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Introduction

Minimal Liouville gravity (MLG) was invented and partly solved by Knizhnik , Polyakov
and A. Zamolodchikov in 1987 . | will use David-Distler-Kawai formulation of MLG.

It is an example of Liouville gravity, matter sector is (g, p) Minimal Model of CFT .

The N-point sphere correlation functions given by the integrals over the moduli space
My n of Riemann surfaces of genus 0 with N punctures:

Zmlnlu.mNnN = /M <Om1n1 cee OmNnN>dzle_1d22dZ_2 N dZN_3dZN__3
o,N

21 ...2zy—3 — coordinates on Mo n , Omn = fX Om,ndzdz—observables in MLG,
X — 2d surface, Om,n — is primary field , which is (1,1) form on X .

The important progress in computation the integrals over the moduli space M was
achieved using Liouville Higher Equations of motion of Aleosha Zamolodchikov.

It is convenient to define the generating function

ZL()‘) = (exp Z )\m,nom,n)a

m,n
e 9
oy Oy |5,

Z; () can be considered as the partition function of the perturbed MLG .
The coupling constants Am,, are the coordinates on the space of the perturbed MLG..

Zi (M)

Zmlnl...mNnN -
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The another discrete approach to 2-dimensional gravity was invented and solved
(Kazakov , Kostov,Migdal, Brezin ,Douglas ,Shenker, Gross ,Staudacher ) .

In this approach , realized through Matrix Models , the fluctuating 2-dimensional
surfaces are approximated by an ensemble of graphs. The continuous geometry is
restored in the scaling limit, when large size graphs dominate.

These two approaches , based on the same idea of 2-dimensional fluctuating geometry,
had been expected to give the same results .

In 1990 Douglas discovered that the partition function in the discrete approach
satisfies the KdV and so-called "string equation” .

The KdV times 7, of the generalized KdV hierarchy play a role of the perturbation
parameters A, » in Minimal Liouville gravity. Their gravitational dimensions coincide .

However a direct identification of the times 7, , and coupling constants Ap, , leads to
inconsistencies.
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In Minimal Gravity one has conformal and fusion selection rules. For instance, the
one-point correlation numbers of all operators must be zero, the two-point correlation
numbers must be diagonal .

There exist similar restrictions to higher point correlation numbers. They are not
satisfied in the Douglas approach if we identify 7m,n and Am,n.

This problem was pointed out and partly solved by A.Zamolodchikov , Moore, Seiberg
and Staudacher .

The idea was due to possible contact terms in OPE the times 7m,, in the Douglas
approach and coupling constants A, » in Minimal Liouville Gravity are related in a
non-linear fashion

Tm,n = Am,n + Z (:g’}nn1m2n2)\,n1,,1 )\,,,2,,2 + ...
mynypmamn
and an appropriate choice of such substitution allowed them to reach the coincidence

up to 2p correlation numbers in (2,2s + 1) Minimal Gravity.

After the 4-point correlation numbers in Minimal Gravity had been calculated , it
became possible to make the new explicit checks against Douglas equation approach.

It was performed for (2,2s + 1) Minimal Gravity and the full correspondence between
Douglas equation approach and Minimal Liouville gravity was reached .
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Our analysis is based on the following assumptions:

® There exist special coordinates 7m,, in the space of perturbed Minimal Liouville
Gravities such that the partition function of Minimal Liouville Gravity satisfies the
Douglas string equation.

e String equation define the partition function as logarithm of Sato’s tau-function of
the dispersionless generalized KdV hierarchy with the initial conditions defined by the
Douglas string equation.

® The times 7, are related to the natural coordinates Am,» on the space of the
perturbed Minimal Liouville Gravities by a non-linear transformation like.

e We establish the form of this transformation 7(\) by the requirement that in the
correlation numbers, which are the coefficients of the expansion of the partition
function in the coordinates A\m, 5, satisfy the conformal and fusion selection rules.

e To perform this we we get a convenient expression for the partition function using
the relation of String equation with a Frobenius manifold structure .
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Minimal Models of CFT

The Minimal Liouville gravity consists of Liouville theory of field ¢ and some matter
sector which is taken to be a (g, p) Minimal Model of CFT .

The Minimal Model Mg, , has primary fields, which are enumerated by the Kac table:
®m.n, wherem=1,...,g—1landn=1,...,p— 1.
Only a half of the fields ®, , are independent.

d>m,n = ‘bqu,pfn

The operator product expansion (OPE) for these fields is

I(my,my) I(nm,n2)

[@my,n ] [Pmy,m] = Z Z [®m,n]

m=|my—my|:2 n=|ny —ny|:2
[¢m7n] denotes the contribution of the irreducible Virasoro representation with the
highest state ®p, .
Summation goes with the step 2 and

I(m1, m2) = min(my +my —1,2g — m — my — 1).

I(m1, m2) = min(my + my —1,2g — my — mpy — 1).
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The small conformal group and OPE put strong constraints on correlation
functions.For instance constraints for one- and two- point correlation functions

(®m,n(x)) =0,

(Pmy,n (X1)Pmy,m (x2)) =0, m1, ny # ma, .

For higher correlation numbers we use the OPE fusion ,then the conformal rules.

For instance the three-point correlation functions satisfy

my +mo — 1, m+mm—-1<qg-1

o} 0} 0} =0, m3>I(my,mp)=
( Py, m Prmy,ny Prms,n3) 3 (m1, m2) 2q—mi—m—1, m+m>q

where we assume that m; < my < m3 .

These and similar equations we call selection rules.
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Liouville Field Theory

The Polyakov's continuous approach to two-dimensional quantum gravity is defined
through the path integral over two-dimensional Riemannian metrics g, interacting
with some conformal matter.

In conformal gauge g, = ed’é,w it leads to Liouville action

1 .
S = 47/ VE (80,6006 + QR + dmpe® ) dx
™ JM

where g, is some fixed background metric, ;1 — cosmological constant and
parameters @, b are related to the central charge ¢, of the Liouville theory

. =1+6Q% Q=b+b"1.

The central charge cps of the conformal matter is related to the central charge of the
Liouville theory by the Weyl anomaly cancellation condition

cL + cy = 26.

In the case of (g, p) Minimal Liouville Gravity where the conformal matter is (q, p)
Minimal Model of CFT, we have b = \/g
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Correlation numbers of MLG

The observables of the (g, p) are cohomologies of an appropriate BRST operator.

They are enumerated as primary fields in corresponding Minimal Model and denoted
as Om,n. Explicitly

Om,n = Om,n(x), Om,n(x) = q)m’n(x)e2b6m,n4>(x) \/§d2x
xeM

The operators O, satisfy the same selection rules as ®p,, , and the scaling property

_ p+q—|pm—qn
Om,n ~ 5""”7 6m,n = #
2q

We define in Minimal Liouville Gravity correlation numbers as

Zm1”1~'~mN"N - <Om1a”1 et Ova"N>

The generating function of these correlation numbers

ZL({)"T',"}) = <eXpZ Am,nom,n> .

m,n

is a quasihomogeneous function

Zi{Pm Amn}) = p°%" Zi({Amn})
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3- and 4-point functions of MLG

The explicite formulae for two-, three- and four-point correlation numbers in MLG are
known from direct computations .

We can compare these results with those from the Douglas string equation.
To make sensible comparisons we write down the quantities which do not depend on

the normalizations of operators and correlators

<<Om1,n1 Omjy,ny Om3,ﬂ3>>2 _ H?:l Im;p — niq|

202, ) p(p+a)(p—q)
((Omlvnl Om27’72 Om3:”3 Om47"4)> —

(T (03, )

m;—1 m—1

_% Z Z > lmi—r)p—(ni— t)q] — mm(mip + mq)

i=2 r=—(m;—1) t=—(nm —1)

where ((...)) = % Sums over r, t in the last formula are with the step 2.

(Based on joint works with A.Zamolodchikov, B. Dubrovin, B. Mukh
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Contact terms

A

B

The correlation numbers involve integration over n points on the 2d surface M

Zinyny...myny = /<Om1,n1 (x1).-- OmN»nN(XN)>d2X1 v deN—3

There could get contact delta-like terms when two or more points x; are coincident.

The ambiguity in contact terms leads to the fact that we can add to the n-point
correlation numbers some k-point correlation numbers. Like this

(Omy s Oma. ) = Oy O ) - D A ™™ (O ).
m,n
Such a substitution is equivalent to a change of coupling constants in the generating
function

Amn = Ama+ > ATy A,

my,ny,mz,n2

In MLG we can impose a restriction on this change of coupling constants because they
have certain scaling dimension

Amn ~ Mém,n
Therefore we can demand all the terms to have the same dimensions as one of A\ 5

(5m,n - éml,nl + 5m2,n2 + 6m3,n3 + ...

However in the Liouville Minimal Gravity such resonance cases are very common and a
freedom of the change still remains .
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Contact terms

Any addition of contact terms of such kind is equivalent
to some non-linear polynomial change of coupling constants

)\m n— Aﬂﬁm "+ Z C mlnl)ﬂém'n_éml’nl /\m1,n1

my,m

+ Z Z clr m1"1) mznz)“ém,réml,nfémQ,nQ)\mm)\mznz T

my,ny ma,ny
Only the terms in these sums with the integer and positive degrees
6'"7" - 5'"1»"1 - 6’"27"2 -
have nonvanishing coefficients .

So, there exist different “systems of coordinates” of Am , and in general case MLG
coordinate frame and the natural one for Douglas string equation may do not coincide .

This change of variables conserves the quasi-homogeneity property

Zi{p" ™ Amn}) = 070 Zi({Amn})
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Douglas string equation

Due to Douglas the partition function of (g, p) Minimal Gravity, is described as
follows. One takes differential operators P and Q of the form

q—1
Q=d9+ Z ua(x)dqfo‘fl,

a=1

qg—1
P=(@i+3 S g.Q" !

a=1 k=1 +

2. . . .
where d = d%' Q9 is the pseudo-differential operators and (... )+ means its

non-negative part . The constants o are KdV times. Then the so-called String
equation looks as

[P,Q]=1
The free energy F () is defined from the equation

PF .

ox2

where u}, is an appropriate solution of the string equation .
In the genus 0 case % is replaced with a variable y and the commutator in string
equation is replaced with Poisson bracket

_ _0POQ 0POQ _
[P7Q]_1%{P7Q}_8x8y Byax_l
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In the quasiclassical limit we take Q and P to be just polynomials of y

q—1
Q=y"+> uay™!
a=1
String equation is equivalent to Principle of least action :

aS

due

where

q—1 q—1
Py k+ <&
S=Res | Q17"+ 33 16,.Q 7 | =Sei1p0+ DD taSka
a=1 k=0 a=1 k=0
where (q,p) = (9,59 + po), 1 < po < q—1, to,1 = x

Ska = Res(Q“14)

and the residue is taken at y = co.
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Gravitational dimensions from Douglas appraach

To identify the free energy of String equation and the partition function of
the Liouville theory , we first perform the dimension analysis.

ptq

Zp ~ o9

where 1 is the cosmological constant.

2
On the other hand the equation %X’: = ul gives that

Z ~ x2ut ~ y2pta)
where the scaling dimension of x is determined from the equation {P, Q} =1 and

scaling dimension of u, from the demand that all terms in Q are of the same
dimension

X ~ yp+q,17 Uo ~ ya+1

Thus if we want F ~ Z; we get

(Based on joint works with A.Zamolodchikov, B. Dubrovin, B. Mukh

Correlation functions in Minimal Liouville Gravity from Douglas string equat



This follows

stl—k  po—o
tha ~p 2 2

In particular ts_1,py ~ p.

To identify these times and their dimensions with the dimensions of the coupling
constants Am,n in the MLG whose scaling dimensions are

+

q
we write it in the form S = Res (Q Ty nTmy"lequnl)_
Then the dimension of times 7m 5 is (since Q ~ y9 ~ ,u%)

;(m,

Ipm*qn\)
Tm,n ™~ H2 q ~ )\m,n
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Transformation from KdV-frame to MLG-frame

So we get the expression the action, in which the correspondence
with the operator from MLG is evidient

9-1lp-1 \pm an|
S=Res Q% + 3 S mma@

m=1 n=1

Thus the dimensions of times 7, , coincide with the dimensions of Ap 5.

But these two sets of variables do not necessarily coincide
they can have a non-linear relation like

Tmn = AH myn | Z C ml"l)‘u(sm,n*&ml,nl Amy.m

my,m

n Z Z Cm1n1 (many) 6,,,,, Smy, nl_émz’nz)‘m1"1)‘m2n2+--'-

my,ny mz,n2

These relations are found from requirement of the selection rules.

For (2,25 4+ 1) Minimal Gravities it was done a few years ago (AB,BZ) .
Recently a progess for cases of (3,3s+ 1) , (3,3s + 2) was reached .
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String equation and Frobenius manifold structure

The free energy F in the Douglas approach is related with the suitable solution of
String equation u; as
PF o
ox2
To get us a more explicite expression for F we use the connection between
String equation and Frobenius manifold structure .

Let A is an algebra of polynomials mod Q’, where prime is the derivative over y

A=Cly)/Q".

Also define a bilinear form on the space of such polynomials

(Pi(y), Pa(y)) := Res (W) ,

the residue is taken at y = co. Introducing some basis ¢ of A

badp = Clyéy mod (Q').

One then have that

¢5 ¢'y
Q

where the indices are raised and lowered by the metric gog = (¢a, ¢3)

sizCéﬂ-Res =C§ﬁg57= By
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There are two useful bases ¢. The first one is of the monomials y® ,another one

R
o = ove
q—a
where v, = —q_LaResQ a  are flat coordinates on M , in these coordinates
8aB = ba+8,q and
O*F
Capy = 5o b
OvaovPovY

the structure constants C,g are evaluated in the bases 6—% These formulae provide

v
Frobenius manifold structure for A case. We show

]::1/[] cBv 95 aS 85

2 0 * Buﬁ 8u’Y

To prove this we need to verify two points.

The first is that one-form Q = CﬁﬁY asb 86\/% dv® is closed.

It is verified by taking de Rham dlfferentlal of Q and using the associativity of A

together the recursion relation for Sy

C;BC’Y5 = CDWCM7

8 Sn,a _ 6 8Snfl,oz

avBavy — BT gy

The second point is that %27';_ = uf . This is verified by direct differentiation 7 and

using that to 1 = x and Cfl = 65
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Having the explicit expression for the partition function
we calculate the correlation numbers in two steps.

We insert the resonance substitution () in the partition function
and then take derivatives for Am » = 0 except for the cosmological constant A1 = p.

1o} 0

Zmyny... =
myny...myny 8/\m1n1 8/\mNnN F (Am 3;[()1 )
or (m,n s

Flt(A)]-
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Firstly we are going to review as a simple example (2,2s + 1) Minimal Liouville gravity

( A.Zamolodchikov and A.B.).
In this case we have the polynomial Q and the free energy

1 U=
Q=y*+u, ]-':7/ S2(u)du
2 Jo
where u, is the solution of the equation

o5 s -
Su = 0 w4+ ;Tl,nus =0

we have changed the normalization of the times 7, .

s—1
Sy = us+1 + t0u571 + Z tkusfkfl
k=1

where tg = 71,1 ~ 1 and we redenote t;, = 71 ny1.

Correlation functions in Minimal Liouville Gravity from Douglas string equat
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To get the generating function for the correlation numbers one inserts the resonance
relations

te= M+ D Gl NG LA,
into the partition function and polynomial S,. The result is of the form

s—1

1 s—1
F=2Zy+ ZAka +3 Z Ay My Zky by +
k=1 ky ko =1
s—1 1 s—1
0 k ky k.
Su=Si+Y MSi+5 D MdeSte .
k=1 ky k=1

Also from the original form of the polynomial S, one finds that

SS(U) — us+1 + B#us—l + C“2us—3 +.

Sff(u) _ Akusfkfl + Bkuusfkf?: + Cku2u57k75 4.
Sblkg(u) — /4}(1,(2 usfk17k273 4 Bklkzuusfk17k275 4 Ck1k2u2u57k17k27k377 +.

2

where all the polynomials have certain parity since p ~ u

(Based on joint works with A.Zamolodchikov, B. Dubrovin, B. Mukh

Correlation functions in Minimal Liouville Gravity from Douglas string equat



As above we find that the dimensions in this case are

25433 (k;+2)
Ziyocky ™~ 2

As usually in the spirit of the scaling theory of criticality, we are interested only in the
singular part of the partition function and disregard the regular part as non-universal.

Notice that Z, ., is always singular if 3~ k; is even.

n

On the other hand when " k; is odd and additionally

n
> ki<2s+3-2n
i=1

the correlation number Z;, . . involves only non-negative integer powers of 1 and
thus is non-singular.

This inequality always holds for one- and two-point correlation numbers. So we shall
consider the sector of odd > k; only starting from the three point correlation numbers.
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It is convenient to switch to dimensionless quantities

Sk = QUO—(IHQ))\,(

Su(u) = gug™ Yu(u/w)
F =gtz

1 —k—1)! 1)!
where uo:u*(AZO)Nlﬂré’k:m andg:%
Then one has

1 [
Z= 7/ Y2(x)dx
2 Jo

where x = o and xx = xx(s) is an appropriate zero of the polynomial Y,(x). Notice
that x«(s =0) = 1.
Similarly to dimensional quantities one has expansions

s—1 s—1

1
Z:ZO+ZSka+§ Z sk15k22k1k2+~“
k=1 ki,ko=1
s—1 1 s—1
k k1 k:
R GES SEAGES I DIERR LR
k=1 ki,ko=1

YL?(X) = CoXs-*—1 —|— C(SXS_1 + e
YE(x) = Gx* kL gixshk 3 4L

k1 k _ s—ki—ko—3 / s—ki—ko—5
Yik(x) = CpxsThTle 3 4 ¢ xeThiTle s 4
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Using and the partition function we find one- and two-point correlation numbers
1
2= [ d¥E0) Vi)
0

2k, = /01 dx(le(x) YfZ (x) + YL?(X) Yflkz (x))

where the one-point correlation numbers are singular only for even k and the
two-point correlation numbers are singular only for even ki + ko.

Fusion rules demand that one-point correlation numbers for k # 0 and two point
numbers when k; # kp are zero.

The second term in the two point numbers is actually absent . Also it is convenient
here to introduce a new variable y instead of x

dy

Y+1: 2
2V2(1+y)?

x°, dx =
2

In terms of the variable y the polynomials
Y?, Yu“, ... will contain all powers instead of going with step 2 . And the shift was
made in order for the interval of integration to be [—1, 1] instead of [0, 1].

Thus the fusion rules condition become an orthogonality condition on the polynomials

Y, Y

1 d
a= [
12v2(1+ )b

1 d
Zigky = / — YY) =0, k#k
-12V2(1+y)2

YI()YS(x) =0, k#0
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Together with the condition Y?(1) = 0, it determines the polynomials Y2 and Y}:

s odd Yo(y) = P%_%)(y) - P(s;i_%)(y)
s even Yo(y) = x (P(;’%)(y) - P(iz%)()’))
2
s+k odd vE) = P22 ()
s+k even Yi(y) = Xpizk%zz (v)
2

where P,(,a’b) is Jacobi polynomial.
Due to the relation between Jacobi polynomials and Legendre polynomials P,

_1
PO (262 1) = Po(x)

0,3),, 2 _
xPp 727 (2x* — 1) = Papt1(x)

it is of course in agreement with earlier results

Correlation functions in Minimal Liouville Gravity from Douglas string equat
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Taking the third derivatives of Z we get the three-point correlation numbers

vyl yks
dvQ
dx

1 1 1
Zhyhoks = — + /0 dxylikeyls = - + /0 dxylikeyls

x=1

where we used the properties of Jacobi polynomials to get: Y¥(x =1) =1,
dYu0 1
dx Ix=1" 2s+1

= %. Besides we assume that ki, ko < k3.

As we will see the first term reproduces the expression from Minimal gravity and the
role of the second term is to kill the first term when the fusion rules are violated.

Consider the case when ki + ko + k3 is even. Fusion rules demand

/ldxyk1k2yk3: S if kit ke < ks
0 e 0 if ki+ko > ks

Again, switching to variables y we get

kK3

stk 0,—1
(s+hthk) odd | Vi) =15 "7 (4nt+ 1P 2 (y)

s—ky—ko—4

S—hki—kp—4 0,1
(5 + kl + k2) even leb(y) = %ano 2 (4!7 + 3)P,(, 2)(}’)

(Based on joint works with A.Zamolodchikov, B. Dubrovin, B. Mukh Correlation functions in Minimal Liouville Gravity from Douglas string equat



Now we can compare the quantities independent on the normalization in the Douglas
equation approach with those in MLG.

(B koks )> 20
H?:l Zkik;
When the fusion rules for three-point numbers are satisfied Zy k43 = 7ﬁ and this
quantity gives
3 (25 —2k—1)
(2s+3)(2s+1)(2s—1)
which coincides with the value from Minimal Gravity .

Direct calculation of 4-point correlator gives

d*vQ 4 dv)i kikj
=z __ = Y TG Xig Yu n
kikokaka = dyo s avo ., dvQ
( dx ) ( dx ) dx x=1

1
+/ dx( ylflkz y‘f3k4 + y51k3 y‘fzk4 + Y[flkzl y‘fzka)_,_
0

1
_;'_/(; dX( ylquzka ylf<4 + ylquzkz: ylf<3 + ylquakz: ylfz + yfzkakz: ylfq)

The only role of the terms in the third line again is to satisfy the fusion rules by
cancelling the unwanted terms in the first two lines when the fusion rules are violated.

(Based on joint works with A.Zamolodchikov, B. Dubrovin, B. Mukh Correlation functions in Minimal Liouville Gravity from Douglas string equat



Y0 | ay? 4 gavy kikj
2l koksky = _16 dy? T4 214 dy _ZKIY” i +
1r2k3la dy? avo., dy?
(454)3 (4 4 y=1
1 d
+ / (vl vk 4 yjakviek 4 yjakyjeka)
12v2(1+ )}

Using the properties of Jacobi polynomials (for both even and odd s, k, ki, k2)

. 2s+1

==

(s—k—1)(s— k)
8

(s—1)(s+2)(2s+1)
32
(571(17/(271)(57/(17/(272)
2(2s +1)

)@ (v =

(v5)'(1) =

)

;oY) =

where prime denotes derivative with respect to y in agreement with MLG we obtain

1
2(2s +1)2

— F(ka2)34)) — F(kasj2a)) — F(k(14|23))>

Zikokgky =

4
(—(s—l)(s+2)—2+ZF(k,-+1)—

i=1

where

F(k) = (S —k — 1)(5 —k — 2)7 k(ij\lm) = min(k,- + kj, ki + km)

(Based on joint works with A.Zamolodchikov, B. Dubrovin, B. Mukh Correlation functions in Minimal Liouville Gravity from Douglas string equat



The generation function of MLG for (2,2s + 1)-series
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where Pj(x) - Legendre polynomial , x« - suitable solution of Srting equation

Yu(xx) =0

The correlation numbers are given by the derivatives of the partition function
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(Based on joint works with A.Zamolodchikov, B. Dubrovin, B. Mukh Correlation functions in Minimal Liouville Gravity from Douglas string equat



Conclusion

We have argued that Douglas string equation approach being accompanied by the
suitable resonance transformation of the coordinates is applicable to Liouville Minimal
Gravity.

Useful representation for the partition function of the Liouville Minimal Gravity
perturbed by primary operators is suggested .

We found an appropriate solution of the Douglas string equation and the resonance
relations which lead to the correlation numbers obeying MLG fusion rules.

The three- and four-point correlation numbers derived from the Douglas string
equation also coincide with the direct calculations in (g, p) MLG when the selection
rules are satisfied .

(Based on joint works with A.Zamolodchikov, B. Dubrovin, B. Mukh Correlation functions in Minimal Liouville Gravity from Douglas string equat



