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o Philosophy: branes, gauge theories and CFT
o Technicalities: XXZ/XXZ spectral duality

o Possible generalization: quantum p-q duality
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The double pentagon of dualities
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The integrable part of the story
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[Mukhin, Tarasov, Varchaneko, math/0610799]
[Mukhin, Tarasov, Varchaneko, math/0112005, math/0605172]

Y. Zenkevich (ITEP&INR) Spectral duality June 2014 6 /28



@ Philosophy: branes, gauge theories and CFT
o Technicalities: XXZ/XXZ spectral duality

o Possible generalization: quantum p-q duality
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The Uy(glx) XXZ spin chain

The chain is built out of Lax operators located at the sites:
T(v)=QLY(v)---LY(v).  Twist Q = diag(Qu,..., Qk).

Uq(glk) indices are blue, site indices are green.
Lax operators satisfy the “RLL" relations

RG2 (u/v)L(u) @ L(v) = (1 ® L(v))(L(1) © 1)R(D (u/v).

trig

More explicitly

L'(v) =) L, ®Ep=
a,b

) +9 i
= Z ( abq H. + ) a>bV ¥ Obzall sba) ® Eap,

vV —V;

The operators S, and g satisfy the Uq(glk) algebra.
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Quantum commuting operators in Ug(glx) XXZ spin chain

Commuting subalgebra
[,Hiv %J] =0.
For K = 2 [Sklyanin, Reshetikhin, etc.]

Hi(v) =trT(v),
[Ha(v), Ha(u)] = 0.

One more combination (quantum determinant) gives the Casimir operator

Ha(v) = qdetT(v) = T11(v)Ta2(q°v) — ¢ ' Tar(v) T12(¢°v),
[H2(v), anything] = 0.

For K > 2 this is not sufficient, more operators needed.
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Quantum commuting operators in Ug(glx) XXZ spin chain

For K > 2: Universal difference operator

K
D)= S D HANPH =S Y et (Tastr)e?™).
m=0 m=0 A={a;<...<am} el

where T g4 is m x m submatrix of T and the column g-determinant is

detMaa = D (=)™ M0 My, o,
c€Gm,

and inv(c) = {number of pairs (a, b) such that o(b) > o(a)}.
[Hm(v), Hn(u)] =0

[Mukhin, Tarasov, Varchenko, math/0605015]
[Chervov, Falqui, Rubtsov, Silantyev, 1210.3529]
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Building spins in (anti)symmetric reps from g-Bose

(g-Fermi)

Prototypical example: sl
o Bose (Fermi) generators [a,,ap|+ = [a:f,,az]i =0, [aa,az]i =1,
o S, = abap — 10.pakac = [Sab, Sca] = ObeSad — dadSch
o Vacuum is trivial rep |0).
o Symmetric reps are a- - - aL|O>

o Quadratic Casimir is 3s,5Sps = 5 (3 + 1), where N = aha,.
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o g-Bose (g-Fermi) creation and annihilation operators A’ and B/ act

on |0):
A;Ajl') — q(Singn(a—b)AJ[')Ag’ B;BJ[') _ qé,-jsgn(a—b)BJ[')B;7
ALB) = g'i0w—sen(a-b)gJ AT Sapdy gttt
[H;, A{b] = 5ab5ijAJb, [H B'L] ab6UB

o ALB. = [H]], count the number of different creation operators, they
are Cartan elements of Ugy(glx)®V. ¢; = Za:l A’B/ are Casimirs.

@ The Lax operator is built from A’s and B's:

i ipi Hs imi ViAi B!
ab — AaBb’ ab(v) - 5ab 9 g + 5b>aA B b—s

v — v
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The spectral duality

Consider the N-site Ug(glk) and K-site Ugy(gly) XXZ spin chains. Denote
their universal difference operators by Dy x and Dy

Main conjecture

N K
[1(v = )Dukv) =TT (1 = wea®? ) Dc(a2%),

i=1 a=1

where v; are the inhomogeneities in L' and w, = Q, H, 1 gH-

Duality acts as the Fourier transform!
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The spectral duality

Main conjecture

N

K
[I(v=v)bnk(v) =] (1 — waq2V6V> Dk n(g72%),
a=1

i=1

What evidence do we have?
@ Isomorphism of g-Bose algebras.

o The classical limit.
o Degeneration g — 1, XXX/trigonometric Gaudin duality.
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XXX limit

g-Bose turns into Bose:
Al BJ 91 5 al b’
[l ] = b}, b}] =0, [l ] = —3;0.5
D x(v) =5 det (1 - T(x)eax>,
where still T(x) = QLY (v)---L'(v), but LL,(x) = 65 + ;25 blaj, and
detM = Z (—l)i"V(”)Ma(1),1 ~ Mgy -

col
oebyk

Normal ordering. :F(b,a, x,0y): = {all b's, X's to the Ieft,}

all a's, Oy's to the right

Normal ordering theorem I.

det (1 T(x)eax>— -det (1 T(x)eaX>-

col
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Normal ordering in XXX. Examples

Examples.
o K =1: trivial,

i-a (i

b1a1> <1 + b)'a >] e% = same :
X = Xy

o K=2 N=1:
1
det 2*2 [1 -Q (1 + —bl(al)T> e3X] =
col X — X1
— (1 — Qe — le}a1e8x> (1 — Qe — 1X sz;aéeax) -
— X1
1
- ngéale8 - lelaQe = (1 — Qie?) (1 - Qe?) -
1 1 1
v — Qe al, bllaje?®— eax, =T Jase? =:same :
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Degeneration g — 1

spectral duality
_—

N-site Uq(gly) XXZ K-site Uqg(gly) XXZ

g=e’—1 q—1
v=q2"—>1+2fyx l l q2"8V —>e6X, finite!
q2v6v —ye9x v=q2X—>1+2'yX

N-site gl XXX spectral duality, e Gite gly trig Gaudin

l l

spectral duality
_—
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Trigonometric Gaudin limit

g-Bose turns into Bose:
ALB, % al b,
[afavajb] = [b;, b] = 0> [aa, b] = _5U5ab-

g=e"’—1

Dre(g2) =525 (—29)V det (x — Lig(e™™)),

where [Lig(e™ )] = 0yxi 4 0o oK albl + K e a’b’ and

—

detco is very peculiar deformation of determinant
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Normal ordering in Gaudin.

Normal ordering theorem II.

K

[T @) Bl ete ) -

a=1
= :ﬁ (1 — Qaeax) dcglt (x — Lt(:,(e_ax)):

a=1

(No tilde on the right)

Example. K =N = 1:
(1 — Q]_eax) (X — X1 — e—BXLinaibi> =

Q Q Q
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Degeneration. Resume.

XXX /trig Gaudin spectral duality

N

,-lljl(x ~ ) ciglt (1 a ﬂx)e@x) - :H (x —xi) ‘lﬁF (1 - T(X)eax>: —

i=1
L] (1 0) g1 et ) =
- 11 0 e et )

The classical results hold under the normal ordering!
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Further generalization. “Double” quantization.

XXZ chain arises in the limit e2 — 0 (Nekrasov-Shatashvili).

What happens for ¢, # 0?
Level set of Hamiltonians of

the classical trigonometric

Ruijsenaars-Schneider models
[Gorsky, Zabrodin, Zotov, arXiv:1310.6958]

Bethe ansatz equations for Qc
quantum XXZ chains

€2 # 0 quantizes the quantum/classical (QC) dual RS system. Spectral
duality corresponds to the quantum p-g duality in the dual system:

HRS(X)MY(Xi) = Ey/\/ly(x,-)
My (x; = qR,-+N—i) = Mg(x; = qY,-+N—i)
HES(Y)My (x; = gRHN=1) = egMy (x; = gRitN—)

Energies (Y) are exchanged with coordinates (x;). On the classical level
— canonical transformation (x, p) — (e, ¢).
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Spectral duality and p-q duality

QC dualit QC duality
Q€ dualty, 8€ duality.
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Conclusions and prospects

@ Spectral duality is key to many results in gauge/string theory.

o We demonstrate spectral duality between Ug(glk) N-site and
Uq(gly) K-site XXZ spin chains.

o Beyond the €2 — 0 limit the spectral duality becomes p-q duality in
the QC dual integrable system.

o It would be interesting to investigate the role pf p-qg duality in CFT.
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Thank you for your attention!
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