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1 Gluon reggeization in QCD

QCD Born amplitude at high energies s≫ t

MA′B′

AB |Born
= 2s g T c

A′A δλA′λA

1

t
g T c

B′B δλB′λB

Leading Logarithmic Approximation

M(s, t) =M|Born
sω(t) , αs ln s ∼ 1 , αs =

g2

4π
≪ 1

Gluon Regge trajectory in LLA

ω(−|q|2) = −αsNc

4π2

∫
d2k

|q|2

|k|2|q − k|2
≈ −αsNc

2π
ln

|q2|
λ2

Mandelstum cuts

A(s,−|q|2) ∼ s

∫
d2kΦ2(k, q − k) sω(−|k|2) sω(|q−k|2)

2



2 Amplitudes in multi-Regge kinematics

MBFKL
2→2+n ∼ sω1

1

|q1|2
gT d1

c2c1C(q2, q1)
sω2
2

|q2|2
...gT dn

cn+1cn C(qn+1, qn)
s
ωn+1

n+1

|qn+1|2
,

ωr = −αsNc

2π
ln

|q2r |
λ2

, C(q2, q1) =
q2 q

∗
1

q∗2 − q∗1
, σt =

∑
n

∫
dΓn |M2→2+n|2
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3 BFKL equation (1975)

Balitsky-Fadin-Kuraev-Lipatov equation

EΨ(ρ⃗1, ρ⃗2) = H12 Ψ(ρ⃗1, ρ⃗2) , σt ∼ s∆ , ∆ = −αsNc

2π
E0

Hamiltonian for the Pomeron wave function

H12 =
1

p1p∗2
(ln |ρ12|2)p1p∗2+

1

p∗1p2
(ln |ρ12|2)p∗1p2+ln |p1p2|2−4ψ(1) ,

ρ12 = ρ1 − ρ2 , ρr = xr + iyr

Möbius invariance and Pomeron intercept

ρk → aρk + b

cρk + d
, m = γ + n/2 , m̃ = γ − n/2 , γ = 1/2 + iν ,

E = ϵm + ϵm̃ , ϵm = ψ(m) + ψ(1−m)− 2ψ(1) , ∆ =
g2Nc

π2
ln 2 > 0
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4 Integrability of the BFKL dynamics

Holomorphic separability of BKP hamiltonian at Nc → ∞ (L.)

H =
1

2
(h+h∗) , h =

n∑
k=1

(ln(pkpk+1)+
1

pk
ln ρk,k+1 pk+

1

pk+1
ln ρk,k+1 pk+1−2ψ(1))

Holomorphic factorization of wave functions

Ψ(ρ⃗1, ρ⃗2, ..., ρ⃗n) =
∑
r,s

ar,s Ψr(ρ1, ..., ρn)Ψs(ρ
∗
1, ..., ρ

∗
n)

Monodromy matrix and Yang-Baxter equation (L. (1993))

t(u) = L1L2...Ln =

 A(u) B(u)

C(u) D(u)

 , Lk =

 u+ ρk pk pk

−ρ2k pk u− ρk pk

 ,

ts1r′1
(u) ts2r′2

(v) l
r′1r

′
2

r1r2 (v − u) = ls1s2s′1s
′
2
(v − u) t

s′2
r2(v) t

s′1
r1(u) , l̂ = u 1̂ + i P̂
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5 Reggeon effective action in QCD

Locality in the rapidity space

y =
1

2
ln
ϵk + |k|
ϵk − |k|

, |y − y0| < η , η << ln s

Gluon and reggeized gluon fields

vµ(x) = −iT avaµ(x) , A±(x) = −iT aAa
±(x) , δA±(x) = 0

Effective action for the reggeon interactions (L., 1995)

S =

∫
d4x

(
LQCD + Tr(V+∂

2
µA− + V−∂

2
µA+)

)
,

V+ = −1

g
∂+ P exp

(
−g

∫ x+

−∞
v+(x

′)d(x′)+

)
= v+ − gv+

1

∂+
v+ + ...
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6 Pomeron and graviton in N=4 SUSY

BFKL equation kernel in a diffusion approximation

j = 2−∆−∆ ν2 , γ = 1 +
j − 2

2
+ iν

AdS/CFT relation for the graviton Regge trajectry

j = 2 +
α′

2
t , t = E2/R2 , α′ =

R2

2
∆

Large coupling asymptotics for γ and ∆ (KLOV, BPST)

γ = 1−
√
1 + (j − 2)/∆ , ∆ =

1√
λ
, λ = g2Nc

Exact expression for the slope of γ at j = 2 (KLOV, Basso)

γ′(2) = − λ

24
+

1

2

λ2

242
− 2

5

λ3

242
+

7

20

λ4

244
− 11

35

λ5

245
+ ... = −

√
λ

4

I3(
√
λ)

I2(
√
λ)
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7 Perturbation theory in gravity

Einstein-Hilbert action

SEH = − 1

2κ2

∫
d4x

√
−g R , R = Rµν g

µν

Riemann tensor

Rµν = Rσ
µ,σν , R

σ
µ,αβ = ∂βΓ

σ
µα − ∂αΓ

σ
µβ + Γρ

µα Γσ
ρβ − Γρ

µβ Γ
σ
ρα

Christophel symbol and gravity field

Γρ
µν =

1

2
gρσ (∂µgσν + ∂νgµσ − ∂σgµν) , gµν = ηµν + hµν

General coordinate transformation

δhµν = Dµχν +Dνχµ , Dµχν = ∂µχν − Γρ
µνχρ
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8 High energy amplitudes in gravity

Production amplitudes in LLA (L.L. (1982))

A2→n = −s2Γµ′ν′

µν

s
ω(q21)
1

q21
Γρ1σ1

s
ω(q22)
2

q22
Γρ2σ2 ...Γ

ρ′σ′

ρσ

Graviton-graviton-reggeon vertex

Γµ′ν′

µν =
κ

4
(Γµµ′Γνν′ + Γµν′Γνµ′)

Gluon-gluon-reggeized gluon vertex

Γµµ′ = −δµµ′ +
pAµ′pBµ + pA

′

µ pBµ′

pApB
+
q2

2

pBµ p
B
µ′

(pApB)2

Reggeon–reggeon-graviton vertex

Γρσ =
κ

4
(CρCσ −NρNσ) , N =

√
q21q

2
2

(
pA

kpA
− pB

kpB

)
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9 Graviton trajectory in supergravity

Graviton Regge trajectory (L. (1982))

ω(q2) =
α

π

∫
q2 d2k

k2(q − k)2
f(k, q) , α =

κ2

8π2
,

f(k, q) = (k, q − k)2
(

1

k2
+

1

(q − k)2

)
− q2 +

N

2
(k, q − k)

Gravitino action

S3/2 = −1

2
ϵµνρσ

∫
d4x

N∑
r=1

ψ̄r
µγ5γν∂ρψ

r
σ

Divergencies of the graviton Regge trajectory

ω(q2) = −α|q|2
(
ln

|q|2

λ2
+
N − 4

2
ln

|Λ|2

|q|2

)
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10 Effective action for gravity

Locality in the rapidity space

y =
1

2
ln
ϵk + |k|
ϵk − |k|

, |y − y0| < η , η << ln s

Reggeized graviton fields

δA++(x) = δA−−(x) = 0 , ∂+A
++(x) = ∂−A

−−(x) = 0

Effective action for the high energy gravity (L. 2011)

S = − 1

2κ

∫
d4x

(√
−g R+

1

2

(
∂+j

− ∂2µA
++ + ∂−j+ ∂

2
µA

−−))
Hamilton-Jacobi equation for effective currents j± = 2x± − ω±

gµν∂µω
±∂νω

± = 0 , ∂±j
∓ = h±± −

(
hρ± − 1

2

∂ρ
∂±

h±±

)2

+ ...
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11 Effective currents for shock waves

Aichelburg - Sexl metric

(ds)2 = ηµν dx
µdxν+a ln |−→x |δ(x−) (dx−)2 , a =

8√
2
Gµ , z = a

x−

|−→x |2

Effective current for the shock wave

j+ = −aµ
(
ln |−→x |+ ln f(z)− 1

4

z

f2(z)

)
, f(z) =

1

2
+

√
1 + 2z

2

Perturbative expansion

j+ = −a ln |−→x |+ a2

∂−

(
xσ
2|−→x |

)2

− a3

∂−

xµ
2|−→x |

∂µ
∂−

(
xσ
2|−→x |

)2

+ ...

Variational principle for j+

j+ =

∫ x−

−∞

(
g++(y−,−→ρ (y−)) + (∂−

−→ρ )2
)
,

δj+

δ−→ρ (y+)
= 0
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12 Double-logarithmic asymptotics

Mellin representation for the graviton scattering amplitude

A(s, t) = ABorn s
−α|q|2 ln

|q|2

λ2

∫ a+i∞

a−i∞

dω

2πi ω

(
s

|q|2

)ω

fω , a > 0

Infrared evolution equation for N = 4 supergravity (BLS (2012))

fω = 1 + b
d

dω

fω
ω

− b
N − 6

2

f2ω
ω2

Solution in terms of parabolic cylinder function

f
(N)
ω

ω
=

2

6−N

1√
b

d

d x
ln d(N)(x) , d(N)(x) = e

x2

4 D 6−N
2

(x) , x =
ω√
b

Perturbative expansion of scattering amplitudes in ξ = α |t| ln2 s
|q|2

A(s, t) = ABorn s
−α|q|2 ln

|q|2

λ2

(
1− N − 4

2

ξ

2
+

(N − 4)(N − 3)

2

ξ2

4!
+ ...

)
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13 Production amplitudes in DLA

Multi-Regge kinematics

s≫ si = (ki−1 + ki)
2 ≈ sαiβi−1 ≫ |k⊥r |2 ,

n+1∏
r=1

sr = s
n∏

r=1

|kr|2.

DL asymptotics of one graviton production amplitude (BLS)

A
(N)
2→3 = ABorn

2→3 s
−α|q1|2 ln

|q21|
µ2

1 s
−α|q2|2 ln

|q22|
µ2

2 r(N)(ρ1, ρ2) , ρr−
√
α ln sr/|qr|2 ,

r(N) =

∫ +i∞

−i∞

dx1dx2
(2πi)2

ex1ρ1+x2ρ2

d(N)(
√

|q2|
|q1|x1) d

(N)(
√

|q1|
|q2|x2)

d(N)(x1) d(N)(x2)
ϕ(N)(x1, x2) ,

ϕ(N)(x1, x2) =
2

6−N

(
d(N)

(√
|q2|
|q1|x1

))′

d(N)

(√
|q2|
|q1|x1

) −

(
d(N)

(√
|q1|
|q2|x2

))′

d(N)

(√
|q1|
|q2|x2

)
√

|q1|
|q2|x2 −

√
|q2|
|q1|x1

,
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14 Discussion

1. Locality of reggeon interactions in the rapidity space.

2. BFKL pomeron as a composite state of two reggeized gluons.

3. High energy effective action for reggeized gluons in QCD.

4. Integrability of the multi-gluon interactions at large Nc.

5. Pomeron-graviton duality in N = 4 SUSY.

6. Multi-regge effective vertices in gravity.

7. Divergencies of graviton Regge trajectory.

8. Effective action for the high energy gravity.

9. Hamilton-Jacobi equation for effective currents.

10. Infrared evolution equations in DL approximation.
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