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Introduction

Fermionic higher spin fields

Free fields: Lagrangian formulation for massless Fang and Fronsdal (1978)
and massive fields Singh and Hagen (1974)

Interacting massless (gauge) fields: Full non-linear theory as extended
supersymmetric gauge theory Fradkin and Vasiliev (1987)

Spin 3/2 → Extended Puancare (AdS) superalgebras
Spin ≥ 3/2 → Extended Higher Spin superalgebras

Gauge invariant principles

Interacting massive fields: Classification of cubic verteces in light-cone
approach Metsaev (2007). Superstring theory.
Gauge-invariant description and cubic verteces as first step.
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Frame-like gauge invariant approach

Frame-like formulation

Frame-like formualtion for spins higher s ≥ 3/2 is just generalization of frame
formulation for gravity in terms of tetrad ēµa and Lorentz connection ω̄µa,b

Field content

ēµ
a, ω̄µ

a,b ⇒ Φµ
a1...as−1,b1...bk , 0 ≤ k ≤ s− 1 for bosons

ψµ ⇒ Ψµ
a1...as−3/2,b1...bk , 0 ≤ k ≤ s− 3/2 for fermions

Physicly extra fields Φµ
a1...as−1,b1...bk ∼ ∂kΦµ

a1...as−1

Gauge transformations

δΦµ
a1...as−1,b1...bk = ∂µξ

a1...as−1,b1...bk + ...

Gauge invariant field strength (curvatures)

Rµνa1...as−1,b1...bk = ∂[µΦν]
a1...as−1,b1...bk + ...

Lagrangian for free fields
L0 =

∑
R∧R
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Frame-like gauge invariant approach

Frame-like description

Spin-2 example (linearized gravity in AdS)
Field content: ēµ

a = eµ
a + hµ

a ω̄µ
a,b = wµ

a,b + ωµ
a,b

eµ
a, wµ

a,b − fixed (non-dynamical) fields of AdS space

hµ
a, ωµ

a,b − dynamical spin-2 fields

Gauge transformations

δ0hµ
a = Dµξ̂

a + η̂µ
a δ0ωµ

a,b = Dµη̂
a,b − λ2eµ

[aξ̂b]

where Dµ is AdS covariant derivative

Dµξ
a = ∂µξ

a + wµ
abξb, D[µDν]ξ

a = λ2e[µ
aξν]

Gauge invariant field strength (Torsion and Curvature)

Tµν
a = D[µhν]

a − ω[µ,ν]
a Rµν

a,b = D[µων]
a,b − λ2e[µ

[ahν]
b]

Lagrangian for free fields MacDowell and Mansouri (1977)

L0 = a0
{
µναβ
abcd

}
Rµν

abRαβ
cd,

{
µναβ
abcd

}
= e[µae

ν
be
α
ce
β]
d
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Frame-like gauge invariant approach

Cubic verteces

General setup in gauge-invariant description

The Lagrangian and gauge transformations are represented as a series in powers of
some coupling constant κ

L = L0 + κL1 + ..., δ = δ0 + κδ1 + ...

where
L1 = ΦΦΦ, δ1Φ = Φξ

Condition of gauge invariance δL = 0 requires

κ0 δ0L0 = 0

κ1 δ0L1 + δ1L0 = 0

...
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Frame-like gauge invariant approach

Cubic verteces

Additional features in frame-like formulation

Cubic vertex in terms of linearized curvatures Vasiliev (2011)

L1 = RRR+RRΦ +RΦΦ

There exist quadratic deformation for all curvatures R→ R̂ = R+ ∆R such that
deformed curvatures transform covariantly

∆R = ΦΦ, δ1Φ = Φξ ⇒ δR̂ = δ0∆R+ δ1R = Rξ

Non-trivial interacting Lagrangian

L = R̂R̂+RRΦ → δL = RRξ = 0
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Massive spin 3/2

Free fields
Frame-like gauge invariant formulation

Field content

ψµ − spin-vector master field

φ − spinor auxiliary Stueckelberg field

Free Lagrangian and gauge transformation

L0 = − i
2
{ µναabc } ψ̄µΓabcDνψα +

i

2
eµaφ̄γ

aDµφ+

+3imeµaψ̄µγ
aφ− 3M

2
{ µνab } ψ̄µΓabΨν −Mφ̄φ

δ0ψµ = Dµξ +
iM

2
γµξ δ0φ = 3mξ

where M2 = m2 + λ2. In m = 0 we have massless spin-3/2 and massive spin-1/2

———————–
Notations Γab = 1/2γ[aγb], { µνab } = e[µae

ν]
b

Conventions D[µDν]ξ = λ2/2Γµνξ, λ2 = −Λ/3
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Massive spin 3/2

Free fields
Frame-like gauge invariant formulation

Gauge invariant strength (curvatures)

Ψµν = D[µψν] +
m

6
Γµνφ+

iM

2
γ[µψν]

Φµ = Dµφ− 3mψµ +
iM

2
γµφ

Free Lagrangian through curvature

L0 = c1
{
µναβ
abcd

}
Ψ̄µνΓabcdΨνα + ic2 { µναabc } Ψ̄µνΓabcΦα + c3 { µνab } Φ̄µΓabΦν

The requirement to reproduce the original Lagrangian partially fixes the parameters

3c3 = −8c1, 32c1M = 1− 12c2m

One-parameter ambiguity is related with the identity:{
µναβ
abcd

}
Dµ
(
Ψ̄ναΓabcdΦβ

)
= 0
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Massive spin 3/2

Electromagnetic coupling

For e/m gauge group SO(2) ' U(1) we turn ψµ, φ→ ψµ
i, φi where i = 1, 2

Minimal coupling Dµ → Dµ + e0ε
ijAµ

δ0L0 = −3ie0ε
ijeµaψ̄µ

iΓabcF bcξj

Non-minimal interaction

L1 = 3α1ε
ij { µνab } ψ̄µ

i(2F ab + ΓabcdF cd)ψν
j −

−α2iε
ijeµaψ̄µ

i(2F abγb − ΓabcF bc)φj +
Mα2

3m
εij φ̄i(ΓF )φj

δ1ψµ
i = iα1ε

ij(ΓF )γµξ
j , δφi = α2ε

ij(ΓF )ξj

δ1Aµ = −24α1ε
ijψ̄µ

iξj − 2iα2ε
ij φ̄iγµξ

j

One relation holds 4Mα1 + 2mα2 = e0
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Massive spin 3/2

Electromagnetic coupling

Deformations for curvatures ∆R

∆Ψµν
i = e0ε

ijA[µψν]
j , ∆Φµ

i = e0ε
ijAµφ

j

∆Fµν = εij
(
a1ψ̄[µ

iψν]
j + ia2ψ̄[µ

iγν]φ
j + a3φ

iΓµνφ
j)

Deformed curvatures transform

δΨ̂µν
i = e0ε

ijFµνξ
j , δΦ̂µ

i = 0

δF̂µν = εij [2a1Ψ̄i
µνξ

j − ia2Φ̄[µ
iγν]ξ

j ]

In this one relation holds 18ma3 = −ma1 − 6Ma2

Interacting Lagrangian

L = −1

4
F̂µν F̂µν + c1

{
µναβ
abcd

}
ˆ̄Ψµν

iΓabcdΨ̂αβ
i

+ic2 { µναabc } ˆ̄Ψµν
iΓabcΦ̂α

i + c3 { µνab } ˆ̄Φµ
iΓabΦ̂ν

i

Requirement of gauge invariance gives

a1 = −12α1 = −96e0c1, a2 = 2α2 = 12e0c2
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Massive spin 3/2

Gravitational coupling ( 3
2
− 3

2
− 2)

General scheme

Let us for a while note
ψ ≡ (ψµ, φ), Ψ ≡ (Ψµν ,Φµ) - fields and curvatures for spin-3/2
ω ≡ (ωµ

ab, hµ
a), R ≡ (Rµν

ab, Tµν
a) - fields and curvatures for spin-2

Deformations to curvatures R̂ = R+ ∆R

∆Ψ = ωψ, ∆R = ψψ

Corrections to gauge transformation

δ1ψ = ωξ ⊕ ψξ̂, δ1ω = ψξ

Curvature transformations R̂ = δ1R+ δ0∆R = Rξ

δΨ̂ = Ψξ̂ ⊕Rξ, δR̂ = Ψξ

Interacting Lagrangian

L = R̂R̂⊕ Ψ̂Ψ̂⊕ΨΨω ⇒ δL = RΨξ ⊕ΨΨξ̂ = 0
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Massive spin 3/2

Gravitational coupling

Deformations for massive spin-3/2

Deformations to curvatures

∆Ψµν = g0(ω[µ
abΓabψν] + 2Mih[µ

aγaψν] −
2m

3
h[µ

aΓν]
aφ)

∆Φµ = g0(ωµ
abΓabφ+ 2Mihµ

aγaφ)

Corrections to gauge transformation

δ1ψµ = −g0(Γabψµη̂ab + 2iMγaψµξ̂a −
2m

3
Γµ

aφξ̂a

−ωµabΓabξ − 2iMhµ
aγaξ)

δ1φ = −g0(Γabφη̂ab + 2iMγaφξ̂a)

Curvature transformations

δΨ̂µν = −g0(ΓabΨµν η̂ab + 2iMγaΨµν ξ̂a +
2m

3
Γ[µ

aΦν]ξ̂a

−RµνabΓabξ − 2iMTµν
aγaξ)

δΦ̂µ = −g0(ΓabΦµηab + 2iMγaΦµξ̂a)
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Massive spin 3/2

Gravitational coupling

Deformations for massless spin-2

Deformations to curvatures

∆Rµν
ab = b1ψ̄[µΓabψν] + ib2e[µ

[aψ̄ν]γ
b]φ+

+ib3ψ̄[µΓν]
abφ+ b4e[µ

aeν]
bφ̄φ+ b5φ̄Γµν

abφ

∆Tµν
a = ib6ψ̄[µγ

aψν] + b7e[µ
aψ̄ν]φ+ b8ψ̄[µΓν]

aφ+ ib9φ̄Γµν
aφ

Corrections to gauge transformation

δ1ωµ
ab = 2b1ψ̄µΓabξ − ib2eµ[aφ̄γb]ξ − ib3φ̄Γµ

abξ

δ1hµ
a = 2ib6ψ̄µγ

aξ + b7eµ
aφ̄ξ + b8φ̄Γµ

aξ

Curvature transformations

δR̂µν
ab = 2b1Ψ̄µνΓabξ + ib2e[µ

[aΦ̄ν]γ
b]ξ − ib3Φ̄[µΓν]

abξ

δT̂µν
a = 2ib6Ψ̄µνγ

aξ − b7e[µaΦ̄ν]ξ + b8Φ̄[µΓν]
aξ

Only b1 is not fixed
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Massive spin 3/2

Gravitational coupling ( 3
2
− 3

2
− 2)

Interacting Lagrangian

L = c0
{
µναβ
abcd

}
R̂µν

abR̂αβ
cd

+c1
{
µναβ
abcd

}
ˆ̄ΨµνΓabcdΨ̂να + ic2 { µναabc } ˆ̄ΨµνΓabcΦ̂α + c3 { µνab } ˆ̄ΦµΓabΦ̂ν

+ic4
{
µναβ
abcd

}
Ψ̄µνΓabcΦαhβ

d + c5 { µναabc } Φ̄µΓabΦνhα
c

In dimensions d > 4 we should add one more Abelian vertex{
µναβγ
abcde

}
Ψ̄µνΓabcdΨαβhγ

e

Condition of gauge invariance for Lagrangian

b1 =
6c1
c0
g0, c4 = 4c2g0, c5 = 4c3g0
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Summary

Using frame-like gauge invariant approach we show that like massless one

Massive spin 3/2 theory can be rewritten in terms of gauge invariant
curvatures
Cubic verteces can be constructed as curvature deformation procedure
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