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Formulation of a problem (K. Dusling et al., 2011)

Evolution of quantum field ϕ in the presence of an external
time-dependent source J:

L =
1

2
(∂tϕ)2 − 1

2
m2ϕ2 − λ

4!
ϕ4 − Jϕ

J(x) ∼ θ(−x0)
Q3

√
λ

eεx0

Problem under consideration: evolution of energy-momentum tensor
Tµν , in particular of trTµν = ε− 3p for the simplest case of a
spatially homogeneous field

Main motivation: studying evolution of quantum field system created
at the early stages of heavy ion collisions.
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Classical evolution

Equation of motion at t ≥ 0:
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Energy and pressure:
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Classical evolution: the field
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Classical evolution: energy and pressure
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Quantum evolution: general case

For evolution starting at t = t0 and ending at t = t1

< F (ϕ̂) >t1=

∫
dξ

∫
dξ1

∫
dξ2 < ξ1|ρ̂(t0)|ξ2 >

×F (ξ)

ηF (t1)=ξ∫
ηF (t0)=ξ1

DηF

ηB(t1)=ξ∫
ηB(t0)=ξ2

DηB e i(S[ηF ]−S[ηB ])

The fields ηF and ηB live on the Keldysh contour:
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Quantum evolution: general case

It is convenient to extend time integration to t = ∞

< F (ϕ̂) >t1=

∫
dχ1

∫
dξ1

∫
dξ2 < ξ1|ρ̂(t0)|ξ2 >

×
ηF (∞)=χ1∫

ηF (t0)=ξ1

DηF

ηB(∞)=χ1∫
ηB(t0)=ξ2

DηB F

(
ηF (t1) + ηB(t1)

2

)
e i(S[ηF ]−S[ηB ])

The fields ηF and ηB now live on the extended Keldysh contour:
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Quantum evolution: general case

Keldysh rotation:

φc =
ηF + ηB

2
, φq = ηF − ηB

φc(t0) =
ξ1 + ξ2

2
, φc(∞) = χ1

φq(t0) = ξ1 − ξ2, φq(∞) = 0

Keldysh action:

S [ηF ]− S [ηB ] ≡ SK [φc , φq] =
∞∫

t0

dt[φ̇c φ̇q −m2φcφq −
λ

4!
φcφ

3
q −

λ

6
φ3

cφq − Jφq]

Expansion in φq is a quasiclassical expansion
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Quantum evolution at the leading order in φq

In the leading order in φq we have F [φc(t1)] = F [φ0
c(t1)] so that

< F (ϕ̂) >t1=

∫
dp̃

2π

∫
dξ1

∫
dξ2 < ξ1|ρ̂(t0)|ξ2 > e i p̃(ξ1−ξ2)F [φ0

c(t1)]

Defining (ξ1 + ξ2)/2 = α and ξ1 − ξ2 = β one gets:

< F (ϕ̂) >t1 =

∫
dp̃

2π

∫
dαfW (α, p̃, t0)F [φ0

c(t1)]

fW (α, p̃, t0) =

∫
dβ < α +

β

2
|ρ̂(t0)|α−

β

2
> e i p̃β

φ0
c(t0) = α, φ̇0

c(t0) = p̃
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Quantum evolution at LO: analytical solution

Ansatz for the Wigner function:

fW (α, p, 0) =
1

α0p0π
e
− (α−A)2

α2
0

− p2

p2
0

In the saddle point approximation

< ϕc >= 2A
∞∑

k=0

uke−
6π2p2
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λA4T2 k2
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0π2λ

6T2 k2t2

cos
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)
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Quantum evolution at LO: analytical solution

In the same approximation the pressure reads

p

ε
= −8

(
2π

T

)2 ∞∑
k=−∞

∞∑
l=−∞

k l ukul e−
6π2p2

0
λA4T2 (k+l)2

× e−
α2

0π2λ

6T2 (k+l)2t2

cos

(
2πA(k + l)

T

√
λ

6
t

)
− 1

At t →∞

p(t →∞) = ε

[
−4 · 2

(
2π

T

)2 ∞∑
k=−∞

(−k2u2
k)− 1

]
Finally,

2

(
2π

T

)2 ∞∑
k=−∞

(−k2u2
k) = −1

3
⇒ p(t →∞) =

ε

3
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Quantum evolution at LO: pressure relaxation
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Quantum evolution at LO: pressure relaxation

Pressure relaxation as a function of coupling:
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Quantum evolution at LO: pressure relaxation

Let us define relaxation time τ as a time at which
∣∣∣ ε−3p

ε

∣∣∣ = 0.1
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τ(p0) is approximately linear in p0 in agreement with analytical
expression
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Quantum evolution at LO: pressure relaxation

Pressure relaxation for different initial distributions:
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Quantum evolution at NLO

NLO corrections are coming from expansion in φq:

e iSK = e i S̃K e
−i λ

4!

∞R
t0

dt′φcφ3
q

≈ e i S̃K [1− i

∞∫
t0

dt ′
λ

4!
φc(t

′)φ3
q(t

′) + O(φ6
q)]

The corresponding NLO contribution reads

< ∆F (ϕ̂) >t1= −i
λ

4!

∫
dχ1

∫
dξ1

∫
dξ2 < ξ1|ρ̂(t0)|ξ2 > × (1)

φc (∞)=χ1∫
φc (t0)=

ξ1+ξ2
2

Dφc F [φc(t1)]

∞∫
t0

dt ′φc(t
′)

φq(∞)=0∫
φq(t0)=ξ1−ξ2

Dφq φ3
q(t

′)e i S̃K [φc ,φq ]
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Quantum evolution at NLO

NLO corrections as derivatives in J(t):

< ∆F (ϕ̂) >t1= − λ

4!

∫
dχ1

∫
dξ1

∫
dξ2 < ξ1|ρ̂(t0)|ξ2 > × (2)

∞∫
t0

dt ′
δ3

δJ3(t ′)

φc (∞)=χ1∫
φc (t0)=

ξ1+ξ2
2

Dφc F [φc(t1)]φc(t
′)

φq(∞)=0∫
φq(t0)=ξ1−ξ2

Dφq e i S̃K [φc ,φq ] = (3)

− λ

4!

∫
dp

2π

∫
dξ1,2 < ξ1|ρ̂(t0)|ξ2 > e ip(ξ1−ξ2)

∞∫
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δ3
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F [φ0

c(t1)]φ
0
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Quantum evolution at NLO

The quantity to compute is

I (t1) =

∞∫
t0

dt ′
δ3

δJ3(t ′)
F [φ0

c(t1)]φ
0
c(t

′) =

t1∫
t0

dt ′φ0
c(t

′)
δ3

δJ3(t ′)
F [φ0

c(t1)]

We have

δ3F [φ(t1)]

δJ3(t ′)
=

dF

dφ
· δ3φ(t1)

δJ3(t ′)
+ 3

d2F

dφ2
· δ2φ(t1)

δJ2(t ′)
· δφ(t1)

δJ(t ′)
+

d3F

dφ3

(
δφ(t1)

δJ(t ′)

)3

Let

δφ(t1)

δJ(t ′)
= Φ1(t1, t

′),
δ2φ(t1)

δJ2(t ′)
= Φ2(t1, t

′),
δ3φ(t1)

δJ3(t ′)
= Φ3(t1, t

′),

L̂t = ∂2
t +

λ

2
φ2(t)
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Quantum evolution at NLO

Evolution equations for field variations:

L̂t1Φ1(t1, t
′) = −δ(t1 − t ′),

L̂t1Φ2(t1, t
′) = −λφ(t1)Φ

2
1(t1, t

′),

L̂t1Φ3(t1, t
′) = −λΦ3

1(t1, t
′)− 3λφ(t1)Φ1(t1, t

′)Φ2(t1, t
′)

Φ1 can be computed analytically:

Φ1(t, t
′) = G (t, t ′) = θ(t − t ′)[f2(t

′)f1(t)− f1(t
′)f2(t)]
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Quantum evolution at NLO

f1(t) = φ̇0
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Conclusions

The problem of evolution of quantum field created by an external
source typical, e.g., for studying early stages of heavy ion collisions is
rigorously formulated using Keldysh formalism.

Detailed study of the dependence of the process of formation of
equation of state on the Wigner function describing the initial field
distribution was performed.

Systematic procedure of computing NLO is set up. Sample analytical
calculations were performed.
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