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High energy production amplitudes
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1 Amplitudes in multi-Regge kinematics
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2 Fadin-Kuraev-Lipatov equation (1975)

Total cross-section in the Higgs model at high energies in LLA

SNC 4 SNC
Q B, — Q
27 7

op~ S5, A= — In 2

FKL equation for the Pomeron wave function at ¢ =t =10
Ef(r)=Hf(r), H=T(p)+V(r)

Kinetic energy related to two Regge trajectories

r(p) = 2L+ VPP Am? + )
plV/[pI?2 +4m?  /Ip|? + 4m? — |p|

Potential energy

Pl = ——ord
:

Vir) = 4 Ky(rm)t e T m /d2p/ oP)

—<_ P, Po(p) =
Nz D P = e | T R e
Semiclassical solution (Levin, Lipatov, Siddikov (2014))
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3 BFKL equation in LLA (1978)

Balitsky-Fadin-Kuraev-Lipatov equation
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Q B, — Q
27 78

E\P(ﬁl,ﬁg) :H12 \P(ﬁl,ﬁg) A= — In 2

Holomorphic separability
Hiz = hia+hiy, [h2,his] =0, E=et+e", e =¢(m)+y(1-m)—2¢(1)

Holomorphic Hamiltonian

1

1
hi2 = p—(ln p12)p1 + p—2(1n p12)p2 + 1In (p1p2) — 29(1)
1

Mobius invariant solution
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4 BKP equation in LLA

Bartels-Kwiecinski-Praszalowicz equation

BV, i) = HU(Gr, . )
Holomorphic separability at large N, (L. (1988))

1 *
Hzi(h—l—h ), h:th,k_H,

Monodromy matrix (L. (1993))

ﬁ I, — A(u)  B(u) I u+ Pk Pk Dk

k=1 C(u) D(u) —Pp Pk U~ Pk Dk
Transfer matrix and integrability (L. (1993))

T(u) = A(u) + D(u), [T(u),T(v)] = [T(u),h] =0



5 Confinement and integrability

Gluon coordinates and momenta at t-channel temperature 7" # 0
pr = Trtiy,, 0 <y, <1/T; p. =pr+ip?, pl =2k, k=0,4+1,£2, ...

Hamiltonian for Pomeron in the thermostat (de Vega, Lipatov)

h = Z (¢ (1 + 22271}) + (1 — ZQZ::T) —29(1) + 2 In(2 Sinh(WT,Om))ps)

s=1,2 Ps

Conformal transformation to the zero temperature and integrability
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— —_In/
Pr=opr s

Conformal transformation to a rectangle and anti-Meissner effect

K =1 k2

pr = sn(Kp/a;k) = sn(K'p/b; K

1 1
) K:/O V(1 —22)(1 — k22?)



6 Non-Fredholm BFKL equation

Property of the integral kernel for the Fredholm equation
/d2pd2p’\K(p2,p’2, (p—p)*)* < 0
Asymptotic freedom for the BFKL kernel at large p ~ p’

1 1
lim |K(p*,p”, (p—1p)?)|* ~ /
Deopl—3 00 ‘ (p p (p p ) )‘ f<p/p ) ‘p‘2|p/‘2 1n2(max(p2,p’2))

Convergency at large distances due to the anti-Meissner effect
1K (p, p")|? ~ 0(min(a, b) — |p|) 6(min(a, b) — |p'])
Integral divergency at small relative momentum p — p’

K (02,072, (p—p)?)]? ~ (w@?)62(p — ')

) Ersoo ~ ’VK(Oé> In |m|2



7 Spectrum of Pomerons in QCD

Asymptotic freedom

s (K 1 2
- ( ) — L2 9 50 =11 — SNf
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Solutions of the BFKL equation with running coupling

- o k.2 8% Caroh) T (% 4 ’LV) Bolin
fn(k)—/_oodu (A%CD> ( i

Pomeron intercepts and parton distributions at HERA (KLR)

0.5
n N k?) = E n® " fn (K

Essential transverse momenta and physics BSM (KLR)

k}n ~ AQCD €4n
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8 Pomeron in N =4 SUSY

Eigenvalue of BFKL kernel in two loops (F., L. (1998))
w=4ax(n,v)+4 a*A(n,7), &= g>N/(167%), v = iv+(1+w)/2
Hermitian separability in N = 4 SUSY (K.,L. (2000))

(M) + p(M~) 7|
M = —
24,/ w ’ T

A(n,7) = ¢(M) + p(M*) — £

1

p(M) = B (M) + 2¢2), 8(2) = ¢ | v (F22) v (2)

Maximal transcendentality (K.L. (2002)

G(M) = 3(3) + " (M) — 20(M) + 28 (M) (W(1) — (M)



9 Pomeron and graviton in N=4 SUSY

Eigenvalue of the BFKL kernel in a diffusion approximation

) — 2
sz—A—Au2, 7:1+]—2 + v

AdS/CFT relation for the graviton Regge trajectry

/ RQ
j:2+%t, t = E2/R?, o = A

Large coupling expansion of A (KLOV, BPST, KL)

N
A=22"Y2 4 \T 14032 C o1+ 3G)N 24, A= 0‘2
-
Exact expression for the slope of v at 7 =2 (KLOV, V., Basso)
AT A2 20 T At 11N VA I3(V)

/
T = o oo T 5ou2 To0oat 3545 1 (/)
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10 Maximal helicity violation

BDS amplitudes in N =4 SUSY at N, > 1 (2005)

A%t = NPT T %2 T f(pi), gy -y pi) s f = 5 My

Invariant amplitudes

0 1 mn 2 €
M, =S a [ fO@) | —— a +FD©0) | +c0 ),
—1 262 1 —S4,i+1

1=
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o (dme™) W =0, 0¥ =-¢/2, 1) Z ke
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Cusp anomalous dimension

O =200 = BUf) = —als/2+ a*(26 + 5t /3) +
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11 Elastic BDS amplitude

Regge form of the amplitude at large s/t

Moy = D(t) (;)ww I'(¢)

Reggeized gluon trajectory

) =2y [ () )

4 ! a’ de

Reggeon residues

InT(t) = In — " dd (VK(C") N 5(a')) L @) k()

2 a' Se 2 2 5 &

u? Jo
—/jd—allrlg (M+M+5(a’)>

a’ a’ 4€? €

12



12 One particle production (BLV)
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13 Regge factorization violation (BLV)

4 El + /22)2,u2 €

—81 w(tl) —82 w(tg) —83 w(tg)
><F(t1) (—2) F(tg,tl) <—2> F(tg,tg) <—2> F(tg)
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a) . t1t 1
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14 Mandelstam cuts in j9-plane
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Figure 1: BFKL ladders in Ms_,4 and M3_.3
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15 Analyticity of production amplitude

Steinmann constraints for overlapping channels

ASTA M2—>2—|—n =0

Sr41

Regge representation for planar amplitude Ms_,3

_ a (—S jQ(—Sl)jl_‘jQ—l—C%(—g)jl(—Sg)jz_jl 5= S|ki|2

Regge ansatz for planar amplitude Ms_,4

Ms_,4 o o P
= CpC S —g
(i) [Ty — CREE(=8)2 (=817 (=5)

el (—8)72 (—Bo12)72 792 (—s1 )1 T2 e b (—3)71 (—B1gg) T2 I (—s5)T2 I
+chch (k(—=38)72 (—3012)7 773 (—52)72 770 4+ 1(—5)71 (—5123)72 771 (—s9)72773)

SIN TW1 4 SIN TwWa, SIn w1 S1N Twa3 Sin mws3 SIN TwWaq

a __ a __ _ _
CR . ) CL - . ) k - . . ’ l — . .
S W12 SIN TWa1 SIN TWo SIN TTW13 SI1NN TWo S111 TW3q

16



16 Regge factorization and crossing

Twist operators in the t,.-channels
T = £1

Generating function for amplitudes in crossing channels

A72-1—>n—|—1 _A—I_ZTTA + Z TryTry AT1T2+ _|_Tl7-2 7-nAAl N

r=1 r1<7ro

Regge factorization (Weis (1971))

Agtyi
n — | w1 V1’2 S w29 V2,3”.Vn—1,n Sy Wn, .
sT(t1)L(t2)|Ta|T... 5176V 226 [$n[*€

Signature factors

612 e 521 4

. —UITWy _ —iTw 1,2 _
‘Sr—e — Tr,y, Q12 = 12‘|—7'7'2,V g R—l——
1
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17 Shortage of Regge ansatz and cuts

Regge pole expression for the 6-point amplitude

Aoty _
s|s1]9t]s2|“2|s3]wsT'(t1)[(t2) [T ||T's|

...—|—(7'17'3 e TwW2 4 7'17'27'3) A+...

Singular Regge contribution

2 COS Two SIN TwW, SIn Twy . .
A= — + i sin m(wq + wp) + COS TWap
i sin Two

Remainder function for Ao 4

SS9 81t3 Sgtl 2 U9
w|

BDS
A= R(u17u27u3) A2—>4 , Ul — U2 = uz =

bl 9 b
50125123 So12t2 S123t2 us

Regge pole and cut contributions for Ry 4 (L.L. (2009)

. , dw VK
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18 Amplitude Ay 4, in N =4 SUSY

Remainder factor in next-to-leading LLA (F.,L. (2011))

| 00 | 00 2iv g 1 w(v,n)
Re™ = cos mw,p—+i 4 Z (—1)”6“”‘/ Gl v d(v,n) ( ) ;

2 S 5o P2 -+ %2 A/ U2U3
1 —u; —ug —us E? 3 5, 5 n%,
— d — 1— vn v 9
coS ¢ > it : (l/,n) CL( 5 +8n/(v + 4) ‘|‘C() 3
Spectrum of the eigenvalues of the BFKL kernel
w(v,n) = —aE, ,—a*(e.X+3((3)), E,, = — nl/2 —|—2§R¢(1—|—w—|—| ’) 2¢(1),
9 _ v,n vn 9 vn — V2 _|_ n?
4
Eigenvalue in the next-to-leading order (F.,L. (2011)
2 n?
R |l 2 (1+ v + 12 1 Inl (V —z>
=X (w (i 1) 2UED 2>><<2>Em4 .
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19 Mandelstam cuts with n reggeons

Mandelstam cut contribution

1 n : 12
Agorpir = / [T 2kt @1 (koo k) Ba (ko k) T i

1=1 t=1

2

Impact factor Sudakov representation

n—1
(I)l(kf_a ey kf;Jz_—l) — / H do‘zf(kf_a A1y -eey kfrJz_—la an—l)
=1

Conditions of a nonzero contribution
r = 272—2, 81,82,y Sp—1 < 07 Sn > 0

Mandelstam cuts with the reggeon interaction
n—1
Ao oy = / 1] Pk d?kH @1 (ki ) @a (ki ) /dwswaw(kf, W el
i=1
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20 Integrability of n-reggeon dynamics

Holomorphic separability of the reggeon Hamiltonian
H=h+h*, [h,h*] =0

Holomorphic hamiltonian at large N,

n—2

h = ln(Zfﬁl) — 2¢(1) +1Inod,_1 + Z hk,k—l—l
k=1

Pair hamiltonian
hl,g = ln(212261) -+ ln(212262) —2In Zlg — 2’(#(1)

Integrals of motion for an open spin chain (L. (2009))

n—1

D(u) = > " '"*q, [D(u),h] =0
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21 Discussion

Gluon reggeization

FKL equation for the Hiiggs model

Integrability of the BKP equations on the rectangle
BDS ansatz for N=4 SUSY and its breakdown
Remainder functions and Mandelstam cuts

Analyticity properties of production amplitudes
Next-to-leading LLA corrections to 2 — 4 transition
Integrability of the BFKL dynamics for the octet states
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