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MODEL WITH NON-MINIMAL COUPLING

Models with non-minimally coupled scalar fields are described by the
following action:

S= /d4x¢fg [U(QS)R - %g%m,u - V(9)|, (1)

where U(¢) and V(¢) are differentiable functions of the scalar field ¢.
We assume that U(¢) > 0.

In the spatially flat Friedmann—Lemaitre-Robertson—Walker (FLRW)
metric with the interval:

ds? = — dt? + a%(t) (dx@ + oG + dx),
we get the following system of equations:



: 1.
6UH? + 6UH = §¢2+ Vv,
. .2 . .
2U(2H+3H2) — 7%72U74HU+ v,
¢’5+3Hq5—6u'(H+2H2)+v'=o.

From Egs. (2)—(4) we get the following system:
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. 1.
6UH? +6UH = §¢2+ Vv, (2)

92'52

2U(2H+3H2):f772074HU+V, (3)
b+3H)—6U (H+2H) + V' = 0. (4)

From Egs. (2)—(4) we get the following system:

¢ =,
. [(6U" +1)y? —4V] U + 20V’
— —3Hy—
v SHY 2(3U2 + V) ’ (5)
go 2U" +1 2+ 2U'HY  6U”H? N u'v’
O 43U”+ V) 3U2+U 3U”+U  23U2+U)

Note that equation (2) is not a consequence of system (5).

The system (5) is equivalent to the initial system of equations (2)—(4) if
and only if we choose such initial data that equation (2) is satisfied.

In other words, if equation (2) is satisfied in the initial moment of time,
then from system (5) it follows that equation (2) is satisfied at any

moment of time.
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Subtracting (2) from Eq. (3), we obtain:
4UH = — ¢* — 20U +2HU.
Let us introduce new variable
U U'd
Q=H+ 5=H+5
Equations (2) and (6) take the following form

) .
2 O 307V
3Q_4U+4U2+2U

.U U+3u? .,
Qo509 ~TaE
Therefore,

d U+3u? .

dt | VU 4UVU

For any U(¢#) > 0 the function Q/+/ U decrease monotonically.
If for some moments of time t; and t, > t; we have ¢(t2)
¢(t) is not a constant at t; < t < t, then Q(&) < Q(t1).

¢2.

= ¢(t1) and

The physical reasons of inequality (10) will be clear when we consider

this model in the Einstein frame.
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THE EQUALITY Q =0

Let us consider such a potential that J¢: V(¢) < 0.
Equation (2) has the following solutions:

U ¢')2 U’2q52 vV
= — 44 -
Hy 50 \/ + +

12U 402 6U’

In this case, on the (¢, qb) plane there is the boundary, at any point of
which Y v _)2
o= 3(U'¢

Q=0 < >t 50

This boundary divides the phase plane into two domains: one

corresponds to real values of the Hubble parameter Hy, the other one

corresponds to non-real values of this function.

So, if a trajectory starts from the real value of H, then it never crosses

the line @ = 0, but can touch this line.

We will call the domain on the (&, ¢)) plane, which corresponds to

non-real values of the Hubble parameter as " unreachable domain”. The

boundary of this domain is defined by (11).

+V=0. (11)
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The function H is a continuous function, so, if V(¢) > 0 for all ¢, then
evolution of the Universe in such a model is described either only H_ or
only H;. It depends on initial conditions.

If V(¢) is not a positive definite function, then it is possible that a part
of evolution is described by H,, whereas the other part — by H_.




HIGGS-LIKE POTENTIAL

We have the system of three first order differential equations
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HIGGS-LIKE POTENTIAL

We have the system of three first order differential equations

b=, (14)

. 2 1 ,
P = *3H¢*E+m[“v(¢)*¢v(¢)]a (15)
__AHU V'(¢) 12¢ 1+42¢ (¢>2. (16)

(1+68)p  (1+68)¢ 1+66  26(1+66) \ o

Equation (12) is a condition of the initial data of system (14)—(16).
Let us subtract the cosmological constant from the Higgs-like potentials:

V(g) = = (¢° — B2)° = A, (17)

where € > 0, b and A > 0 are constants.



NUMERIC SOLUTIONS AT A =0

At A = 0 the behaviour of solutions is well-known:
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Figure: The solution of system (14)—(16) at A = 0. We choose b =1, € = 10,
& =10. The initial conditions are ¢o = 2, 1o = 0, Hp is calculated by (13) with
sing "+" (Ho = v/3/4). The Hubble parameter is always H. .

In 1.Ya. Aref’eva, N.V. Bulatov, R.V. Gorbachev, S.Yu. V., Class. Quant.
Grav. 31 (2014) 065007, we get numeric solutions at A > 0.
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NUMERIC SOLUTIONS AT A >0

Numeric calculations give the following solution for system (14)—(16):
Y o

H

0,24

-0,2+

-0,4+

Figure: We choose A =0.05, b =1, e =10, £ = 10.

The initial conditions are ¢ = 2, Yo = 0, Ho = Ho+.

On the left picture, brown dashed line corresponds to Hy = 0, brown dashed
line with long dashes corresponds to H_ = 0, black line is the boundary of the
unreachable domain. On the right picture, brown color means that H = Hy,
whereas H = H_ is drown in dark green color.



For the induced gravity @ = H + %

¢
We consider ¢ > 0.

d[Q]  66+1 (¢
EM‘ %5 (5) <0 (18)

Let at t; and tp > t; we have ¢(t2) = ¢(t1), from (18) we get:

%) 5
Q) Qm) 1 (Q(t) — Q(81)) = — 652—21 % dt < Go < 0.

p(t2)  B(t1)  B(t1) /

So, for any circle value of @ decreases on some positive value, which
doesn't tend to zero, when number of circles tends to infinity, hence, only
a finite number of circles is necessary to get the value Q@ = 0.



THE BOUNDARY OF THE UNREACHABLE DOMAIN

For potential (17) equation Q = 0 is equivalent to
(14 66)¢% =2\ — % (¢ — )2

At A < eb*/4 the unreachable domain consists of two separated parts.
This curve is not a solution.
To prove it we consider the equation without potential

2
g v Y 2«s+1(w)_

¢ ¢ 28

¢

Substituting H = _f, we get

)
66+1 ()2
=T (Z) =o.
- (%)

So, only a constant solution with ¢y = 0 and H = 0 can belong to the
boundary.
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We proved the following statements:

@ If a solution tends to the boundary, then it reaches the

boundary in a finite time.
@ The boundary is not a solution.

@ On the boundary Q <0, H(t

to H_
H(t) = H_.

evolves from H,
and

)
= H,

with H(t)

Let us consider solutions

Figure: Phase portraits of system (14)—(15) at A=0.05, b=1, ¢ =10, £ = 1.
The function H(t) is given by (12) as H. (left) and H_ (right).
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MODEL WITH THE HILBERT-EINSTEIN TERM

Let us consider the model with

€ M
U(¢) = 59" + Kl;l-
¥ i
2 . M
1A
& T P




THE JORDAN AND EINSTEIN FRAMES

These two frames are related by conformal transformation g, = Q2gl(£):

= R=072[RE -6 (0ENQ+gmEVE I QVE Q)|

2
2
KI_ U — QO = i’
2 kU
where k2 = 87T/Mp12. We get the model with a minimally coupled scalar
field and the corresponding FLRW metric has the interval

At 0 2=

ds® = — dt2 + a%(te)d;dx dxd (19)
th:Qfldt:ﬂdt’ aE:ﬂa,
V2 V2
e = 91083 _ o (2 _ V2 (U =£Q-
dtr Q) U 2U0)  wVU

Q = 0 is equivalent to Hg = 0.



INTEGRABLE COSMOLOGICAL MODELS

The use of the FLRW metric:

ds? = — dt? + a%(t) (dx@ + oG + dx),

essentially simplify the Einstein equations.

But, only a few cosmological models with scalar fields are integrable.
P. Fré, A. Sagnotti, A.S. Sorin, Nucl. Phys. B 877 (2013) 1028,
arXiv:1307.1910.

The standard way to integrate a cosmological model is

@ to use the FLRW metric with a parametric time
ds®> = N?(7)d7? — a°(7) (dx§ + dxg + dxj) .

@ to guess a suitable lapse function N(7).

9 to linearize equations, introducing new depending variables.



EQUATIONS WITH PARAMETRIC TIME

Our goal is to find integrable model with non-minimal coupling using the
knowledge of integrable models with minimal coupling.

To do this we use the FLRW metric with a parametric time and find the
correspondence between potentials and lapse functions in the Einstein
and Jordan frames.

6Ua2  6U'ap 1

> = §¢'>2 + N2V, (20)
4U5 22U 4U'ad  4UaN , - ’N
E‘i_ Ua + Ua¢_ Ua +2ul1¢2+2ul¢ U¢ ¢ +N2
a a2 a aN N
(21)

The variation with respect to ¢ gives the Klein—Gordon equation:

b+ (3___>¢ 6U’[" ‘i}+6ﬂu'+N2V'=0. (22)

aN
. a N\ .
¢+<35_N>¢

12

U
1439
37

!
+o5 v ¢> [1+6U"]+N? {v' 2%@ =0.



CONFORMAL TRANSFORMATION

Let us make the conformal transformation of the metric

Uo ..
Buv = Ug,uua

where U is a constant, and introduce a new scalar field ¢ such that

42 _ V(U +307) @I/—VU"(UJMd(b. (23)

do U
In this case the action (1) becomes the action for a minimally coupled
scalar field:

S= / d*x\/—& {UOR(gr) - %gf“"sm,y + W(@)} : (24)

where ) (6(2))
- Us V(o(&
B ="z %)
The Friedmann metric becomes ds? = N2d72 — §2c712, where
- U )




FRIEDMANN EQUATIONS

We have the following equations:

~ 1. ~
6Uph* = 5452 + N2w, (26)
72 N ~2 N2
4Uph + 6Uph? — 4Uoh 7= 3% + N2W, (27)
(28)

where h = 3/3.



THE GENERAL ALGORITHM

Let us suppose that for some potential W we know the general exact
solution of the system of equations (26)—(28): @(7), (), N(r).
We also suppose that the function ¢(@) is known explicitly.

In this case, we can also find the general solution of the system of

equations (20)—(22) with the potential

2 ~
vie) - LW, 29)
To do it we really need only
Uo ~
YO =y e

It is the most important information.
After this we consider only equations in the Jordan frame and linearize
them.




TWO EXAMPLES OF U(¢)

Let us consider the induced gravity with

1

U(6) = 566 (30)

In this model

Mln [(lﬁi] and &= goeV I (31)

0

P =
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P = 72%(1 +6¢) In [2] and ¢ = ¢peV Wﬁ. (31)
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We put £ # —1/6.
At ¢ = —1/6 we have U +3U"? = 0.
Nontrivial solutions exist for the potential V = V,¢* only.
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Let us consider the induced gravity with

U(s) = 566 (30)

In this model

o= 2Uo(1 +6¢) In [2] and ¢ = ¢geV Tt P (31)
£ Po

We put £ # —1/6.

At ¢ = —1/6 we have U +3U"? = 0.

Nontrivial solutions exist for the potential V = V,¢* only.

(I.Ya. Aref’eva, N.V. Bulatov, R.V. Gorbachev, S.Yu. V, arXiv:1206.2801)

In the case £ = —1/6 we consider models with
¢2
= 2
U(g) = Uo = 1 (32)
(K. Bamba, Sh. Nojiri, S.D. Odintsov, D. Sdez-Gémez, arXiv:1401.1328)
In this case
V12U, + qb] [ }
3Ugin | —"r—— 12Uy tanh . (33
o | Vot vitotanh | Jrots) - (32)
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EXPONENTIAL POTENTIAL

Let us consider the cosmological model with a minimally coupled scalar
field and the exponential potential:

W = Woe?V?, (34)

where X # £1.

D.S. Salopek and J.R. Bond, Phys. Rev. D 42 (1990) 3936—3962.
We put Uy = 1/4.

In the induced gravity model the corresponding potential is

6\ S1156) b\
V(¢) = 4Wogo* <—> = 4Wpe?¢* (—) :
%o %o
1+6¢
66 °
In the model including the Hilbert—Einstein curvature term plus a scalar
field conformally coupled to gravity

B 12 (V3+¢ 3)\_ 3\ _ 1% . V3

where ' =

-

‘&.
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Table:

FAMILIES POTENTIALS OF INTEGRABLE MODELS

W (minimal coupling)

V' (induced gravity)

V (conformal coupling)

o e2V3A@

EO ¢4+6)\r

Co@T?’)‘

Co + cle\/g*Z’ + cze*\/g‘/3

EO¢4 + 51¢4+3r + 52(;5473[

© [co + cl'T‘% + cﬂ"g}

Cle2x/§A¢ + C2e\/§(>\+1)¢

~ 1 4+6A ~ 14 A+1)r
Cl¢ —+6 +C2¢ +3(A+1)

) [cl"r3A + c;r%(Ml)}

ce2V3¢ 1 o,

¢* [610° + &

© [C1T3 + CQ]

cope?V3?

V3T &p*Hor In M%J

L30T n (T)

¢ [0 + &5 |

© {cﬂ‘p‘ + cﬂ‘ﬂ

In Table 1 we present the list of the potentials of integrable cosmological

models. The constants & = 4£2¢;,

P

A#0.

P. Fré, A. Sagnotti, A.S. Sorin, arXiv:1307.1910 (minimal coupling).




Table: Lapse functions for integrable cases

N (minimal coupling) | N (induced gravity) | N (conformal coupling)
1 \/—‘/ge*‘/@‘%f’ \/ETOQS 3Ar—1 (3 ¢2 T—3)/2
3 —V3Ap \/%gqrszl \/g'rfu/z
4 —V33 \/%Eqsfzrfl _34)27‘*3/2
| S | RE | s
6 7 &5 (1-4)=
A.Yu. Kamenshchik, E.O. Pozdeeva, A. Tronconi, G. Venturi and

S.Yu. Vernov, Class. Quant. Grav. 31 (2014) 105003, arXiv:1312.3540
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Induced gravity model with a power-law potential

The first Friedmann equation with U(¢) = %d)z is

d 2 d 2 N2
— 1 —(=—=In(¢") ] = 35
(dT "(a¢)) (dT e )) 3P ()
where [ = %.
Let us consider
V =482¢¢*",  n=2+3). (36)
Suitable choice is
= V3 P, (37)
VvEa
We introduce new variables v and v:
a¢ = eu+v , d)r = eufv’
and obtain Eq. (35) as follows:
. WN? 1
uv = W = = u= ; (38)



Let us consider

.. a N ¢2
NER

(i —V)+(n=2)(a—v)?+3(i® = V?) +4(n—-2)=0.  (39)

(1+6&)+ [v’%v} N=0. &

X=1u = v=—,
X

equation (39) is the Riccati equation
n—24+3l n—2-3I
2+

r O

The standard substitution
_ y
~(h—2+3N)y’

gives the following linear equation:

2
y+<%9>y:0.

So, we are able to get the general solution.
The induced gravity cosmological model with power-law potential is
integrable.



CONCLUSIONS

]

Cosmological models with non-minimally coupling scalar fields has
been considered.

We study dynamics of non-minimally coupled scalar field
cosmological models with Higgs-like potentials and a negative
cosmological constant.

In these models the inflationary stage of the Universe evolution
changes into a quasi-cyclic stage of the Universe evolution with
oscillation behaviour of the Hubble parameter from positive to
negative values.

Depending on the initial conditions the Hubble parameter can
perform either one or several cycles before to become negative
forever.

We show how to get integrable models with non-minimal coupling
using the suitable parametric time.

The explicit forms of the self-interaction potentials for six exactly
solvable models have been presented.

We obtain the general solution for one of the integrable models,
namely, the induced gravity model with a power-law potential for the
self-interaction of the scalar field.



