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AdS/CFT duality

superstring theory in
N = 4 Yang-Mills theory AdSe % S5
in four dimensions % N 5
(planar limit)

Operator conformal < > spectrum of
dimensions A, string energies F;

The problem we study: finding the spectrum



Hope for exact solution of both theories!
Key tool: integrability

Motivation

« Understand gauge theory at strong coupling
« Similarities between N=4 SYM and QCD (BFKL, ....)

Lipatov, Faddeev, Korchemsky, ...

« Explore quantum strings, AdS/CFT



N=4 Supersymmetric Yang-Mills (SYM)

1 1 1
S=— /d4:1; tr {— Fiv + (DHCI%-)2 — = [®;,®;]% + fermions}
95 2 2

Ap, P4, ;i inadjoint of SU(N)
Planar limit: Ne — oo, A = g2, Ne is fixed — ‘t Hooft coupling

Theory is conformal —) <O,;(a:)(9j (y)> = |$_ZC|)R?E_Aj

O(x) = Tr (Cblcbzcb]_(bl(bz e CD]_CDQCDQ) (:U) + permutations

A= 0;(N) 1

At 1 loop — eigenvalues of
Integrable XXX spin chain!

Minahan, Zarembo 2002



String theory on AdSg x S°
X |
S = E/aMX - O*X dodt + fermions

Metsaev, Tseytlin;Bena,Polchinski,Roiban;

Kazakov,Marshakov,Minahan,Zarembo )\ = gauge theory ‘t HOOft cou p“ng

PSU(2,2/4)
Sp(2,2) x Sp(4)

Coset sigma model

Infinitely many integrals of motion! Encoded in monodromy matrix.

S— 07) = Perd f )
TI e T O Tr Q( )=0
’ * T U, T) =
\/ on E.O.M.
\.¥/
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Classical spectral curve

Qu) — {efr(w) oia2(u) gigz(u) giga(u) gias(u) gige(u) giar(u) gigg(u)y

Eigenvalues are |nteg|’als of motion’ Beisert,Kazakov,Sakai,Zarembo; ..
they define an 8-sheet algebraic curve

det(Q(u) —2) =0

Branch cuts in the quasimomenta ¢;(u) connect sheets

=_—
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Quantum integrability

String sigma model = integrable 2d QFT in finite volume L
L = # of fields in gauge theory operator

Exact S matrix
a

AsymptOtlc Bethe ansatz fOI’ Beisert, Staudacher 2005, 2006 L
Beisert,Hernandez,Lopez \\N/
energy Ievels at Iarge L Beisert,Eden,Staudacher

Thermodynamic Bethe ansatz (TBA) —
Inflnlte Set Of non“near Gromov, Kazakov, Kozak, Vieira 2009
|ntegra| equatlons Arutyunov, Frolov 2009

Bombardelli, Fiorovanti, Tateo 2009

) 14+ Y11+ Yo
= Kp-1%log = = =
”L—Y].;‘.‘Fs‘-:ﬂ

Gives spectrum at any L S o
and any coupling! or D2 i,

+R{, *log(1 + o)

+ B 1 log(1 + Ya0)

1+¥1: . 1+ Yi4

11 % log ——=— — K,_q*log —
1+ Yy, 14+¥90

‘e 1+ Y31 K o 1+1),

1 ¥ log ———— — K, _jxlog ==

L e Y o 1+VYas

+[REY + B, | *log(1 + ¥ao)

But very complicated. e T2 a5 ]t i 2[R9+ ] g

bl /-] o
*‘|“ h<|| ~ r<‘.|‘~<| ~<|:<

) 1+ Y11 p00) 1+¥9s
+ log — — 2B " % log =
U BTy, al sim 8




TBA equations

Y11 1+ Yiml+ Yo (01)
log — = K,,_1*1 — ' R log(1+ Y,
RO 1o g T Yy T e *log(l+ Yao)
Yas 1+ Yim1+Ymi o
log —— = K,,_ %] — —+ B log(l+Y,
8, I S G O og( 0)
Yis : Y .
log_l" = —K, 1;-1%log 1+£1'£ — K _1*log 1+E1'l
Yl,s ' 1+Y11£ 1+ Yg__g
Yau i 1 +Yp, N o 5
| — = —K, yp g *xlog ——— — K, ;%1 —
Y. L e T Yo ORTY Yas
+ [’Rﬂ“ + BE,,"_IM +log(1 + Yp)

Yoo T (11) | gl11) o [o(10) | (10) 1+ Y3,
log 2% = |25, — REY) + B, | *1og(1+ Yio) + 2 [REY + BUY, | s, log 1~
. 1+Yi, 10) - 1+Yo
+2RUD & Jog———LL _oBUY 4 Jog T2

al EYm g l + Y]ﬂl al s¥m g 1 + YE1E

Can this be the final solution
to the spectral problem in N=4 SYM?!



Y-functions and analyticity

: 1~a - Infinite set of unknown functions
O in TBA equations — Yy s(u)

——L\ Main difficulty:
Infinite ladder of branch points in
@ :
S E Y-functions
2 .2 2 e
S
I : n 1 : ; - E H i
S | |
o AP————— >
> - —2g¢ 29
TBA Simple functional egns | *—e ;
(Y-system, T-system, Hirota) | Pl i
Gromov, Kazakov, Vieira 2009 "““““““—————-“"---i \/X
9= 4r

Solution is known, but need to ensure
correct analytical properties



The Py system

Thermodynamic Bethe Ansatz

Yia 14+ Yiml+ Yo fm)
log—— = K, 1 — +R; log(1 + Y,
BY TN T Yo log(1 + Yao)
Yoo 14 Yim 1+ Yo (o1)
log=—" = K,_1=*I — — + B, *log(l+Y,
Y e Ty, T Pte *leell +¥a0)
log_}_l's = — Ko 111 *1001 + Y — Ks_1xlog L+
Y. LY., [+ Voo : g .
Yo . 1+ Y 1+¥y, SIIIIp'IfICHtIOﬂ
log—=—= = —K, 13-1*log — K, 1%log

Yﬂ..l i = 14+ Yb 1 1+ Y 2.9
+ [7?, w4 g™ b] +log(1 + Yi0)

Yao 5 (11) (11) (10) (10) 1+Y,
log =22 = [28,, - RV + B ] log(1 + Y4 +2[’Ra +BUO] 4 Jog -T2l
0g Y.o b ab s | % log( bo) b b-2| sfim Dg1+YM

1+¥i, (10) - 1+Yss
+2RUD & Jog— T LL _ 9pU0 4 14 -
at & BTV, alsm 8T Y,

Pu system

Riemann-Hilbert problem
for 4+5 functions
with simple analytical properties

Gromov, Kazakov,Leurent,\Volin 2013




Pu-system/Quantum Spectral Curve

TBA equations reduced to only 4+5 functions a,b=1,...,4
Pa(u) ______ N’a,b(u) — _ﬂba(u)
. e—e |
—29g +2g ? $o—o
____________________________ L
Branchpoints are quadratic H12K34 — p13ti2a + pTs = 1 P14 = p23

Analytic continuation around branchpoint

i """"""""""""""""" i ﬁa’b — ,ua,,b _I_ Pan o Pb:[ja

or—Q

: o—0 .

i . o | S ~ . .

: | Ha,b — lua,,b(u + 1)
o——o
r—Q

____________________________



The energy from Pu-system

Conserved charges are encoded in asymptotics
E.g. for twist operators Tr(ZD°ZL~=1) (where Z = &1 + id5)

Pl it Al’U,_L/Q

P2 ~ AQU_L/Q_]

P3 i A3U+L/2

P4 i A4U+L/2_]

And anomalous dimension A is found from

(L —S+ 2)2 — i@[(L + 5)?% — &2)]

Ag Az = — — — :
16¢L(L+1)

(L+5 -2~ A’[(L—5)* — A
16iL(L — 1)

AlA =




Relation to classical spectral curve

Py(u) ~ e qa(v)dv

In the classical limit

Thus P-mu system may be viewed as a quantum
version of the curve

/" p(y)dy
Strongly reminds WKB wavefunction ’I,D (CC) ~ e

We expect o should be the exact Baxter Q-functions
= wavefunctions in separated variables

Gromov, Kazakov,Leurent,Volin 2013



Application:

small spin limit
and pomeron intercept



Twist operators at small spin

O =Tr(ZD°Z" 1) Gromov
For S=0 this operator is protected (BPS) E}IZ‘(;;,M'
We consider the peculiar limit when S — Valatka 14

F
P = —p19P3 4+ 11 3P2 — 11 4P1.
1. ) Po = —p112P4 4+ 93P — 112 4P1.

P3 = —p1 3P4+ p193P3 — 134P1.

| P1= —1114Ps 4 1124P3 — 134P».
2. figp(u) = pap(u + 17)
3. fap = Hap + PaPp — PyPq

Key simplification: all P, are small

(P, = —P3+ Py,
P, = P, — Py — Py sinh(27mu),
Py = —Pa,
\ﬁ)*l — +P4 + Pysinh(27mu).

> Hgp are trivial



Easy to solve in terms of

x+%:% eg. P1=C/z, Pg=Czx—-C/x

As a result we get

T IL 17T |
A = [+ S5 4 O(S2)

g

Matches result of [Basso 2011] !



SN2 order

P-mu system can be solved order by order in S

A =L+ SAW(g) + SZAP) (g) +

We computed the $2 term at any coupling for L=2,3,4

o ?4 du, }{ du, |8T3I(VA)? (2° — (22 + 1) y) 2rgli(VA) — I2(VN))
2mi J 2mi L(VA)3 (23 — z) 12

N Am?(sh?)® (z* + 1) y° 0 los T(duy — duy, + 1)
e T H
L(VA)? (22— 1) 4mi S T(1 —duy, + iuy)

At weak coupling — matches known predictions to 4 loops!

. 322 ;
"‘ff:Jg = —8g2§3 + g’l (140@5 i Cﬂ) + gt' (QOD?TQCE. — 2016¢7)

1675¢s  88x1¢y  929672(y
- - = — ~ +27720(
+9( 15 0 3 P20 )4




Konishi operator at strong coupling

> predictions for operators

Re-expansion of small S result with finite S
Simplest unprotected operator, L=2, S=2 Our 3-loop prediction
5 for string theory
O = Tr(ZD22) /
; [ =0y l: - I!" i =g
ftnm’)—-’ / j‘\ﬂlfr_l\ + \}ga_.f'".l
Gubser,Klebanov,  Gromov,Serban, Gromov Gromov
Polyakov 98 Shenderovich,Volin ‘11 Valatk "1 1 FL-M.
Roiban, Tseytlin ‘11 At Sizov,

Mazzuchato,Vallilo ‘11 Valatka ‘14



S (A) for L=2

5

A
1o}

05

- . y/ g= 0.63
_ g 048
</ = 028

” g=010

g=005

-15%



BFKL pomeron intercept
J(A) =2+ 5(A)

With our results we can compute the intercept j(0)at strong
coupling:
Costa,Goncalves,Penedones 2012 Kotikov,Lipatov 2013

5 e

|
“xiz x toan TEeTD 5

e (18 30 L (g MY (1
53T 64 ) \5/2 SI83 T T35 13 \7/2

New result
[Gromov,F.L.-M.,Sizov,Valatka 2014]

j(0) =2+ S(0) = 2




BFKL pomeron intercept

J(0)

I I I I | I I I I | I I I I | I I I I | I I I I |
0.0 0.1 0.2 0.3 0.4 0.5



Conclusions

* Quantum Spectral Curve/Ppu system
applied to study twist operators in N=4 SYM

. 52 term in conformal dimension found at any coupling
« Tested at weak and strong coupling

* New strong coupling prediction for Konishi operator

« Two new terms in BFKL intercept at strong coupling

« Other applications: quark-antiquark potential, ABJM theory

Gromov,Sever 12

: Cavaglia,Fioravanti,Gromov, Tateo 14
Gromov, F.L.-M.,Sizov 13

Gromov, Sizov 14

Many future directions: exact wavefunctions and separated

variables, correlators, BFKL, ...






Asymptotic energy spectrum

Y
~ A
string sigma model =
2d QFT with finite spatial size L TI
\.\/L
L — o0 o
Factorized scattering;
guantization of momenta 9
N

e’ipiL —

M
1I S(vi,p;) — Bethe ansatz o _
=1 equations ®

A =3 e(p;)



All-loop asymptotic Bethe ansatz (ABA)

K2 K. +
1_1—11115; HJJ+':‘H1-1'&1~“$4.J
= — — — =L
_ . K3
1=sz.k—w.y—11—[ﬂzk ﬂ13+31—[ﬂzk 111;+¢
; le-‘_’-"*'-E-J"'* Y2k UL =7 lﬂ;k-ﬂlj—%'

uzk — Uz + § T L3k~ m“

Hm %-..U,—.,-u et But only for
= L g, . K. -
£ g — uay +i o [ L= V/Z0%s -

- () [ttt ] () oeuan) — 00
T34 311 Ugp — Ugy — 1 1:[ 1-1/zg 27 ; /

At any coupling!

» H Vet £ o =2 £ oi =z f 1 Ve,
1- lfm:k:.:LJ o1 Tk — T3y oy T — Tsg oy L 1zhmr,
_ ﬁ usk — Ugy + 3 ‘,. R4 ok _I+I
lu':k_ub.,r JJ 11'-,1.;-—1'4_1.

1=ﬁuﬁh—uﬁJ—iHu{, UF;J+;ﬁﬂhk ur;+z.
J-,;kuﬁn'-‘_uﬁ;r'l'! ) Uk — Usj ;Jluﬁk_u?j_%
=ﬁu?k'—ﬂbg+%ﬁl 1,H';r,;\m“
jo1 YTk — Usy i}_ll—l,fi‘ ;5,"“

Beisert, Staudacher 2005, 2006

E Z E (u Beisert,Hernandez,Lopez
— ; Beisert,Eden,Staudacher
4,7



L = # of fields Iin operator = spatial size in 2d

What is the spectrum at finite L ???



Thermodynamic Bethe ansatz (TBA)

Z(L,R) = Z(R, L)
\ \

S e BalDR S e Bn(R)L
v

o—Eo(L)R

From asymptotic spectrum (R — oo) we get ground state
energy at finite volume!

o _E.(R)L
Eo(L) = — lim J ZeR
— OO




TBA equations

®
@) @
S O R — oo : Bethe roots form complexes
® O Y, (u) are expressed in terms of
® densities p(u)
From (mirror) asymptotic Bethe equations — Gromov. Kazskon Korak viira 200

Bombardelli, Fiorovanti, Tateo 2009

—> TBA equations for Y-functions

09 Yn(u) = Cbn(u)‘|‘/ dv Knm(u,v)109(14+Ym(v))

For excited states — contour deformation trick

Dorey, Tateo



AKom'shz'

10

Konishi operator: Tr[®q, P5]?

matches string
o Y predictions

_ oy1/4a, 2 1/2 —3¢(3)
A = 2\ +)\1/4+ 2\3/4

+ ..

Roiban, Tseytlin; Mazzucato,Vallilo;
Gromov,Serban,Shenderovich,Volin;

TBA num eriCS Basso; Gromov,Valatka

Gromov,Kazakov,Vieira
Confirmed by Frolov

. Dpoian = 2+ 12X — 4807 433623 4 96 (—26 + 6¢(3) — 15¢(5)) \*
- | ~96 (—158 — 72((3) 4 54¢(3)? + 90¢(5) — 315¢(7)) A° + 0 (X°)
millions of SYM Feynman diagrams!
B 1 ] 1 1 | ] 1 ] ] | 1 ] 1 ] | ] 1 ] 1 | 1 ] 1 ] | ] 1 ] 1 | 1 ] 1
0 100 200 300 400 500 600
Santambrogio,Sieg,Zanon,Velizhanin, A
Bajnok,Janik,Rej,...



Hirota equation

+ —
Ta,sTa,S — a+1,sTa—l,s + Ta,s—i—lTa,s—l )
Ta,s—i—lTa,s—l
Ta—l—l,sTa—l,s

Tifs = Tas(ut L)

where Y, s =

Gromov,.Kazakov,Vieira 2009

 Large L solutions ——)> ABA

 Efficiently compute weak-coupling corrections

Allowed to reduce TBA to a finite set of integral equations! Gromov.Kazakov,
Leurent,Volin, 2011



Strong coupling
No shifts &% in Lh.s.

2
Ta,,s — cH—l,sTa,—l,s T T(L,S—I—lT(L,S—l
eees
~ Tu.s =characters of GL(n) for reps a{

a,s

Full T-hook: characters of PSU(2,2|4)

Matches 1-loop spectral curve results!

Gromov 2009
Gromov,Kazakov, Tsuboi 2010




Other integrable cases of AdS/CFT



Deformations of N=4 SYM

e N=1 or no SUSY
 Dual to deformed versions of AdS5 x S5

« appears to be integrable (ABA, TBA, ...)

Beisert,Roiban 2005

* Y-system is the same! Gromov,F.L-M 2010
Arutyunov,Leeuw, Tongeren 2010,2012

Ahn, Bajnok,Bombardelli, Nepomecie 2011

Example: weak-coupling checks of Y-system vs direct perturbative results
at 11 loops!



ABJM duality

Aharony,Bergman,Jafferis,Maldacena 2008
superstrings in
AdS* x CP3
N = 6 3d superconformal : : —

SU(n) x SU(N) Chern-Simons

® -
. 6.0 f
Q. O 5.5;—
5.0 ;
Q. OO
m r
. O O O O 4.0 f
. 35 ;
3.0 ;
Gromov,Vieira 2008 s _

Gromov,Kazakov,Vieira 2009
Bombardelli,Fioravanti, Tateo 2009
Gromov,F.L-M 2009

h(a)

TBA numerics, F.L-M. 2011



Conclusions

For the first time: exact results (in planar limit)
for nontrivial 4d gauge theory in non-BPS sectors

Full spectrum at any coupling from a system of
functional (Y-system, Hirota) or integral (TBA) equations

Confirmed by all known tests
Extensions to other AdS/CFT dualities

Many other directions : 3-point functions,
scattering amplitudes, ...






Classical integrability of the string

PSU(2,2|4)

Coset sigma model Sp(2.2) x Sp(4)

o
A(u) - flat connection (on e.o.m.)
u € C
eigenvalues \(u) are conserved TI Ay (u,0,7)
(spectral curve) -
>

Infinitely many integrals of motion!

Bena,Polchinski,Roiban
Kazakov,Marshakov,Minahan,Zarembo



Mixing and integrability in N=4 SYM
O = Zi(M)OP™ =5 A=A 4

Our goal: compute the spectrum of dimensions A ;(\)
dz
dlog A

7; are eigenvalues of the mixing matrix. " = Z—1

OZ(ZC) = {r (CDlCDQCD]_ e ¢1¢1¢2¢2¢1) (33)

1-loop mixing matrix =
Integrable spin chain Hamiltonian!

[, = number of fields

Solved by Bethe ansatz: Minahan, Zarembo 2002
’UJJ—I—’L/Q L__ﬁuj_uk_l_i N = % A
(% —1/2 1 Uj — Uup — 1 k=1 u’%—l—l/4



