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Wess-Zumino model

Chiral super�eld in C4|2, D̄α̇Φ = 0:

Φ = C (y) +
√
2θχ (y) + θθF (y) ,

{
ym = xm + iθσmθ̄; θµ

}
General Lagrangian:

L =

ˆ
d2θd2θ̄K (Φ, Φ̄,D(n)Φ,D(n)Φ̄) +

[ˆ
d2θW (Φ) + h.c.

]
Salam-Strathdee Lagrangian:

L =

ˆ
d2θd2θ̄ΦΦ̄ +

[ˆ
d2θ

(
kΦ +

1

2
mΦ2 +

1

3
gΦ3

)
+ h.c.

]
Wess-Zumino Lagrangian:

L = i∂nχ̄σ̄
nχ+ C̄�C + F̄ F +

[
m

(
CF − 1

2
χχ

)
+

+g (CCF − χχC ) + kF + h.c .]
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Unfolded equation

Unfolded equations:

dWΩ(x) + GΩ(W (x)) = 0,

GΩ(WΥ) :=
∞∑
n=1

f Ω
Υ1...ΥnW

Υ1 ...WΥn .

Consistency condition:

d2 ≡ 0⇒ Q2 ≡ 0, Q = GΥ(W )
δ

δWΥ
.

Gauge symmetries:

δWΩ = dεΩ − εΥ δG
Ω(W )

δWΥ
.
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Unfolded action

For system dWΩ + GΩ(W ) = 0 unfolded action is:

S =

ˆ

Md

L (W ) .

Nontrivial invariant Lagrangians:

L = Hd (Q) , Q = GΥ(W )
δ

δWΥ
.
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SUSY-vacuum

D = 4 N = 1 SUSY 1-form connection:

Ω0 = eaPa +
1

2
ωa,bMab + φαQα + φ̄α̇Q̄

α̇.

Flat SUSY-background dΩ0 + Ω0Ω0 = 0:

DLea + 2iφαφ̄α̇ (σa)αα̇ = 0,

DLφα = 0, DLωa,b = 0, DLφ̄α̇ = 0.

Lorentz-covariant derivative DL = d + ω.
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Flat superspace

Transition to superspace xm → zM =
{
xm, θµ, θ̄µ̇

}
:

eam(x)dxm → E a
M(z)dzM , ωa,b

m (x)dxm → Ωa,b
M (z)dzM ,

φαm(x)dxm → EαM(z)dzM , φ̄α̇m(x)dxm → Ē α̇M(z)dzM .

Flat superspace:

DE a + 2iEαĒ α̇ (σa)αα̇ = 0,

DΩa,b = 0, DEα = 0, DĒα̇ = 0.



Wess-Zumino model Unfolded formulation Unfolded scalar supermultiplet Lagrangians

Flat superspace

Transition to superspace xm → zM =
{
xm, θµ, θ̄µ̇

}
:

eam(x)dxm → E a
M(z)dzM , ωa,b

m (x)dxm → Ωa,b
M (z)dzM ,

φαm(x)dxm → EαM(z)dzM , φ̄α̇m(x)dxm → Ē α̇M(z)dzM .
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Unfolded scalar and spinor

Unfolded massless scalar �eld:

DLC a(k) + ebC
a(k)b = 0.

Unfolded massless spinor �eld:
DLχ

a(k)
α + ebχ

a(k)b
α = 0,

(σ̄b)α̇α χ
a(k−1)b
α = 0.
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Scalar supermultiplet

On-shell scalar supermultiplet (Ponomarev, Vasiliev,

arXiv:1012.2903):
DLC a(k) + ebC

a(k)b −
√
2φαχ

a(k)
α = 0,

DLχ
a(k)
α + ebχ

a(k)b
α −

√
2i φ̄α̇ (σb)αα̇ C

a(k)b = 0.
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Scalar supermultiplet in superspace

On-shell scalar supermultiplet (Ponomarev, Vasiliev,

arXiv:1012.2903):
DC a(k) (z) + EbC

a(k)b (z)−
√
2Eαχ

a(k)
α (z) = 0,

Dχ
a(k)
α (z) + Ebχ

a(k)b
α (z)−

√
2i Ē α̇ (σb)αα̇ C

a(k)b (z) = 0 .
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O�-shell formulation

O�-shell scalar supermultiplet:

DC a(k) + EbC
a(k)b −

√
2Eαχ

a(k)
α = 0,

Dχ
a(k)
α + Ebχ

a(k)b
α −

√
2i Ē α̇ (σb)αα̇ C

a(k)b −
√
2EαF

a(k) = 0,

DF a(k) + EbF
a(k)b −

√
2i Ēα̇ (σ̄b)α̇α χ

a(k)b
α = 0.

�Dynamical� equations:

D̄α̇C
a(k) = 0, DαF

a(k) = 0 .
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Operator Q

Q = QΩ + Q̂,

QΩ = Ωa,cΩc
,b ∂

∂Ωa,b
+ Ωa,bEb

∂

∂E a
+ ...

Q̂ = 2iEα (σa)αα̇ Ē
α̇ ∂

∂E a
+ Eaq̂

a +
√
2Eαq̂

α +
√
2Ēα̇ˆ̄qα̇ ,

q̂b = C a(k)b ∂

∂C a(k)
+ χa(k)b

α

∂

∂χ
a(k)
α

+ F a(k)b ∂

∂F a(k)
+ h.c . ,

q̂α = (χα)a(k) ∂

∂C a(k)
− F a(k) ∂

∂χ
a(k)
α

− ...

ˆ̄qα̇ = −
(
χ̄α̇
)a(k) ∂

∂C̄ a(k)
+ F̄ a(k) ∂

∂χ̄
a(k)
α̇

− ...
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4-superform Lagrangian

General solution:

L = EaEb

(
σ̄ab
)α̇β̇

Ēα̇Ēβ̇L +

√
2

6
εabcdEaEbEc Ēα̇ (σ̄d)α̇α q̂αL +

+
i
√
2

16
EaEbEcEdε

abcd q̂αq̂
αL + h.c .

L = L
(
Cm(k), F̄m(k)

)
, L̄ = L̄

(
C̄m(k),Fm(k)

)
and L 6= q̂af

a.

Wess-Zumino Lagrangian:

L = i2
√
2
(
CF̄ + kC +

m

2
C 2 +

g

3
C 3
)
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Integral form Lagrangian

Integral form solution:

S =

ˆ
εabcdEaEbEcEdδ

2 (Eα) δ2
(
Ēα̇
)
K +

+

[ˆ
δ2 (Eα) εabcdEaEbEcEdW

(
Cm(k), F̄m(k)

)
+ h.c .

]
K 6= q̂αfα + h.c ., W 6= q̂aga

Salam-Strathdee action: K = CC̄ , W = kC +
m

2
C 2 +

g

3
C 3.
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Conclusion

1 Superspace o�-shell formulation of Wess-Zumino model is

built starting from the space-time on-shell formulation.

2 All superLagrangians in the form of superform and integral

form are found.

3 Application to maximal SYM and SUGRA?
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