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Introduction

Using unfolding machinery we classify all Sp(2M) invariant fields,

field equations and conserved currents.

This method is effective in describing conformal massless fields and

analysis of multiparticle states.

In particular, the duality between fields in higher dimensions and

currents in lower dimensions can be applied to (higher-spin ) holography.
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Sp(2M) invariant space

Rank-one unfolded equation(
ξAB

∂

∂XAB
± iσ−

)
C±(Y |X) = 0 , σ− = ξAB

∂2

∂Y A∂Y B
,

XAB matrix coordinates of MM , XAB = XBA (A,B = 1, . . . ,M)

Y A - auxiliary commuting variables = twistor variables

ξMN= dXMN - anti-commuting variables ξMN = ξNM , ξMNξAD = −ξADξMN .

Rank-one primary (dynamical) fields : σ−C(X|Y ) = 0 : C(X) , CA(X)Y A

Unfolded equations ⇒ dynamical equations

∂

∂XAE

∂

∂XBD
C(X)−

∂

∂XBE

∂

∂XAD
C(X) = 0 Klein-Gordon–like ,

∂

∂XBD
CA(X)−

∂

∂XAD
CB(X) = 0 Dirac–like .
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Rank-r dynamical fields in MM

Rank- r unfolded equations : r sets of twistor variables Y ,(
ξAB ∂

∂XAB ± iσr−
)
C±(Y |X) = 0 ,

σr− = ξAB
r∑

j=1

∂2

∂Y Aj ∂Y
B
i

δij , i, j, . . . = 1, . . . , r -color indices

Rank-r primary fields : σr−C(Y |X) = 0 ⇒

C(Y |X) =
∑
n
C
i1;...;in
A1;...;An

(X)Y A1
i1
· · ·Y Anin

⇒ tracelessness: δi1i2C
i1;i2;...
... (X) = 0.

Y Ai commute ⇒ C
...im... ik...
...Am...Ak...

(X) = C
...ik... im...
...Ak...Am...

(X) ⇒

rank-r primary fields are tensors CY(Y |X) described by

traceless glM Young diagrams Y[h1, ..., hm] with respect

to indices A,B = 1, . . . ,M , i.e., :

h1 + h2 ≤ r , h1 ≤M.

We use Young diagrams Y[. . .] with manifest anti-symmetrization
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Rank-r dynamical equations

Rank-r primary fields CY0(Y |X) satisfy rank-r dynamical equations

EA1[r−h2+1] , A2[r−h1+1] , A3[h3],...,An[hn]
i1[h1] , i2[h2] , i3[h3],..., in[hn]

∂

∂Y
A1

1
i11

. . .
∂

∂Y
A
h1
1

i
h1
1︸ ︷︷ ︸

h1

. . .
∂

∂Y
A1
n

i1n

. . .
∂

∂Y A
hn
n

ihnn︸ ︷︷ ︸
hn

∂

∂XA
h1+1
1 A

h2+1
2

· · ·
∂

∂X
A
r−h2+1
1 A

r−h1+1
2︸ ︷︷ ︸

r+1−h1−h2

CY0(Y |X) = 0 .

The symmetry properties of the parameter E ...... described by

Y0[h1, h2, h3, . . . , hn] with respect to the lower indices

and by its rank-r two-column dual

Y1[r + 1− h2, r + 1− h1, h3, . . . , hn]

with respect to the upper ones.
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3d conformal fields and equations in Sp(2)
invariant space

Free 3d massless fields C(t , x) can be described in terms of

two-component spinors yα and symmetric matrix

xαβ = xβα : xαβ = tδαβ + x1σ
αβ
1 + x2σ

αβ
3 , α, β = 1,2 ,

where σ
αβ
1,3 – traceless symmetric Pauli matrices.

Conformal invariant massless equations = Rank-1 unfolded equations

Shaynkman, Vasiliev (2001)

dxαβ
(

∂

∂xαβ
± i

∂2

∂yα∂yβ

)
C±(y|x) = 0 ⇒

primaries :
∂2

∂yα∂yβ
b(x) =

∂2

∂yα∂yβ
fβ(x)yβ = 0 .

boson b(x) : εβνεαγ
∂2

∂xαβ∂xγν
b(x) = 0 ∼ 3d Klein-Gordon

fermion fβ(x) : εαγ
∂

∂xαβ
fγ(x) = 0 ∼ 3d Dirac

εαβ - 2× 2 symplectic form .
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3d conformal currents

Rank-2 equations = Current equations O.G, M.Vasiliev (2003)

dxαβ
{

∂

∂xαβ
− i

∂2

∂vα∂uβ

}
J (u, v|x) = 0 , v =

1

2
(y1 + y2), u =

1

2
(y1 − y2) .

Doubled set of spinor=twistor variables.

Closed differential forms = 3d conserved current(
i dxαβ

∂

∂uβ
+d vα

)2
J (u , v|x)

∣∣∣∣
u=0

,

(
i dxαβ

∂

∂vβ
+d uα

)2
J̃ (u , v|x)

∣∣∣∣
v=0

.

Current equations are obeyed by generalized bilinear stress tensors

T k lα1...αn
(x) =

∂

∂uα1
. . .

∂

∂uαn

(
Ck+(v − u|x)Cl−(v + u|x)

)
|u=0 :

C±(y|x) – rank-1 fields.

T̃ k lα1...αn
(x) =

∂

∂vα1
. . .

∂

∂vαn

(
Ck+(v − u|x)Cl−(v + u|x)

)
|v=0
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σ−-cohomology analysis

Rank-r primary fields and field equations are represented by

the cohomology groups H0(σr−) and H1(σr−), respectively. M.A.Vasiliev 1989

Examples

The full lists of YD associated with rank-1 and rank-2 fields and

equations :

H0(σ−) : Y0 •

H1(σ−) : Y1

,
H0(σ2

−) : Y0 •
2 + n

H1(σ2
−) : Y1

2 + n
.
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Homotopy operator

Standard homotopy trick : Conjugated linear operators

Ω and Ω∗ , Ω2 = 0 ⇒ ∆ = {Ω,Ω∗ } - semi-positive homotopy operator .

If ∆ is diagonalizable ⇒ H(Ω) ⊂ ker ∆ ∩ ker Ω .

Ω := σr− = TABξ
AB , Ω∗ = TAB

∂

∂ξCD
,

TAB =
∂

∂Y Ai

∂

∂Y Bj
δij, TCD = Y Ci Y

D
j δ

ij , TAB = Y Aj
∂

∂Y Bj
= sp(2M)

∆ = {Ω ,Ω∗} = 1
2τmkτ

mk + νABν
A
B − (M + 1− r)νAA

τmk = Ym
A ∂

∂Y kA
− YkA

∂

∂Y mA
– generators of o(r),

νAB = χAB + TAB – generators of gltotM that acts on Y Ai and ξAB

χAB = 2ξAD
∂

∂ξBD
– generators of glM .
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Almost symmetric Young diagrams

N-form in ξAB = anti-symmetrized tensor product
[
⊗NY[1,1]

]
=
[
⊗N

]
= linear combinations of almost symmetric YA[a1, a2, . . .],

∑
aj = 2N .

ppppppppppppppppppppppppppppppppppp

Symmetric YS
⇒

ppppppppppppppppppppppppppppppppppp

Almost symmetric YA
.

Young diagrams and Cazimir operators

Y′[B1 . . .] ⊂ Y[h1 . . .] ⊗ (⊗ nYδ[1,1]) ⊗ YA[a1, . . .]

where n is a number of o(r) metric tensors δij,

Y[h1 . . . , hk] – o(r) , Y′[B1 . . . , Bm] – glM YD, YA[a1, . . .] – AS YD

Cazimir operators:

τmkτ
mk = 2

∑
j

hj(hj − r− 2(i− 1)) , νABν
A
B = −

∑
i

Bi(Bi−M − 1− 2(i− 1)) ,

⇒ ∆ = −
∑
i

Bi(Bi − 2(i− 1)) +
∑
j

hi(hi − 2(i− 1)) + r
∑
i

(Bi − hi) .
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Southwest principle

S(i, j) – a sell on the intersection of j − th row and i− th column

Y =
⋃

S(i,j)∈Y
S(i, j)

j

i

Numerical characteristic χa(S(i, j)) = i− j + a , a ∈ R

χa(Y) = −1
2
∑
i hi(hi−2i+1−2a) since Y[h1, h2, . . .] = unification of columns

⇒ ker ∆ : χ
1
2(r−1)(Y′ \Y) = 0.

χa(S1) < χa(S2) ⇔ S1 is situated the more southwest then S2

∆ semi-positive ⇒ min(∆) is reached when all cells of Y′

are maximally south-west . It allows us to find HN(σr−) ∀N
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Higher σr−- cohomology groups

The full list of YD associated with HN(σr−) :

Y′(Y,YA) [H1, H2, . . .] : Hj = hj + aj +
∑
j

si j(Y,YA)

Y[h1, h2, . . . , ] – traceless YD ,

YA[a1, . . . ak] – almost symmetric YD
∑
ai = 2N ,

s(Y,YA) – shift matrix .

For almost symmetric YA[8,6,5,3,3,3,2,1,1] =

s(Y,YA) =



∆0 ∆0 ∆2 ∆3 ∆4 ∆5 ∆6 ∆7 ∆8
∆2 ∆1 ∆1 ∆2 ∆3 ∆4 ∆5 0 0
∆3 ∆2 ∆0 ∆0 ∆2 ∆3 0 0 0
∆4 ∆3 ∆2 0 0 0 0 0 0
∆5 ∆4 ∆3 0 0 0 0 0 0
∆6 ∆5 0 0 0 0 0 0 0
∆7 0 0 0 0 0 0 0 0
∆8 0 0 0 0 0 0 0 0



∆0 = r− h1 − h2

∆k = hk − hk+1

(k > 0) .
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Minkowski-like reduction.

4d Minkowski unfolded equations is a subsystem of rank-2 ones in M4

with Y A = (yα, ȳβ
′
) , XAB = (xαβ

′
, xαβ, xα

′β′) ( yα = ȳα
′
).

Rank-r primary fields CY ,Y(y, ȳ|x) are described by

pairs of the mutually traceless Young diagrams

Y[h1, . . . , hk] and Y[h1, . . . , hn] : h1 + h1 ≤ r.

For example, Minkowsky primary free currents =rank-2 Minkowsky

primary fields are described by

Y(n) = ,
n ≥ 0

Y(n̄) = ;
n̄ ≥ 0

Y(n,m) = ,

n ≥ m

m > 0
• ;Y =

•,Y = Y(n̄, m̄) = ;
n̄ ≥ m̄

m̄ > 0
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Conclusions

All Sp(2M) invariant field and field equations in the space MM ,

including usual 3d space and 4d Minkowsky space.

All higher cohomologies are found ⇒

All primary differential forms and their equations are described.

This can be used in the construction of interacting theories.
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