garaud, J. Carlstrém, and E. Babaev, Yu, Onose et al. Nature 465, 901 (2010)

Phys. Rev. Lett. 107, 197001 (2011); Experimental realization in
a thin film of Fe, .Co, :Si

Three-component
superconductors




| sospinning Skyrmions

R.Battye and M. Haberichter A.Halavanau and Ya Shnir
Phys.Rev. D88 (2013) 125016 Phys.Rev. D88 (2013) 085028

¢:5% = 5% ¢oo =(0,0,1) == SO(2) internal rotational symmetry group

b1 + g2 — (¢1 + ig2)e™"

Conserved quantity - angular momentum

[ J:wA:w/{(¢oo X §)°[1 + (8¢ - 0:9)] — (@ - (¢ ¥ 8@¢)]2}]

Ro

Two equivalent variational problems:

| For fixed w extremize Il  For fixed J extremize

J2
2A[9)]

Fulg] = V] - 5w AR Bly] = Vg + TIy] = V¥ +



Pseudoener gy vs Ener gy

J2
Approach |I: Rigid body approximation, for fixed J extremize E[p] = V[¢] + 2A[Y]
1

@ Advantages of the approach | (for fixed w extremize F,[¢] = V[¢] — §w2A[¢] )

@ It works beyond rigid body approximation;

@ The corresponding Euler-Lagrange equation is a PDE; for the problem || it is
a differential-integral equation;

@ It reveals two critical frequencies w1 = 1; w2 =, F,, is unbounded from below
if w € [1;u] ; the isospinning configurations are destabilized by nonlinear velocity
terms generated by the Skyrme term;

@ The second critical frequency wo corresponds to the instability of the isospinning
soliton w.r.t. radiation of mesons;

@ This observation should be generic for all models from the Skyrme family

@ The conservation of the total energy and isospin means that for an isospinning soliton
the quantity 7"+ V — wJ conserves - orbital stability of a local minimum of F¢,
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| sospinning Baby Skyrmions:

Numerical Results
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Critical behavior
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Faddeev-Skyrme model

« (3+1)dim:  ¢:8° = 8% o = (0,0,1)

1
4

L— %8,@8% — = (eabe$°0,8°0,0°)° — V(9) |«<— V(4) = p2(1 — ¢2)?

First Hopf map

ok 2/1Q2 2/q3
Pull-back: ¢* : H(S*) — H*(S") Q€Z=W3(S2)

F=dA=¢*Q—" Area form.on S5

1

167’(’2 R3

[ — 1 /A A dAd3.’I?] F/—W — auAy — 8,/44“ = §sabc¢a’8ﬂ¢b&,¢c

T "Chern-Simons. 3-form over Sg

unlike the other models from the Skyrme family the topological charge is

not equal to the degree of the map ¢ — this is the linking number of the loops inR5 ,
preimages of two distinct points on the target space S?

« Energy bound: E > cQ?/*




Solitons of the Faddeev-Skyrme mode

Q=4| 4Az. Q=4| 4A4, Q=4 451:1




Solitons of the Faddeev-Skyrme mode




Buckled, linked and knotted hopfions

Axially-symmetric




Position curves and linking numbers
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The gauged Hopfion carries two magnetic
fluxes, which are quantized in units of 21T
carrying n and m quanta, respectively
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= Ya Shnir and G. Zhilin.
Gauged Hopfions it D ) A

¢:8° = 8% ¢oo =(0,0,1) == SO(2) symmetry

b1 + i — (1 + igo)e™"

Covariant derivative: D, ¢* = 8,6 + gA,€apc0" ¢,

1

The gauged Hopfion carries two magnetic
fluxes, which are quantized in units of 21,
carrying n and m quanta, respectively

1

Faddeev-Skyrme-Maxwell model | £ = g D,¢D"¢$— (Du¢ x Dy9)* — V()




Elastic rod approximation

D. Harland, J Jakka, Ya Shnir and J.M. Speight
Tubular coordinates: J. Phys. A46 225402 (2013)

» Arclength parameter s € [0, L]

e Polar coordinates p, @in the disk @ Torsion 7(s) ® Curvature £(s)

Tangent vector #(s)

Frenet frame

—

Position curve m(s) =1i(s) sina(s) + b(s) cos a(s)

3
v(s) €R 0w o o
=|-x(s) 0 7(s) || 7s)
0 -—7(s) O ()
Preimage of
¢=(0,0,1) ( =Y. N Twisting function:  «a(s) = £-m xm

Faddeev-Skyrme effective energy functional: [E = / (A +Bk*+C (a/ — 7-)2) ds]




Elastic rod mode

E= [(A+ Br*+C(d —1)?) ds]

<

@ Stretching energy @ Bending energy @ Twisting energy

Constraints: rods do not intersect themselves;
the radius of the curvature 1/& cannot be less than p

/|B+C
The model contains 3 parametes: A,B,C p= VR C/B =0.85

Example: Axially-symmetric hopfions:

35

A n = m(s) = (cos(2rsN/L); —sin(2rsN/L),0)

2wsN .

o = E = 4m/1 + CN?

D. Harland, J. M. Speight and P.M. Sutcliffe °°|

Phys. Rev.D83 (2011) 065008



| sospinning Hopfions

R.Battye and M. Haberichter D. Harland, J Jakka, Ya Shnir and J .M. Speight
Phys.Rev. D87 (2013) 105003 J. Phys. A46 225402 (2013)

¢:8° = 8% ¢oo =(0,0,1) == SO(2) internal rotational symmetry group
(655 <R — 57) b1 + i = (61 + i)™

@ Kinetic energy: T[¢] = %/Rs{|¢|2 4 |¢*(L¢Q)|2} A3

@ Potential energy: V[¢| = %/ {|dq§|2 4+ |¢*Q)|2 i U(qﬁ)} d3z
R3

@ Action: S[¢]:/S(T_V)

1
What is the degree Q isospinning hopfion of given angular frequency w ?

Reduction to the stationary problem: ¢(z,t) = R(wt)y(z), v :R3 — §2

S[Rw)p(z)] = = {1w2 / (o0 X I + d(tbeo - ¥)2) — V[«p]} &z

w 2 R3



Variational problem

Pseudoenergy functional:

R = [ {3 (87 e O) + 5 0P + (U00) — 5ol wP)j i

Y ~ '
Dirichlet energy Effective potential U, (¥)
Deformed S? metric: 1
(X,V)o =X Y — w2 (thoo - X)(too - Y) Uo(@) =, (* —w®)(1 - 93)*

@ Isospin: L];)AW] = w/Rs{Woo x |2 + |d(v,, - ¢|2)} d3z ]

@ Moment of inertia

Two equivalent variational problems:

| For fixed w extremize Il For fixed J extremize
J2
Fulg] = V] - 5w AR Bl = VIy] + Tl = VIY] + 5500



D. Harland, J Jakka, Ya Shnir and J.M. Speight
J. Phys. A46 225402 (2013) N umer | Cal ReSU I tS
R.Battye and M. Haberichter

Phys.Rev. D87 (2013) 105003

_ P.M. Sutcliffe, Proc. Roy. Soc. Lond. A 463 (2007) 3001.
Input: Rational map ansatz

(21, 2o) = ((331 + ’il‘2)Sin7Jj(T), cos f(r) +ix3

=10) | 10 = f(e0) =0

U +ie  ZRZh - 1 (W Y. (W — W —" )
1+vs  Z¢+ Z8 ¢ 14 |W|? W), il ) W)
W S3 _s CP! The Hopf charge: @ = ab+ af

d Deqrees one, two and three:

~

1A 1 2421 — 2.112,1 3As31

b)

Note: To fit the numerical results the

A
2 — . __
parameters of the rod model are taken as (4m)°AC = L.1; =35

C



Instability of the isospinning Hopfions
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~ Summary and Outlook |

« Evolution of the isospinning solitonsis consider ed beyond the

rigid body approximation, the new approach isrelated with
minimisation of the pseudoener gy functional

« Therearetwo critical freguencies, the pseudoener gy

functional isunbounded from below if

w2 > p - nstability w.r.t. radiation

wy >1 - the isospinning configurations are
destabilized viathe nonlinear velocity terms generated by the
Skyrmeterm

« Varioustransitions between the isorotating hopfions are

observed

« Modified eastic rod model workswadll

« Gauged Hopfions are coupled to the magnetic fluxes, the
guantization of the fluxes matchesthe topology of the Hopfion
« Various symmetry-breaking bifurcationsin the dual core
baby Skyrme model areinvestigated




