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SkyrmeSkyrme familyfamily

(2+1)(2+1)--dimdim: Baby Baby SkyrmeSkyrme modelmodel

φφφφ :::: SSSS2222 →→→→ SSSS2222;;;; φφφφ∞∞∞∞ ==== ((((0000,,,, 0000,,,, 1111))))
VVVV ((((φφφφ)))) ==== µµµµ2222((((1111−−−− φφφφ3333))))Standard choice:

(3+1)(3+1)--dimdim: SkyrmeSkyrme modelmodel

φφφφ :::: SSSS3333 →→→→ SSSS3333;;;; φφφφ∞∞∞∞ ==== ((((0000,,,, 0000,,,, 0000,,,, 1111))))

QQQQQQQQ ∈∈∈∈∈∈∈∈ ZZZZZZZZ ======== ππππππππ22222222((((((((SSSSSSSS
22222222))))))))

RRRRRRRRµµµµµµµµ ======== ∂∂∂∂∂∂∂∂µµµµµµµµUUUUUUUUUUUUUUUU †††††††† ;;;;;;;; UUUUUUUU ======== φφφφφφφφ00000000IIIIIIII ++++++++ iiiiiiiiσσσσσσσσaaaaaaaa ········ φφφφφφφφaaaaaaaa

LLLLLLLL ======== −−−−−−−− TTTTTTTTrrrrrrrr

{{{{{{{{
11111111

22222222
((((((((RRRRRRRRµµµµµµµµRRRRRRRR

µµµµµµµµ)))))))) ++++++++
11111111

1111111166666666
(((((((([[[[[[[[RRRRRRRRµµµµµµµµ ,,,,,,,, RRRRRRRRνννννννν ]]]]]]]][[[[[[[[RRRRRRRR

µµµµµµµµ ,,,,,,,, RRRRRRRRνννννννν ]]]]]]]])))))))) ++++++++ µµµµµµµµ22222222((((((((UUUUUUUU −−−−−−−− IIIIIIII))))))))

}}}}}}}}

QQQQQQQQ ∈∈∈∈∈∈∈∈ ZZZZZZZZ ======== ππππππππ33333333((((((((SSSSSSSS
33333333))))))))

LLLL ====
1111

2222
∂∂∂∂µµµµφφφφ∂∂∂∂

µµµµφφφφ−−−−
1111

4444
((((∂∂∂∂µµµµφφφφ ×××× ∂∂∂∂ννννφφφφ))))

2222 −−−− VVVV ((((φφφφ))))

QQQQ ====
1111

22224444ππππ2222
TTTTrrrr
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RRRR3333

εεεεiiiijjjjkkkkRRRRiiiiRRRRjjjjRRRRkkkkdddd
3333xxxx

LLLL ====
1111

2222
∂∂∂∂µµµµφφφφ∂∂∂∂

µµµµφφφφ−−−−
1111

4444
((((∂∂∂∂µµµµφφφφ×××× ∂∂∂∂ννννφφφφ))))

2222 −−−− VVVV ((((φφφφ))))

QQQQ ====
1111

4444ππππ

∫∫∫∫

RRRR2222

φφφφ ···· ((((∂∂∂∂1111φφφφ×××× ∂∂∂∂2222φφφφ))))dddd
2222xxxx



Baby Baby SkyrmeSkyrme modelmodel

φφφφφφφφ ======== ((((((((φφφφφφφφ11111111 ,,,,,,,, φφφφφφφφ22222222 ,,,,,,,, φφφφφφφφ33333333))))))));;;;;;;; φφφφφφφφaaaaaaaa ········ φφφφφφφφaaaaaaaa ======== 11111111;;;;;;;; φφφφφφφφ :::::::: SSSSSSSS22222222 →→→→→→→→ SSSSSSSS22222222

Derrick'sDerrick's scalingscaling theoremtheorem:: SkyrmeSkyrme termterm providesprovides a a scalescale

butbut cannotcannot stabilisestabilise thethe solitonsoliton: potential : potential termterm isis necessarynecessary

((BogolubskayaBogolubskaya, , BogolubskyBogolubsky (1989)(1989)
R.A. R.A. LeeseLeese et al (1990)et al (1990)

LLLLLLLL ======== 11111111
44444444 ((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa))))))))22222222 −−−−−−−− κκκκκκκκ
88888888

[[[[[[[[
((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ
aaaaaaaa))))))))22222222 −−−−−−−− ((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂ννννννννφφφφφφφφ
aaaaaaaa))))))))((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφaaaaaaaa∂∂∂∂∂∂∂∂ννννννννφφφφφφφφaaaaaaaa))))))))

]]]]]]]]
++++++++mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ33333333))))))))

QQQQQQQQ ======== 11111111
44444444ππππππππ

∫∫∫∫∫∫∫∫
dddddddd22222222xxxxxxxx εεεεεεεεaaaaaaaabbbbbbbbccccccccεεεεεεεεiiiiiiiijjjjjjjjφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ
bbbbbbbb∂∂∂∂∂∂∂∂jjjjjjjjφφφφφφφφ

cccccccc ======== 11111111

EEEEEEEE ≥≥≥≥≥≥≥≥ ±±±±±±±±44444444ππππππππQQQQQQQQ equalityequality isis possiblepossible ifif κκκκκκκκ ======== 00000000 aaaaaaaannnnnnnndddddddd mmmmmmmm ======== 00000000

Axially symmetric Axially symmetric ansatzansatz::

φφφφφφφφ11111111 ======== ssssssssiiiiiiiinnnnnnnn ffffffff ((((((((rrrrrrrr)))))))) ccccccccoooooooossssssss((((((((QQQQQQQQϕϕϕϕϕϕϕϕ −−−−−−−− δδδδδδδδ))))))));;;;;;;;
φφφφφφφφ11111111 ======== ssssssssiiiiiiiinnnnnnnn ffffffff ((((((((rrrrrrrr)))))))) ssssssssiiiiiiiinnnnnnnn((((((((QQQQQQQQϕϕϕϕϕϕϕϕ −−−−−−−− δδδδδδδδ))))))));;;;;;;;
φφφφφφφφ33333333 ======== ccccccccoooooooossssssss ffffffff ((((((((rrrrrrrr))))))))

Q=1Q=1 Q=2Q=2



Baby Baby SkyrmeSkyrme modelmodel

Potential of Potential of thethe baby baby SkyrmeSkyrme modelmodel:: potential potential termterm U(U(ϕϕ) ) may be chosen almost may be chosen almost 

arbitrarily, however must vanish at infinity  for a given vacuumarbitrarily, however must vanish at infinity  for a given vacuum field value in order to field value in order to 

ensure ensure existanceexistance of the finite energy solutions: of the finite energy solutions: 

Several potential terms have been studied in great detail:Several potential terms have been studied in great detail:

““OldOld”” model, with model, with 

HolomorphicHolomorphic model, with model, with 

““Double vacuumDouble vacuum”” model, with model, with 

B=2B=2

φφφφaaaa((((0000)))) ==== ((((0000,,,, 0000,,,, 1111))))

UUUUUUUU ((((((((φφφφφφφφ)))))))) ======== mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ33333333))))))))

UUUUUUUU ((((((((φφφφφφφφ)))))))) ======== mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ33333333))))))))
44444444

UUUUUUUU ((((((((φφφφφφφφ)))))))) ======== mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ2222222233333333))))))))



Baby Baby SkyrmeSkyrme modelmodel

Potential of Potential of thethe baby baby SkyrmeSkyrme modelmodel:: potential potential termterm U(U(ϕϕ) ) may be chosen almost may be chosen almost 

arbitrarily, however must vanish at infinity  for a given vacuumarbitrarily, however must vanish at infinity  for a given vacuum field value in order to field value in order to 

ensure ensure existanceexistance of the finite energy solutions: of the finite energy solutions: 

Several potential terms have been studied in great detail:Several potential terms have been studied in great detail:

““OldOld”” model, with model, with 

HolomorphicHolomorphic model, with model, with 

““Double vacuumDouble vacuum”” model, with model, with 

KarlinerKarliner, Hen (2007), Hen (2007)

φφφφaaaa((((0000)))) ==== ((((0000,,,, 0000,,,, 1111))))

UUUUUUUU ((((((((φφφφφφφφ)))))))) ======== mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ33333333))))))))

UUUUUUUU ((((((((φφφφφφφφ)))))))) ======== mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ33333333))))))))
44444444

UUUUUUUU ((((((((φφφφφφφφ)))))))) ======== mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ2222222233333333))))))))

UUUUUUUU ((((((((φφφφφφφφ)))))))) ======== mmmmmmmmαααααααα((((((((11111111 −−−−−−−− φφφφφφφφ
ββββββββ
33333333 ))))))))



Baby Baby SkyrmionsSkyrmions in action:in action:
Condensed Matter SystemsCondensed Matter Systems

Yu, Onose et al. Nature 465, 901 (2010) 

Three-component 
superconductors

Experimental realization in 
a thin film of Fe0.5Co0.5Si 

J. Garaud, J. Carlström, and E. Babaev, 
Phys. Rev. Lett. 107, 197001 (2011); 

Rößler et al.  
Nature 442 (2006) 797 

Chiral Skyrmions in 
noncentrosymmetric magnets



IsospinningIsospinning SkyrmionsSkyrmions

SO(2) internal rotational symmetry group

φφφφφφφφ11111111 ++++++++ iiiiiiiiφφφφφφφφ22222222 →→→→→→→→ ((((((((φφφφφφφφ11111111 ++++++++ iiiiiiiiφφφφφφφφ22222222))))))))eeeeeeee
iiiiiiiiωωωωωωωωtttttttt

φφφφφφφφ :::::::: SSSSSSSS22222222 →→→→→→→→ SSSSSSSS22222222 ;;;;;;;; φφφφφφφφ∞∞∞∞∞∞∞∞ ======== ((((((((00000000,,,,,,,, 00000000,,,,,,,, 11111111))))))))

Conserved quantity - angular momentum

JJJJJJJJ ======== ωωωωωωωωΛΛΛΛΛΛΛΛ ======== ωωωωωωωω

∫∫∫∫∫∫∫∫

RRRRRRRR22222222

{{{{{{{{
((((((((φφφφφφφφφφφφφφφφφφφφφφφφ∞∞∞∞∞∞∞∞ ×××××××× φφφφφφφφφφφφφφφφφφφφφφφφ))))))))22222222 [[[[[[[[11111111 ++++++++ ((((((((∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφφφφφφφφφφφφφφφφφ ········ ∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφφφφφφφφφφφφφφφφφ))))))))]]]]]]]] −−−−−−−− [[[[[[[[φφφφφφφφφφφφφφφφφφφφφφφφ∞∞∞∞∞∞∞∞ ········ ((((((((φφφφφφφφφφφφφφφφφφφφφφφφ ×××××××× ∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφφφφφφφφφφφφφφφφφ))))))))]]]]]]]]

22222222

}}}}}}}}

FFFFωωωω [[[[ψψψψ]]]] ==== VVVV [[[[ψψψψ]]]]−−−−
1111

2222
ωωωω2222ΛΛΛΛ[[[[ψψψψ]]]] EEEE[[[[ψψψψ]]]] ==== VVVV [[[[ψψψψ]]]] ++++ TTTT [[[[ψψψψ]]]] ==== VVVV [[[[ψψψψ]]]] ++++

JJJJ2222

2222ΛΛΛΛ[[[[ψψψψ]]]]

Two equivalent variational problems:

I For fixed w extremize II For fixed  J extremize

R.BattyeR.BattyeR.BattyeR.Battye and M. and M. and M. and M. HaberichterHaberichterHaberichterHaberichter
Phys.RevPhys.RevPhys.RevPhys.Rev. D88 (2013) 125016. D88 (2013) 125016. D88 (2013) 125016. D88 (2013) 125016

A.HalavanauA.HalavanauA.HalavanauA.Halavanau and and and and YaYaYaYa ShnirShnirShnirShnir
Phys.RevPhys.RevPhys.RevPhys.Rev. D88 (2013) 085028. D88 (2013) 085028. D88 (2013) 085028. D88 (2013) 085028



PseudoenergyPseudoenergy vsvs EnergyEnergy

Advantages of the approach Advantages of the approach I:: ((for fixed w extremize )

It works beyond rigid body approximation;

The corresponding Euler-Lagrange equation is a PDE;  for the problem II it is 

a differential-integral equation;   

It reveals two critical frequencies                               ,          is unbounded from below

if                   ; the isospinning configurations are destabilized by nonlinear velocity 

terms generated by the Skyrme term;

The second critical frequency            corresponds to the instability of the isospinning

soliton w.r.t. radiation of mesons;

This observation should be generic for all models from the Skyrme family

The conservation of the total energy and isospin means that for an isospinning soliton

the quantity                        conserves  - orbital stability of a local minimum of 

Approach Approach II: Rigid body approximation, for fixed  J extremize EEEE[[[[ψψψψ]]]] ==== VVVV [[[[ψψψψ]]]] ++++
JJJJ2222

2222ΛΛΛΛ[[[[ψψψψ]]]]

FFFFωωωω [[[[ψψψψ]]]] ==== VVVV [[[[ψψψψ]]]]−−−−
1111

2222
ωωωω2222ΛΛΛΛ[[[[ψψψψ]]]]

FFFFFFFFωωωωωωωωωωωω1111 ==== 1111;;;; ωωωω2222 ==== µµµµ

ωωωω ∈∈∈∈ [[[[1111;;;;µµµµ]]]]

ωωωω2222

TTTT ++++ VVVV −−−− ωωωωJJJJ FFFFFFFFωωωωωωωω



IsospinningIsospinning Baby Baby SkyrmionsSkyrmions::
Numerical ResultsNumerical Results

B=2 B=3 B=4 B=5

ω=0

ω=0.8



Critical Critical behaviorbehavior

B=1

UUUUUUUU ((((((((φφφφφφφφ)))))))) ======== mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ33333333))))))))

m=4



FaddeevFaddeev--SkyrmeSkyrme modelmodel

(3+1) dim:(3+1) dim:

First Hopf map      

φφφφφφφφ :::::::: SSSSSSSS33333333 →→→→→→→→ SSSSSSSS22222222 ;;;;;;;; φφφφφφφφ∞∞∞∞∞∞∞∞ ======== ((((((((00000000,,,,,,,, 00000000,,,,,,,, 11111111))))))))

LLLL ====
1111

2222
∂∂∂∂µµµµφφφφ∂∂∂∂

µµµµφφφφ−−−−
1111

4444

((((
εεεεaaaabbbbccccφφφφ

aaaa∂∂∂∂µµµµφφφφ
bbbb∂∂∂∂ννννφφφφ

cccc
))))2222
−−−− VVVV ((((φφφφ))))

QQQQ ====
1111

11116666ππππ2222

∫∫∫∫

RRRR3333

AAAA ∧∧∧∧ ddddAAAAdddd3333xxxx

QQQQQQQQ ∈∈∈∈∈∈∈∈ ZZZZZZZZ ======== ππππππππ33333333((((((((SSSSSSSS
22222222))))))))

Pull-back: φφφφφφφφ∗∗∗∗∗∗∗∗ :::::::: HHHHHHHH22222222((((((((SSSSSSSS22222222)))))))) →→→→→→→→ HHHHHHHH22222222((((((((SSSSSSSS33333333))))))))

FFFFFFFF ======== ddddddddAAAAAAAA ======== φφφφφφφφ∗∗∗∗∗∗∗∗ΩΩΩΩΩΩΩΩ Area form on SArea form on S22

ChernChern--Simons 3Simons 3--form over Sform over S33

Note:Note: unlike the other models from the Skyrme family the topological charge is 
not equal to the degree of the map ff – this is the linking number of the loops in      ,
preimages of two distinct points on the target space S2

Energy bound:Energy bound: EEEEEEEE ≥≥≥≥≥≥≥≥ ccccccccQQQQQQQQ33333333////////44444444

RRRR3333

FFFFFFFFµµµµµµµµνννννννν ≡≡≡≡≡≡≡≡ ∂∂∂∂∂∂∂∂µµµµµµµµAAAAAAAAνννννννν −−−−−−−− ∂∂∂∂∂∂∂∂ννννννννAAAAAAAAµµµµµµµµ ========
11111111

22222222
εεεεεεεεaaaaaaaabbbbbbbbccccccccφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ
bbbbbbbb∂∂∂∂∂∂∂∂ννννννννφφφφφφφφ

cccccccc

VVVVVVVV ((((((((φφφφφφφφ)))))))) ======== µµµµµµµµ22222222((((((((11111111 −−−−−−−− φφφφφφφφ2222222233333333))))))))
22222222



SolitonsSolitons of the of the FaddeevFaddeev--SkyrmeSkyrme modelmodel

Q=1 Q=2 Q=3

Q=4 Q=4 Q=4

1111AAAA1111,,,,1111 2222AAAA2222,,,,1111 33333333 ˜̃̃̃̃̃̃̃AAAAAAAA33333333,,,,,,,,11111111

4444 ˜̃̃̃AAAA4444,,,,1111 4444LLLL1111,,,,11111111,,,,111144444444AAAAAAAA22222222,,,,,,,,22222222



SolitonsSolitons of the of the FaddeevFaddeev--SkyrmeSkyrme modelmodel

Q=5 5555 ˜̃̃̃AAAA5555,,,,1111 Q=5 5555LLLL1111,,,,22221111,,,,1111 Q=6 6666LLLL2222,,,,22221111,,,,1111 Q=6 6666LLLL3333,,,,11111111,,,,1111

Q=7 7777KKKK3333,,,,2222 8888LLLL3333,,,,33331111,,,,1111Q=8Q=8 8888 ˜̃̃̃AAAA4444,,,,2222 Q=8 8888KKKK3333,,,,2222



Buckled, linked and knotted Buckled, linked and knotted hopfionshopfions

1111AAAA1111,,,,1111

Axially-symmetric

44444444AAAAAAAA22222222,,,,,,,,22222222

55555555 ˜̃̃̃̃̃̃̃AAAAAAAA55555555,,,,,,,,11111111

Buckled

Linked

4444LLLL1111,,,,11111111,,,,1111

6666LLLL3333,,,,11111111,,,,1111

99999999LLLLLLLL
22222222,,,,,,,,22222222,,,,,,,,22222222
11111111,,,,,,,,11111111,,,,,,,,11111111

9999KKKK3333,,,,2222

8888KKKK3333,,,,2222

Knotted

7777KKKK3333,,,,2222



8888 ˜̃̃̃AAAA4444,,,,2222

Position curves and linking numbersPosition curves and linking numbers

6666LLLL1111,,,,11113333,,,,11118888KKKK3333,,,,22224444 AAAA4444,,,,1111



Gauged Gauged HopfionsHopfions YaYaYaYa ShnirShnirShnirShnir and G. and G. and G. and G. ZhilinZhilinZhilinZhilin....
Phys.RevPhys.RevPhys.RevPhys.Rev. D89 (2014) 105010. D89 (2014) 105010. D89 (2014) 105010. D89 (2014) 105010

φφφφφφφφ :::::::: SSSSSSSS33333333 →→→→→→→→ SSSSSSSS22222222 ;;;;;;;; φφφφφφφφ∞∞∞∞∞∞∞∞ ======== ((((((((00000000,,,,,,,, 00000000,,,,,,,, 11111111)))))))) SO(2) symmetry φφφφφφφφ11111111 ++++++++ iiiiiiiiφφφφφφφφ22222222 →→→→→→→→ ((((((((φφφφφφφφ11111111 ++++++++ iiiiiiiiφφφφφφφφ22222222))))))))eeeeeeee
iiiiiiiiωωωωωωωωtttttttt

DDDDDDDDµµµµµµµµφφφφφφφφ
aaaaaaaa ======== ∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa ++++++++ ggggggggAAAAAAAAµµµµµµµµεεεεεεεεaaaaaaaabbbbbbbbccccccccφφφφφφφφ
bbbbbbbbφφφφφφφφcccccccc∞∞∞∞∞∞∞∞Covariant derivative:

FaddeevFaddeev--SkyrmeSkyrme--MaxwellMaxwell modelmodel LLLLLLLL ========
11111111

22222222
DDDDDDDDµµµµµµµµφφφφφφφφDDDDDDDD

µµµµµµµµφφφφφφφφ −−−−−−−−
11111111

44444444
((((((((DDDDDDDDµµµµµµµµφφφφφφφφ ××××××××DDDDDDDDννννννννφφφφφφφφ))))))))

22222222 −−−−−−−− VVVVVVVV ((((((((φφφφφφφφ))))))))

The gauged Hopfion carries two magnetic 
fluxes, which are  quantized in units of 2π, 
carrying n  and m quanta, respectively



Gauged Gauged HopfionsHopfions YaYaYaYa ShnirShnirShnirShnir and G. and G. and G. and G. ZhilinZhilinZhilinZhilin....
Phys.RevPhys.RevPhys.RevPhys.Rev. D89 (2014) 105010. D89 (2014) 105010. D89 (2014) 105010. D89 (2014) 105010

φφφφφφφφ :::::::: SSSSSSSS33333333 →→→→→→→→ SSSSSSSS22222222 ;;;;;;;; φφφφφφφφ∞∞∞∞∞∞∞∞ ======== ((((((((00000000,,,,,,,, 00000000,,,,,,,, 11111111)))))))) SO(2) symmetry φφφφφφφφ11111111 ++++++++ iiiiiiiiφφφφφφφφ22222222 →→→→→→→→ ((((((((φφφφφφφφ11111111 ++++++++ iiiiiiiiφφφφφφφφ22222222))))))))eeeeeeee
iiiiiiiiωωωωωωωωtttttttt

DDDDDDDDµµµµµµµµφφφφφφφφ
aaaaaaaa ======== ∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa ++++++++ ggggggggAAAAAAAAµµµµµµµµεεεεεεεεaaaaaaaabbbbbbbbccccccccφφφφφφφφ
bbbbbbbbφφφφφφφφcccccccc∞∞∞∞∞∞∞∞Covariant derivative:

FaddeevFaddeev--SkyrmeSkyrme--MaxwellMaxwell modelmodel LLLLLLLL ========
11111111

22222222
DDDDDDDDµµµµµµµµφφφφφφφφDDDDDDDD

µµµµµµµµφφφφφφφφ −−−−−−−−
11111111

44444444
((((((((DDDDDDDDµµµµµµµµφφφφφφφφ ××××××××DDDDDDDDννννννννφφφφφφφφ))))))))

22222222 −−−−−−−− VVVVVVVV ((((((((φφφφφφφφ))))))))

The gauged Hopfion carries two magnetic 
fluxes, which are  quantized in units of 2π, 
carrying n  and m quanta, respectively



Elastic rod approximationElastic rod approximation

D. Harland, J D. Harland, J D. Harland, J D. Harland, J JakkaJakkaJakkaJakka, , , , YaYaYaYa ShnirShnirShnirShnir and J.M. Speightand J.M. Speightand J.M. Speightand J.M. Speight
J. Phys. A46 225402 (2013)J. Phys. A46 225402 (2013)J. Phys. A46 225402 (2013)J. Phys. A46 225402 (2013)

Position curve
γγγγγγγγ((((((((ssssssss)))))))) ∈∈∈∈∈∈∈∈ RRRRRRRR33333333

αααα((((LLLL)))) ==== αααα((((0000)))) ++++ 2222ππππNNNN

Torsion Curvature κκκκ((((ssss))))ττττττττ ((((((((ssssssss))))))))

Tubular coordinates:
• Arclength parameter
• Polar coordinates         in the disk

ssssssss ∈∈∈∈∈∈∈∈ [[[[[[[[00000000,,,,,,,, LLLLLLLL]]]]]]]]
ρρρρ,,,, θθθθ

FrenetFrenet frameframe

Preimage of 

φφφφ ==== ((((0000,,,, 0000,,,, 1111))))

Tangent vector ****tttt((((ssss))))

frame vector ****mmmm((((ssss))))

Twisting function: αααααααα((((((((ssssssss)))))))) ======== ********tttttttt ········ ********mmmmmmmm′′′′′′′′ ×××××××× ********mmmmmmmm

Faddeev-Skyrme effective energy functional:

****mmmm((((ssss)))) ==== ****nnnn((((ssss))))ssssiiiinnnnαααα((((ssss))))++++****bbbb((((ssss)))) ccccoooossssαααα((((ssss))))

EEEE ====

∫∫∫∫ ((((
AAAA++++ BBBBκκκκ2222 ++++ CCCC((((αααα′′′′ −−−− ττττ ))))2222

))))
ddddssss

dddd

ddddssss




****tttt((((ssss))))
****nnnn((((ssss))))
****bbbb((((ssss))))



 ====




0000 κκκκ((((ssss)))) 0000

−−−−κκκκ((((ssss)))) 0000 ττττ ((((ssss))))
0000 −−−−ττττ ((((ssss)))) 0000








****tttt((((ssss))))
****nnnn((((ssss))))
((((ssss))))







Elastic rod modelElastic rod model

Stretching energyStretching energy Bending energyBending energy Twisting energyTwisting energy

Constraints: rods do not intersect themselves;
the radius of the curvature        cannot be less than r1111////κκκκ

ρρρρ ====

√√√√
BBBB ++++ CCCC

AAAA
;;;; CCCC////BBBB ==== 0000....88885555

AAAAmmmm,,,,nnnn

The model contains 3 parametes: A,B,C

****mmmm((((ssss)))) ==== ((((ccccoooossss((((2222ππππssssNNNN////LLLL))));;;;−−−− ssssiiiinnnn((((2222ππππssssNNNN////LLLL)))),,,, 0000))))

Example: Axially-symmetric hopfions:

αααα ====
2222ππππssssNNNN

LLLL
;;;; EEEE ==== 4444ππππ

√√√√
1111 ++++ CCCCNNNN2222

D. Harland, J.M. Speight and P.M. SutcliffeD. Harland, J.M. Speight and P.M. SutcliffeD. Harland, J.M. Speight and P.M. SutcliffeD. Harland, J.M. Speight and P.M. Sutcliffe
Phys. Rev.D83 (2011) 065008Phys. Rev.D83 (2011) 065008Phys. Rev.D83 (2011) 065008Phys. Rev.D83 (2011) 065008

QQQQ ≡≡≡≡ NNNN

EEEE ====

∫∫∫∫ ((((
AAAA++++BBBBκκκκ2222 ++++ CCCC((((αααα′′′′ −−−− ττττ ))))2222

))))
ddddssss



IsospinningIsospinning HopfionsHopfions

φφφφφφφφ :::::::: SSSSSSSS33333333 →→→→→→→→ SSSSSSSS22222222 ;;;;;;;; φφφφφφφφ∞∞∞∞∞∞∞∞ ======== ((((((((00000000,,,,,,,, 00000000,,,,,,,, 11111111)))))))) SO(2) internal rotational symmetry group

What is the degree Q isospinning hopfion of given angular frequency w ?

φφφφφφφφ11111111 ++++++++ iiiiiiiiφφφφφφφφ22222222 →→→→→→→→ ((((((((φφφφφφφφ11111111 ++++++++ iiiiiiiiφφφφφφφφ22222222))))))))eeeeeeee
iiiiiiiiωωωωωωωωtttttttt

Kinetic energy:Kinetic energy:

Potential energy:Potential energy:

Action:Action:

φφφφ :::: SSSS1111ωωωω ×××× RRRR
3333 →→→→ SSSS2222

TTTT [[[[φφφφ]]]] ====
1111

2222

∫∫∫∫

RRRR3333

{{{{
|||| ˙̇̇̇φφφφ||||2222 ++++ ||||φφφφ∗∗∗∗((((ιιιι ˙̇̇̇φφφφΩΩΩΩ))))||||

2222
}}}}
dddd3333xxxx

VVVV [[[[φφφφ]]]] ====
1111

2222

∫∫∫∫

RRRR3333

{{{{
||||ddddφφφφ||||2222 ++++ ||||φφφφ∗∗∗∗ΩΩΩΩ))))||||2222 ++++ UUUU ((((φφφφ))))

}}}}
dddd3333xxxx

SSSS[[[[φφφφ]]]] ====

∫∫∫∫

SSSS1111
ωωωω

((((TTTT −−−− VVVV ))))

Reduction to the stationary problem: φφφφ((((xxxx,,,, tttt)))) ==== RRRR((((ωωωωtttt))))ψψψψ((((xxxx)))),,,, ψψψψ :::: RRRR3333 →→→→ SSSS2222

SSSS[[[[RRRR((((ωωωωtttt))))ψψψψ((((xxxx))))]]]] ====
2222ππππ

ωωωω

{{{{
1111

2222
ωωωω2222
∫∫∫∫

RRRR3333

((((
||||ψψψψ∞∞∞∞ ×××× ψψψψ||||2222 ++++ ||||dddd((((ψψψψ∞∞∞∞ ···· ψψψψ))))||||2222

))))
−−−− VVVV [[[[ψψψψ]]]]

}}}}
dddd3333xxxx
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VariationalVariational problemproblem

IsospinIsospin::

Moment of inertiaMoment of inertia

Pseudoenergy functional:

Dirichlet energy
Deformed S2 metric: 

〈〈〈〈〈〈〈〈XXXXXXXX,,,,,,,, YYYYYYYY 〉〉〉〉〉〉〉〉ωωωωωωωω ======== XXXXXXXX ········ YYYYYYYY −−−−−−−− ωωωωωωωω22222222((((((((ψψψψψψψψ∞∞∞∞∞∞∞∞ ········ XXXXXXXX ))))))))((((((((ψψψψψψψψ∞∞∞∞∞∞∞∞ ········ YYYYYYYY ))))))))

Effective potential Uw(y)

UUUUωωωω((((ψψψψ)))) ====
1111

2222
((((µµµµ2222 −−−− ωωωω2222))))((((1111 −−−− ψψψψ22223333))))

2222

FFFFωωωω[[[[ψψψψ]]]] ====

∫∫∫∫

RRRR3333

{{{{
1111

2222

((((
||||ddddφφφφ||||2222−−−−ωωωω2222||||dddd((((ψψψψ∞∞∞∞ ···· φφφφ))))||||

2222
))))
++++
1111

2222
||||ψψψψ∗∗∗∗ΩΩΩΩ||||2222++++

((((
UUUU((((ψψψψ))))−−−−

1111

2222
ωωωω2222||||ψψψψ∞∞∞∞××××ψψψψ||||2222

))))}}}}
dddd3333xxxx

FFFFωωωω [[[[ψψψψ]]]] ==== VVVV [[[[ψψψψ]]]]−−−−
1111

2222
ωωωω2222ΛΛΛΛ[[[[ψψψψ]]]]

JJJJJJJJ ======== ωωωωωωωωΛΛΛΛΛΛΛΛ[[[[[[[[ψψψψψψψψ]]]]]]]] ======== ωωωωωωωω

∫∫∫∫∫∫∫∫

RRRRRRRR33333333

{{{{{{{{
||||||||ψψψψψψψψ∞∞∞∞∞∞∞∞ ×××××××× ψψψψψψψψ||||||||22222222 ++++++++ ||||||||dddddddd((((((((ψψψψψψψψωωωωωωωω ········ ψψψψψψψψ ||||||||

22222222))))))))
}}}}}}}}
dddddddd33333333xxxxxxxx

EEEE[[[[ψψψψ]]]] ==== VVVV [[[[ψψψψ]]]] ++++ TTTT [[[[ψψψψ]]]] ==== VVVV [[[[ψψψψ]]]] ++++
JJJJ2222

2222ΛΛΛΛ[[[[ψψψψ]]]]

Two equivalent variational problems:

I For fixed w extremize II For fixed  J extremize



Numerical ResultsNumerical Results

Input:Input: Rational map ansatz
P.M. Sutcliffe, Proc. Roy. Soc. P.M. Sutcliffe, Proc. Roy. Soc. P.M. Sutcliffe, Proc. Roy. Soc. P.M. Sutcliffe, Proc. Roy. Soc. LondLondLondLond. A 463 (2007) 3001.. A 463 (2007) 3001.. A 463 (2007) 3001.. A 463 (2007) 3001.

((((ZZZZ1111,,,, ZZZZ0000)))) ====

((((
((((xxxx1111 ++++ iiiixxxx2222))))

ssssiiiinnnn ffff((((rrrr))))

rrrr
,,,, ccccoooossss ffff ((((rrrr)))) ++++ iiiixxxx3333

ssssiiiinnnn ffff((((rrrr))))

rrrr

))))
,,,, ffff((((0000)))) ==== ππππ,,,, ffff((((∞∞∞∞)))) ==== 0000

WWWW ====
ψψψψ1111 ++++ iiiiψψψψ2222
1111 ++++ ψψψψ3333

====
ZZZZαααα
1111 ZZZZ

ββββ
0000

ZZZZaaaa1111 ++++ ZZZZbbbb0000
;;;; ****φφφφ ====

1111

1111 ++++ ||||WWWW ||||2222

((((
WWWW++++ ¯̄̄̄WWWW )))),,,, iiii(((( ¯̄̄̄WWWW−−−−WWWW )))),,,, 1111−−−−||||WWWW ||||2222))))

))))

WWWW :::: SSSS3333 →→→→ CCCCPPPP
1111 The Hopf charge:                          QQQQ ==== ααααbbbb++++ aaaaββββ

1111AAAA1111,,,,1111 33333333 ˜̃̃̃̃̃̃̃AAAAAAAA33333333,,,,,,,,111111112222AAAA2222,,,,1111 →→→→ 2222 ˜̃̃̃AAAA2222,,,,1111

Degrees one, two and three:Degrees one, two and three:

Note: To fit the numerical results the 
parameters of the rod model are taken as ((((4444ππππ))))

2222AAAACCCC ==== 1111....1111;;;;
AAAA

CCCC
==== 3333....5555
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Instability of the Instability of the isospinningisospinning HopfionsHopfions

33333333 ˜̃̃̃̃̃̃̃AAAAAAAA33333333,,,,,,,,11111111

ωωωω1111 ∼∼∼∼ 1111;;;; ωωωω2222 <<<< µµµµ



Q=4Q=4

4444 ˜̃̃̃AAAA4444,,,,1111
4444LLLL1111,,,,11111111,,,,111144444444AAAAAAAA22222222,,,,,,,,22222222



ω=0

44444444LLLLLLLL
11111111,,,,,,,,11111111
11111111,,,,,,,,1111111144444444AAAAAAAA22222222,,,,,,,,22222222

ω=0.57 ω=0.58

ω=0.59 ω=0.65 ω=1.00



Q=8Q=8

8888LLLL3333,,,,33331111,,,,11118888 ˜̃̃̃AAAA4444,,,,2222 8888KKKK3333,,,,2222



Summary and OutlookSummary and Outlook
Evolution of the isospinning solitons is considered beyond the 
rigid body approximation, the new approach is related with 
minimisation of the pseudoenergy functional  
There are two critical frequencies,  the pseudoenergy
functional  is unbounded from below if   

- instability w.r.t. radiation              
- the isospinning configurations are 

destabilized via the nonlinear velocity  terms generated by the 
Skyrme term
Various transitions between the isorotating hopfions are 
observed 
Modified elastic rod model works well
Gauged Hopfions are coupled to the magnetic fluxes, the 
quantization of the fluxes matches the topology of the Hopfion
Various symmetry-breaking bifurcations in the dual core 
baby Skyrme model are investigated  

ωωωωωωωω22222222 >>>>>>>> µµµµµµµµ

ωωωωωωωω11111111 >>>>>>>> 11111111


