Relativistic particles in a strong magnetic field and dense matter

I. A. Balantsev^{a∗}, Yu. V. Popov^{b†}, A. I. Studenikin^{a,c‡}

a Moscow State University 119991, Russia, Moscow, Leninskie gory 1 b Scobeltsyn Institute of Nuclear Physics 119991, Russia, Moscow, Leninskie gory 1 c Joint Institute for Nuclear Research 141980, Russia, Moscow region, Dubna, Joliot-Curie 6

Abstract

A problem of electron motion in dense matter and magnetic field is considered. It is shown that the electron energies are quantized in case of immovable medium and constant homogenous magnetic field. Obtained exact solutions are examined for the particular case of the electron motion in a rotating neutron star with account for matter and magnetic field effects. We argue that all of these considerations can be useful for astrophysical applications, in particular for description of electrons and neutrinos motion in different environments.

Introduction. The studies of particle interactions in high energy physics as well as solving problems of charged particles motion in electromagnetic fields of terrestrial experimental devices, in astrophysics and cosmology base on using of different methods. The most effective tool is associated with using of exact solutions of quantum field equations of motion. They were first applied in quantum electrodynamics for studies of motion and radiation of the electron in a magnetic field, i.e. the synchrotron radiation (see, for instance, [1]), and also for studies of the electrodynamics and weak interaction in different configurations of external electromagnetic fields [2]. This method is based on the Furry representation [3] in quantum electrodynamics. Recently it has been shown, that the method of exact solutions can be also applied for the problem of neutrinos and electron motion in presence of dense matter (see [4] for a review on this topic). In [5, 6] the exact solution for the modified Dirac equation for a neutrino moving in matter was derived and discussed in details. In [7] the corresponding exact solution for an electron moving in matter was obtained. Analogous problem for electron in magnetized matter was solved in [8]. The problem of neutrino propagation in transversally moving matter was first solved in [9], and in [10] we considered neutrino propagation in a rotating matter accounting for the effect of nonzero neutrino mass.

Note that a study of the neutrino dispersion relations, neutrino mass generation and for derivation of the neutrino oscillation probabilities in matter also use the modified effective Dirac equations for a neutrino interacting with various background environments within different models (see [11] in details). In [12] different processes with neutrino in the presence of matter were studied on the same basis. In [13] the modified Dirac equations with anomalous vector and pseudovector interactions were considered within a framework for treatment of low-energy effects of spontaneous CPT violation and Lorentz breaking.

∗e-mail: balantsev@physics.msu.ru †e-mail: popov@srd.sinp.msu.ru ‡e-mail: studenik@srd.sinp.msu.ru

In this paper we develop the method of exact solutions for the problem of charged leptons propagating in matter and strong magnetic fields. This review is based on our recent paper [8].

Modified Dirac Equation for electron moving in matter and magnetic field. We consider an electron propagating in immovable medium composed of neutrons and homogenous and constant magnetic field. This can be regarded as the first approach to modelling of an electron propagation inside a rotating neutron star. For distinctness we consider here the case of an electron, whereas generalization for other charged particles is just straightforward. The modified Dirac equation for the electron wave function exactly accounting for the electron interaction with matter and magnetic field [5] (see also [6]): { γ_μ(p^μ + e_0A^μ) + 1 2 γ_μ(1 − 4 sin^2 θ_W + γ^5)f^μ − m } Ψ(x) = 0, (1)

where e_0 is a module of the electron charge. This is the most general form of the equation for the electron wave function in which the effective potential V_μ =^1_2 (1 − 4 sin^2 θ_W + γ^5)f_μ includes the neutral current interaction of the electron with the background particles, and which can also account for effects of matter motion and polarization.

Note, that in general case it is not a trivial task to find solutions of this equation. For the electromagnetic field and effective matter potential we obtain

A^μ = (0, − yB 2 , xB 2 , 0), f^μ = −Gn(1, 0, 0, 0), (2)

where G =^{GF√}_2 , n is matter number density. The Hamiltonian form of equation (1) is i ∂ ∂t Ψ(x) = ĤΨ(x), (3)

Ĥ = −γ^5σ(p + e_0A) + mγ^0 + 1 2 (1 − 4 sin^2 θ_W + γ^5)Gn (4)

where A = (−^{yB}_2 ,^{xB}_2 , 0) and the relation γ^0γ = −γ^5σ was used. This form of the Hamiltonian makes quite transparent the solution describing spin properties of the electron.

Spin operator. Note that the longitudinal polarization operator commutes with the Hamiltonian, [T̂^0, Ĥ] = 0. Therefore for any of its eigenvectors the Hamiltonian can be presented in the following form

Ĥ = −γ^5T^0 + mγ^0 + 1 2 (1 − 4 sin^2 θ_W + γ^5)Gn, (5)

where T^0 is one of the eigenvalues of the spin operator T̂^0. Note that in the presence of the matter potential proportional to Gn the transverse polarization operator does not commute with the Hamiltonian. This is a consequence of γ^5 presence in (4).

Energy spectrum of electron in matter and magnetic field. To find the electron energy spectrum p_0 in the matter and constant magnetic field, ĤΨ = p_0Ψ, we use the chiral representation of the γ-matrices and solve the equation | | | −mT^0 + Gn − p̃_0 m m mT^0 − p̃_0 | | | = 0, (6)

where p̃_0 = p_0 + 2Gn sin^2 θ_W . The solutions can be written in the form

p_0 = Gn 2 − 2Gn sin^2 θ_W + ε √ (mT^0 − Gn 2 )^2 + m^2, (7)

where ε = ±1 is the ”sign” of the energy.

It is significant to note an interesting feature of the electron energy spectrum in the magnetized matter following from (7). It is well known, that the energy spectrum of the electron in the magnetic field is degenerated in respect of spin quantum number (each electron Landau energy level in the magnetic field corresponds to both spin orientations). The presence of the matter (of any non-vanishing density n ≠ 0) removes the spin degeneracy. This phenomenon can be attributed to the parity violation in weak interactions. But the infinite degeneracy of the Landau levels associated with quantum number p_2 is still preserved.

Let us emphasize one important relation between p_0 and T_0 that immediately follows from the spectrum (7):

(p_0 − Gn 2 + 2Gn sin^2 θ_W )^2 = (mT^0 − Gn 2 )^2 + m^2, (8)

where T^0 is one of the eigenvalues of the spin operator T̂^0. Note that this formula can be also obtained by using the concept of ∗-spin introduced in [14].

The electron wave functions. In the paper [8] it has been shown that the solution of the equation (3) due to symmetries can be sought in the form

Ψ(t, x, y, z) = e^{−ip0t+ip3z} χ_1(r)e^{i(l−1)ϕ} iχ_2(r)e^{ilϕ} χ_3(r)e^{i(l−1)ϕ} iχ_4(r)e^{ilϕ}

, (9)

where r and ϕ are polar coordinates. This form of solution also based on the fact that the operator of the total angular momentum J_z = L_z + S_z, where L_z = −i^∂_{∂ϕ} , S_z =^1_2 σ_3, commutes with the Hamiltonian. The solutions are the eigenvectors of the total momentum operator J_z with the corresponding eigenvalues l −^1_2 . After substitution of (9) into (3)-(4) we get the following system for χ_i(r):

−(p_3 − Gn)χ_1 − ( d dr + l r + e_0B 2 r ) χ_2 + mχ_3 = p̃_0χ_1, (10) ( d dr − l − 1 r − e_0B 2 r ) χ_1 + (p_3 + Gn)χ_2 + mχ_4 = p̃_0χ_2, (11)

mχ_1 + p_3χ_3 + ( d dr + l r + e_0B 2 r ) χ_4 = p̃_0χ_3, (12)

mχ_2 − ( d dr − l − 1 r − e_0B 2 r ) χ_3 − p_3χ_4 = p̃_0χ_4. (13)

Now we define the creation and annihilation operators

R^+ = d dr − l − 1 r − e_0B 2 r, R^− = d dr + l r + e_0B 2 r. (14)

and get the system (15) - (18) in the following form −(p_3 − Gn)χ_1 − R^−χ_2 + mχ_3 = p̃_0χ_1, (15) R^+χ_1 + (p_3 + Gn)χ_2 + mχ_4 = p̃_0χ_2, (16) mχ_1 + p_3χ_3 + R^−χ_4 = p̃_0χ_3, (17) mχ_2 − R^+χ_3 − p_3χ_4 = p̃_0χ_4. (18) To get the eigenvalues p_0 = p̃_0 − 2Gn sin^2 θ_W of the Hamiltonian (3) we take into consideration properties of operators R^+ and R^−:

R^+ L^{l−1}_s ( e_0B 2 r^2 ) = − √ 2e_0B(s + l) L^l_s ( e_0B 2 r^2 ) , (19)

R^− L^l_s ( e_0B 2 r^2 ) = √ 2e_0B(s + l) L^{l−1}_s ( e_0B 2 r^2 ) , (20) where L^l_s are the Laguerre functions [1].

The solution of system (15) - (18) (the eigenvector of the Hamiltonian (4)) can be written in the form χ_1 χ_2 χ_3 χ_4 = √ e_0B

C_1L^{l−1}_s

(_{e0B}

2 r^2 ) C_2L^l_s

(_{e0B}

2 r^2 ) C_3L^{l−1}_s

(_{e0B}

2 r^2 ) C_4L^l_s

(_{e0B}

2 r^2 ) (21)

Now we can get the energy spectrum and of the eigenvalues of spin operator T̂^0:

p_0 = Gn 2 − 2Gn sin^2 θ_W + ε √( − Gn 2 ± √ p^2_3 + 2e_0B(l + s)

)_2

+ m^2, ε = ±1, (22)

T^0 = s^′ m √ p^2_3 + 2e_0B(l + s), s^′ = ±1. (23)

It is easy to see, that the spectrum (7) obtained above is in agreement with expressions (22) and (23). From this energy spectrum, it is straightforward that the well-known energy spectrum in magnetic field (the Landau levels) is modified by interaction of the electron with matter. However the radius of the classical orbits corresponding to a certain level (22) doesn’t depend on the matter density:

⟨R⟩ = ∞∫ 0 Ψ^+rΨ dr = √ 2N e_0B

. (24)

Note that this result is a simple consequence of the fact that the orbital part of the wave functions (21) is not altered by the matter potential. To conclude this section we would like to note, that the effect of electron trapping on circular orbits in magnetized matter exists, and this can be important for astrophysical applications.

To finalize the section we note the properties of creation and annihilation operators. The functions F^l_s = √ e_0BL^l_s

(_{e0B} 2 r^2 ) constitute a basis in the Hilbert space with scalar product defined as

⟨F^l_s′ , F^l_s′′ ⟩ =

∫_∞ 0 F^l_s′ F^l_s′′ r dr. (25)

So that, we get for each s and l

⟨F^{l−1}_s , R^−F^l_s⟩ = −⟨F^l_s, R^+F^{l−1}_s ⟩. (26)

Hence for operators (14) we obtain (R^−)^∗ = −R^+ and (R^+)^∗ = −R^−, where symbol ∗ implies Hermitian conjugation of operators.

Spin coefficients and full wave function. Using of Hamiltonian and spin operator properties it is easy to obtain the spin coefficients C_i after some easy steps (more details see in [8]). Finally, we obtain the wave function:

Ψ(t, x, y, z) = e^{−ip0t} 1 √ L e^{ip3z} √ e_0B 2π C_1L^{l−1}_s

(_{e0B}

2 r^2 ) e^{i(l−1)ϕ} iC_2L^l_s

(_{e0B}

2 r^2 ) e^{ilϕ} C_3L^{l−1}_s

(_{e0B}

2 r^2 ) e^{i(l−1)ϕ} iC_4L^l_s

(_{e0B}

2 r^2 ) e^{ilϕ}

, (27)

where

C_1 = 1 2 √ 1 − mT^0 −^{Gn}_2 p̃_0 −^{Gn}_2 √ 1 + p_3 mT^0

, C_2 = s^′ 2 √ 1 − mT^0 −^{Gn}_2 p̃_0 −^{Gn}_2 √ 1 − p_3 mT^0

, (28)

C_3 = ε 2 √ 1 + mT^0 −^{Gn}_2 p̃_0 −^{Gn}_2 √ 1 + p_3 mT^0

, C_4 = s^′ε 2 √ 1 + mT^0 −^{Gn}_2 p̃_0 −^{Gn}_2 √ 1 − p_3 mT^0

(29) and L is a normalizing factor.

Equations (27)-(29) represent the exact solution of (3) with the Hamiltonian (4) that describes the electron moving in matter and magnetic field. Note that in the case n = 0, these formulas are reduced to well-known solutions for the electron wave functions in a constant homogenous magnetic field [1]. The limit B → 0 gives the result obtained in the paper [7].

Application. Let us consider the problem of an electron (or another charged particle) motion in a rotating matter with magnetic field can be solved. This problem is of interest in different astrophysical contexts.

If the angular velocity ω is small compare to the magnetic field, we can calculate the spectrum using a standard perturbation theory with the small parameter^{Gnω}_{e0B} ≪ 1. If, for example, we choose for the matter density, angular velocity and magnetic field the values peculiar for a rotating neutron star (n = 10^{37}sm^{−3}, ω = 2π · 10^3s^{−1}, B = 10^{10}Gs), then the parameter is really small, δ = Gnω e_0B

∼ 10^{−20} ≪ 1. (30)

Now we can take the spectrum and wave functions found above (i.e. without rotation) as the lowest order of perturbation series and find the correction term.

We consider the particular case of constant magnetic field and rotating uniform matter so that the electromagnetic field and effective matter potential are given by

A^μ = (0, − yB 2 , xB 2 , 0), f^μ = −Gn(1, −ωy, ωx, 0). (31)

For this case we obtain the problem (3) with the Hamiltonian Ĥ = Ĥ_0 +Ĥ_1, where Ĥ_0 describes the electron in magnetic field and matter without rotation and is given by formula (4), and

Ĥ_1 = Gn 2 γ^0γ^1(1 − 4 sin^2 θ_W + γ^5)ωy − Gn 2 γ^0γ^2(1 − 4 sin^2 θ_W + γ^5)ωx.

Using again the chiral representation of the γ-matrixes we obtain approximately taking into account that 4 sin^2 θ_W ≃ 1 in the polar coordinates

Ĥ_1 = 1 2 0 −iρre^{−iϕ} 0 0 iρre^{iϕ} 0 0 0 0 0 0 −iρre^{−iϕ} 0 0 iρre^{iϕ} 0

, ρ = Gnω. (32)

So, we get for the first correction to the energy spectrum (7) of the electron

Δp^N_0 = ∫ Ψ^∗_N H_1Ψ_N dV = √ 2e_0B(C_1C_2 + C_3C_4) Gnω e_0B ∞∫ 0 L^{l−1}_{N−l}(ξ) √ ξL^l_{N−l}(ξ) dξ, (33)

where C_i are the spin coefficients from eq. (28), (29). After calculations and simplifying we get (we put p_3 = 0):

Δp^N_0 = δ √ 2e_0BN. (34)

This shift of levels in the energy spectrum depending on the energy quantum number N = 0, 1, 2... leads to a corresponding shift in a frequency of synchrotron radiation of electron inside of dense rotating matter, that can be registered. Calculation of the next perturbation terms (higher order) is an interesting task that could reveal new effects. However, we pointed out that the small parameter (30) is really very small.

Conclusion. In this paper we found a class of exact solutions of the modified Dirac equation for the electron in matter and strong magnetic field by using of increasing and decreasing operators. In paper [8] we generalize this approach to a definite class of Dirac Hamiltonians. One can use obtained solutions in studies of complicated models of particle interactions in different astrophysical environments, for example, in studies of gamma-rays production during collapse or coalescence processes of neutron stars (the one predicted within the fireball models of GRBs [18]), as well as during a neutron star being ”eaten up” by the black hole, or in investigations of other processes in environments discussed in [13]. Consideration of electrically millicharged neutrino in external fields performed in paper [19] provides another interesting application of obtained results.

Acknowledgements. This work is supported by the Russian Basic Research Foundation RBRF (grants No. 11-02-01509 and No. 12-02-06833) and Russian Ministry of Education and Science (contract No. 12.741.11.0180 and projects No. 2012-1.2.1-12-000-1012-1958 and No. 2012-1.1-12-000-1011-6097).

References

[1] Sokolov A A and Ternov I M 1968 Synchrotron radiation (Oxford: Pergamon Press) [2] Ritus V 1978 Issues in intense-field quantum electrodinamics ed by V Ginzburg (Moscow: Proc. of Lebedev Phys.Inst. 111 5), Nikishov A 1978 Issues in intense-field quantum electrodinamics ed by V Ginzburg (Moscow: Proc. of Lebedev Phys.Inst. 111 152) [3] Furry W 1951 Phys.Rev. 81 115 [4] Studenikin A 2006 Annales de la Fondation Louis de Broglie 31 289, 2006 J.Phys.A: Math.Gen. 39 6769, 2008 J.Phys.A: Math.Theor. 41 164047.

[5] Studenikin A and Ternov A 2005 Phys Lett B 608 107 (Preprint hep-ph/0410297) [6] Grigoriev A, Studenikin A and Ternov A 2005 Phys Lett B 622 199 (Preprint hep-ph/0502231), 2005 Grav.

& Cosm. 11 132, 2006 Phys. Atom. Nucl. 69 1940.

[7] Grigoriev A, Studenikin A, Ternov A, Trofimov I, Shinkevitch S 2007

Russian Physics Journal 50 596, Grigoriev A, Shinkevitch S, Studenikin A, Ternov A, Trofimov I 2008 Grav. & Cosm. 14 248.

[8] Balantsev I, Popov Yu, Studenikin A 2011 J Phys A 44 255301. [9] Grigoriev A, Savochkin A, Studenikin A 2007 Russian Physics Journal 50 845. [10] Balantsev I, Popov Yu, Studenikin A 2009 Il Nuovo Cimento 32 C 53.

[11] Chang L and Zia R 1988 Phys.Rev.D 38 1669, Oraevsky V, Semikoz V and Smorodinsky Ya 1989 Phys Lett B 227 225, Pantaleone J 1991 Phys Lett B 268 227, 1992 Phys.Rev.D 46 510, Kiers K and Weiss 1997 Phys.Rev.D 56 5776, Kiers K and Tytgat M 1998 Phys.Rev.D 57 5970, Mannheim P 1988 Phys.Rev.D 37 1935, Nötzold D and Raffelt G 1988 Nucl.Phys.B 924, Nieves J 1989 Phys.Rev.D 40 866, Haxton W and Zhang W-M 1991 Phys.Rev.D 43 2484, Kachelriess M 1998 Phys Lett B 426 89, Kusenko A and Postma M Phys Lett B 545 238.

[12] Berezhiani Z and Vysotsky M 1987 Phys Lett B 199 281, Berezhiani Z and Smirnov A 1989 Phys Lett B 220 279, Giunti C, Kim C, Lee U and Lam W 1992 Phys.Rev.D 45 1557, Berezhiani Z and Rossi A 1994 Phys Lett B 336 439.

[13] Colladay D, Kostelecky A 1998 Phys.Rev.D 58 116002, Coleman S, Glashow S 1999 Phys.Rev.D 59 116008, Zhukovsky V, Lobanov A and Murchikova E 2006 Phys.Rev.D 73 065016.

[14] Sadurni E al. 2010 J.Phys.A: Math.Theor. 43 285204. [15] Bermudez A 2007 Phys.Rev.Lett. 99 123602. [16] Bermudez A 2007 Phys.Rev.A 76 041801(R). [17] Shore B, Knight P 1993 J.Mod.Opt. 40 1195.

[18] Zhang B and Meszaros P 2004 Int.J.Mod.Phys. A 19 2385, Piran T 2004 Rev.Mod.Phys. 76 1143. [19] Balantsev I and Studenikin A 2011 Nucl.Phys.B Proc.Supp., Proc. of XXIV Int. Conference in Neutrino Physics and Astrophysics, Athens, June 14-19, 2010 (Preprint hep-ph/1012.3653).