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AENV-conjecture

In their paper! Aganagic, Ekholm, Ng and Vafa proposed that the
holomorphic curves, evaluated using the mirror symmetry of the
topological string theories, should be equal to the classical limit of
quantum A-polynomials from the knot theory. This provided a task to find

the unknown quantum A-polynomials for the simplest links.

'M.Aganagic, T.Ekholm, L.Ng and C.Vafa, arXiv:1304.5778
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Chern-Simons theory

Chern-Simons theory

@ 3-dimensional topological gauge theory - Chern-Simons theory
° Scs=4 [Tr(ANdA+3ANANA)

o Wilson-loop averages:

H§ (A, q) = <TrQ1Pexp <5€ ) ... Trg,Pexp (f )>
k1 Kn CS(N.q)

Q1 ... Q, are representations of the group SU(N)
K=Ki1U...UK, is a collection of disjoint contours (i.e. a link)

qg=exp(Fy) A=q"
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A-polynomial for Unknot

Using the exact answers one can find recursive relations on the HOMFLY.
* -1 D;

In the case of unknot H, = 57 =[]/, T .

where following notations are used {x} = (x — x71), D; = {Aq'}

Thus there exist recursive relation
U U
{qr}Hr =DraH,

If two operators are introduced: @’H, =q"H,, /5?-[, =H, 1
Then A-polynomial is given by

AV = QY1 - AP) - (1 - ATIP), AYHY=0

The classical limit is given by Q2 = i, P = z:
AV = (1 - Az)— (1 - A1z)
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Chern-Simons theory

Yang-Baxter Equation

HOMFLY polynomials satisfy three Reidemeister moves

MF -

N\ 7

The third Reidemeister move is the Yang-Baxter equation which solutions

are R-matrices.
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Chern-Simons theory

Braid representation

To describe the knot it is convenient to use its braid representation:

A ARA

Then in the Reshetikhin-Turaev formalism? for each crossing the R-matrix
should be inserted and the answer for the HOMFLY polynomials then is

given by the trace over the product of all the R-matrices:

HS = Trn HR = Tr,00 HR

2N.Yu.Reshetikhin and V.G.Turaev, Comm. Math. Phys. 127-(1990) 1-26
Andrey Morozov (ITEP, MSU, Moscow) Links and AENV 05 June, Quarks-2014, Suzdal 6 /38



Chern-Simons theory

Character Expansion

The eigenvectors of these R-matrices with the different eigenvalues
correspond to the different irreducible representations from the
decomposition of the @®™. Thus instead of using the R-matrices acting
on the vectors one could use one for the irreducible representations. Then
the answer for the Knot polynomial will be an expansion into the
Schur-functions (characters of different irreducible representations of the

studied group).

Hg (Alq) = Z hgST(A, q)
T+®Q
j=1
Coefficients hCT) are given by the trace of the product of the blocks in

R-matrices corresponding to the representation @
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Chern-Simons theory

R-matrices

For the braid with m strands there are m — 1 different R matrices

corresponding to the crossings between different pairs of strands.

Ry 5 P
Ro Ro

Ri=Ro®! Ro=110Ryg
All of them have the same eigenvalues but they are not the same ones.

There exist some transition matrices which relate different R-matrices.

Ry = UR U™
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Eigenvalue conjecture

Eigenvalue conjecture

In the case when @1 = @ = Q3 the eigenvalue conjecture implies that

U-matrices have a certain form.

Q1
R1 R1 R1
Q —"
’ Ro /_/ Ro /_K
@3

vV=8& VE 16482

U= §1—& &1—&
vV E%_§1§2+€§ vV—£&1&
&—-& &1—&

N . . . ) .
&= T, are normalized eigenvalues of the corresponding R-matrix

Similar formulae can be written for the blocks of other sizes.

Andrey Morozov (ITEP, MSU, Moscow) Links and AENV 05 June, Quarks-2014, Suzdal 9 /38



Eigenvalue conjecture

Eigenvalue conjecture

Similar formulae can be written for the blocks of other sizes.

_&(&+8) _1 JER)EH) 1 /(EHD(EH)
£12613 12 £162813623 &13 £1£3812632
U= 1/ (E+)(E+1) GRS 1 [(E+)(E+)
&12 §162613823 £12623 23 £263812613
1 [(EH)(EHY) 1 [(GH)E+DY _&(&a+8)
&13 £163812832 &23 £283812613 §13823
This method allows us to evaluate link HOMFLY polynomials for

symmetrical representations @ = @ = Q3 <4
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Cabling procedure

The main idea behind the cabling procedure is that

K . m
HQ®,,, = Hg

K™ is a knot I were the strand is replaced with the m parallel strands:

A ARA

y\\/\\/\\¥
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Cabling procedure

Projectors

The cabling of the knot gives the answer in the reducible representation

Q®™ therefore to find the answer in some other irreducible or reducible
. . ®Xm

representation T the operator called projector P-,Q should be

constructed.

These projectors can be described as a combination of the added crossings
between the m strands in the cable.

In other words the knot polynomials (Wilson-loop average) in the
representation T can be represented as a linear combination of the knot
polynomials in the fundamental representations but for the knots with |T|

times more strands.
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Cabling procedure

Cabling procedure

The answers for the fundamental R-matrices and projectors on any
representations are known for any braid.
Due to the complicated calculations with the large matrices we could only

provide the answers in the cases when |Q:| + |Q2] + | Q3] < 12.

Important difference from the eigenvalue conjecture is that in this case we

can study all the cases, even when representations are not the same.
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Cabling procedure

Answers for the link polynomials

These methods allows one to construct from the known examples the
whole answer for the symmetrical representations in the form of

hypergeometric series:

Hopf link
Hﬁ,s — 14+ Z?':"l(’:s)(_1)kA—kq—k(r+s)+k(k+3)/2 Hl‘(:_()l W

J
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Cabling procedure

Answers for the link polynomials

These methods allows one to construct from the known examples the
whole answer for the symmetrical representations in the form of

hypergeometric series:

Whitehead link
D, D, _
HL(A @) = 1+ ™) e ot TISe 2 {a  Ha )
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Cabling procedure

Answers for the link polynomials

These methods allows one to construct from the known examples the
whole answer for the symmetrical representations in the form of

hypergeometric series:

Borromean rings
HPs (A q) = 1+ D30 () gy (K] =2

( Doy 1')
HJ“(:_ol Dr+;Ds4;Desj{a™Ha T Ha" 7}
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Cabling procedure

Recursive relations for Hopf link

From the answer

min(r,s) k—1 i —j
k- {a" 7 Hq*}
H,Hs -1 + Z (—1)kA kq k(r+s)+k(k+3)/2 H
= o bj
several recursive relations can be constructed
1-2r
q q
Hrl’—i,s - Hr s—1 — Sj (5: - Zs:fl)
H _ {a"Hq"}
Hrys(A‘q) - 1 - Aqr+s 2D Hf 15 l(Aq‘q)
H ql 2r
{qs}<Hr,s - A Hrs 1)
H 9"
= qDs_> (Hr,s—l - T,Hr,s—2)
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A-polynomial for Hopf link

The needed recursive relation for the A-polynomial is

H— I, s (s - 9sy)

This relation can be described by quantum A-polynomial,

q/\
Tp,
A

which classical limit is

Andrey Morozov (ITEP, MSU, Moscow) Links and AENV
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A-polynomial for Whitehead link

The recursive relation is of the 4-th order with A-polynomial

AY = 12p At (—ME/@A“HM? — frpts +21tr — s ) s A% +(pis _Mr))Azs+

+ ((urus + s — 20 ) purps At 4 (12 — Apirps + i + e — 2us)A° + 1)252 +

+((urus — s+ 2ps — pur ) e A2+ (ps — pir — 1))/\253 + Apzi =0
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Cabling procedure

Evolution method

Knowing answers for several simplest links one can find the answers for the

whole series of links

N\

k = 2m crossings
The answer for the whole series has a form

Hiy o = 29" +ba "
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Cabling procedure

Evolution method

We know the answers for several links from these series:

: 1 {q’}{q}
Hopf: Hitm = Dy
. D,D_
Whitehead: ~ Hig2 =1+ 10100

Thus the general answer is provided by

{Aq"Haq} r— ,
A2q2r—2{qr+1}{A}(q2 A2 —g* +1)

__ {A/q}{a"}
A2q*{q 1 H{A}

The same procedure can be applied also to other representations.

a =

(¢ A2+ q* - 1)
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Cabling procedure

Evolution method

The same procedure can be applied to the series starting fron the

Borromean rings link

k = 2m crossings

The important difference is that the links of these series are symmetric

only between representations r and s.
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Conclusion

Conclusion

@ The HOMFLY polynomials in any symmetric representations for the

Hopf, Whitehead and Borromean rings links were constructed

@ The recursive relations on these polynomials were constructed and

quantum A-polynomials were found

@ Using the Evolution method general answers for series of links starting

from Hopf link and Borromean rings link have been constructed
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Conclusion

THANK YOU FOR YOUR ATTENTION!
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Conclusion

Answers for the projectors

The general answer for the projectors is known in the matrix form.

The answer which describes the connections between the colored and the
fundamental knot polynomials is known only in the several simplest

examples.

Ri+qt Ri—q
Py = A —— P = T
qgtgq qgtgq
There is also a suggestion of the recursive procedure which in principle

should be able to construct any projector.
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Diagonal R-matrices

For the crossing between representations 71 and T the eigenvalues are

described by the irreducible representations in the decomposition
QiFTi®T.

1 .
|/\l| = q”Qi’ Qi = 5 Z (’ _J)
{ij}eQi
If there are more than two strands then the following decomposition
should be studied:

eNe.0Tn=0 Q)©.0Tn=>_Q
i J

The eigenvalues for the C_Qj are the same ones as for the corresponding @;
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Non-diagonal /R-matrices

The general formula is known only for the fundamental representations.
The matrix is block-diagonal with blocks 1 x 1 equal to g or —g~* and
2 x 2 equal to the

_ 1 Vv li+1]qli—1lq
?llq Ulq
b; =
VIi+eli—1lq A
Ulq Ulq
- ot _ gieq
Where [}]4 is the quantum j: [j]; = T

Then the paths on the tree of the diagrams should be considered
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Tree of the diagrams

1 1.1 1 1 1 1 1 1 1 1 1 1
L L
2 2 11 2 11 2 11 11 2 11 2 11 11

3 2:1 21\2‘2 3\§Z 211 22 2 2171 N
\\32 \311/ 22{/
S
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Non-diagonal /R-matrices

Ri—1 is described by the level k in the tree. The paths can go as singlets
or doublets. In doublets two paths differ only on the level k

SR

2 — 211 2—31 11 -+ 31
—gtinR b3 block in R gin R

G i

2 — 31 21 — 311
bz block in R by block in R

If the length of a hook, connecting the two added cells is equal to j then
block bj_1 should be used
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Non-diagonal /R-matrices

_ 1 V24414
[B8l¢4° 3lq
2alle ¢
(2]q (3]q

Rapz11 = 1

1 V[2lq[4lq
Blaa®  [Blg

VIa4le ¢

3] Bl
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Path Projectors

Projectors can be constructed n the same manner as the R-matrices. For

the Pg in the tree only the paths which pass through the Q should remain.

Pag13311 =

Andrey Morozov (ITEP, MSU, Moscow) Links and AENV 05 June, Quarks-2014, Suzdal 31/ 38



Representation tree

1 1.1 1 1 1 1 1 1 1 1 1 1
L L
2 2 11 2 11 2 11 11 2 11 2 11 11

3 2:1 21\2‘2 3\§Z 211 22 2 2171 N
\\32 \311/ 22{/
S
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Characteristic equations

The definition using the paths is very constructive but does not provide
the connections between the colored HOMFLY and the fundamental ones.
To find these connections the definition which uses the R-matrices should
be constructed.

This can be done using the operator properties of the R-matrices:

The projec”for on eigenvalue \; of the operator with the characteristic

equation [[(R— ;) =01is
i=1

Andrey Morozov (ITEP, MSU, Moscow) Links and AENV 05 June, Quarks-2014, Suzdal 33 /38



Characteristic equation

Characteristic equations for the R-matrices

For the fundamental R-matrices the characteristic equation is known from

the mathematics and is described by the skein relations:

R—R'-(q—q ') =(R—q) (R+;> =0
KX =)
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Characteristic equation

Colored skein relations

From the characteristic equation the analogue of the skein relations for the

colored R-matrices can be constructed though it is not very useful:

(Ragz — 6°) (Ragz + ¢°) (Raga — 1) =0

—(¢®*—¢°+ q2)X+q8X= (q6 —q*+ 1) > <

\

\
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Characteristic equation

The projectors on [2] and [11]

From the characteristic equation the projectors can be constructed
1
(R-q)(R+=-)=0
q
\

:’:\’1-1-67_1 R —gq
mTe =T
q+q! q+qg!
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The projectors on [21]

There are also additional characteristic equations for the combinations of

the R-matrices:

(R~ R)((Ri— R = (¢ +1+47%)) =0

Together with the characteristic equations on each of the R-matrices this

gives

(R — R2)?
Pr= 1.2
g +1+gq
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Characteristic equation

Recursive formula for the projector

Q| Q|

Bioi= | IR | {I]Rier1-
i=1 j=1

The projector on the representation @ made from T with the addition of

the cell {k, I} is equal to

B|Q| _ q2j—2i
Po-tuwn =Y 1] o2k gt T
i (i) (kD)

The product is over all possible additions of cells {i, j}.
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