Extension of Generalized Haag’s Theorem on Spaces with Arbitrary Dimensions

K. V. Antipin^{a∗}, M. N. Mnatsakanova^{b†}, Yu. S. Vernov^{c‡}

a Faculty of Physics, Moscow State University Faculty of Physics of MSU, 119991, Vorobyevy Gory, Moscow, Russia b Skobeltsyn Institute of Nuclear Physics, Moscow State University NPI MSU, 119992, Vorobyevy Gory, Moscow, Russia c Institute for Nuclear Research, Russian Academy of Sciences INR RAS, prospekt 60-letiya Oktyabrya 7a, Moscow 117312, Russia

Abstract

Generalized Haag’s theorem is proved in S O (1, k) invariant quantum field theory in any n-dimensional space with n ≥ k + 1. These additional dimensions can be noncommutative.

1 Introduction

In this report we consider one of the most important result of axiomatic approach in quantum field theory (QFT) - the generalized Haag’s theorem [1], [2].

Let us recall that in the usual Hamiltonian formalism it is assumed that asymptotic fields at any time are related with interacting fields by unitary transformation. The Haag’s theorem shows that in accordance with Lorentz invariance of the theory in this case the interacting fields are also trivial which means that corresponding S-matrix is equal to unity. So the usual interaction representation can not exist in the Lorentz invariant theory. In four dimensional case in accordance with the generalized Haag’s theorem four first Wightman functions coincide in two related by the unitary transformation theories.

It is known that n-point Wightman functions W (x_1, . . . , x_n) are ⟨ Ψ_0, φ(x_1) . . . φ(x_n) Ψ_0 ⟩, where Ψ_0 is a vacuum vector. Actually in accordance with translation invariance Wightman functions are functions of variables ξ_i = x_i − x_{i+1}, i = 1, . . . , n − 1. At first Haag’s theorem is proved in S O (1, 3) invariant theory in four dimensional case.

Now the theories in spaces of arbitrary dimensions are widely considered. In last years noncommutative generalization of QFT - NC QFT - attracts great interest of physicists as in some cases NC QFT is a low-energy limit of string theory [3].

NC QFT is defined by the Heisenberg-like commutation relations between coordinates

[x^μ, x^ν ] = i θ^{μν} , (1)

where θ^{μν} is a constant antisymmetric matrix.

It is very important that NC QFT can be formulated in commutative space if the usual product between operators (precisely between corresponding test functions) is substituted by

∗e-mail: antipin1987@gmail.com †e-mail: mnatsak@theory.sinp.msu.ru ‡e-mail: vernov@inr.ac.ru

the ⋆ (Moyal-type) product [4], [5]. Let us recall that the ⋆-product between two functions φ(x) and ψ(y) is defined as follows:

φ(x) ⋆ ψ(y) = exp ( i 2 θ^{μν} ∂ ∂x^μ ∂ ∂y^ν ) φ(x)ψ(y). (2)

Thus it is interesting to consider Haag’s theorem in the general case of k + 1 commutative variables (time and k spatial coordinates) and arbitrary number of other coordinates, which can include noncommutative coordinates as well. This extension of the Haag’s theorem is a goal of our work.

2 Generalized Haag’s theorem in four dimensional case

Note that in axiomatic QFT there is no field operator defined in a point [2]. Only the smoothed operators written symbolically as

φ_f ≡ ∫ φ (x) f (x) d x, (3)

where f (x) are test functions, can be rigorously defined.

In the derivation of Haag’s theorem it is necessary to assume that fields smeared on the spatial coordinates are also well defined operators.

Let us recall Haag’s theorem in four dimensional case [1], [2].

Generalized Haag’s Theorem Let φ_1(f, t) and φ_2(f, t) belong to two sets of irreducible operators in Hilbert spaces H_1 and H_2 correspondingly. We assume that both theories are Poincare invariant, that is

U_j(a, Λ) φ_j (x)U^{−1}_j (a, Λ) = φ_j (Λx + a), (4) U_j (a, Λ)Ψ_{0j} = Ψ_{0j}, j = 1, 2. (5)

Assume that there exists the unitary transformation V , which relates fields in question as well as vacuum states in two theories at any t:

φ_2(f, t) = V φ_1(f, t)V^{−1}, (6) cΨ_{02} = V Ψ_{01}, (7)

where c is a complex number with module one.

It is also supposed that vacuum states in two theories are invariant under this unitary transformation.

If in two theories there are not states with negative energies, then four first Wightman functions coincide in two theories.

Let us give the idea of the proof.

The invariance of the vacuum states implies that Wightman functions coincide at equal time:

(Ψ_{01}, φ_1(t, x_1), . . . , φ_1(t, x_n)Ψ_{01}) = (Ψ_{02}, φ_2(t, x_1), . . . , φ_2(t, x_n)Ψ_{02}) (8)

Let us recall that in accordance with spectral properties of Wightman functions, which imply non-existence of tachyon states, they are analytical functions in tubes [1], [2]. Then from S O (1, 3) symmetry it follows (Bargman-Hall-Wightman theorem) that, actually, Wightman functions are analytical functions in the dilated domain - so called extended tubes [1], [2], [6]. It is very important, that extended tubes contain real points - Jost points. The most important property of these points is the following one: the interval between two arbitrary Jost points r_k and r_l is space-like:

(r_k − r_l)^2 < 0. (9)

Thus any Jost point belongs to the set of Jost points with its vicinity. So Jost points fully determine Wightman functions, i.e. two Wightman functions, which coincide at Jost points, precisely, in the open subset of these points, coincide identically.

Let us notice that at equal time all points x_i belong to the set of Jost points. It can be shown that the equality of Wightman functions at equal time and their analyticity lead to equality of four first Wightman functions in two theories related by unitary transformation at equal time.

Let us stress that noncommutative coordinates belong to the boundary of analyticity of Wightman functions. Thus the same derivation of Haag’s theorem can be done in the presence of arbitrary number of these coordinates.

3 Derivation of Haag’s theorem in the S O (1, k) invariant theory

As in the derivation of Haag’s theorem only transformations of coordinates, which belong to the domain of analyticity, are essential, we omit the dependence of vectors under consideration on noncommutative variables.

First let us notice that as at n > k vectors ξ_i = (0, ⃗ξ_i) are linear dependent, then vectors related by them with Lorentz transformation are linear dependent too and thus they can not form the open subset of Jost points. Thus they can not determine Wightman functions.

Let us show that if n ⩽ k, then corresponding Jost points fully determine Wightman functions.

Indeed, if n ⩽ k, one can choose n linear-independent vectors ξ̃_j = ( 0, ⃗ξ̃_j ) , j = 1, . . . , n.

Actually, as ⃗ξ̃_1 is an arbitrary vector, we can choose ⃗ξ̃_2 in such a way that ξ̃_1⊥ξ̃_2. In a similar manner we can construct vector ξ̃_3 such that ξ̃_3⊥ξ̃_1, ξ̃_3⊥ξ̃_2. Continuing this procedure, which is similar to the well-known Gram-Shmidt orthogonalization procedure, we obtain the set of orthogonal vectors { ξ̂_j } : ξ̂_i ⊥ ξ̂_j , i ≠ j. Let us recall that Whigtman functions in two theories

coincide on the set of vectors { ξ̂_j } and thus they coincide on the vectors, which are obtained from them by Lorentz transformation.

Evidently α_iξ̂_i ⊥ α_jξ̂_j and the vectors, which are obtained from them by Lorentz transformation, will be orthogonal: ξ_{j α} = Λ ( αξ̂_j ) , (j = 1, . . . , n; α ∈ R). Set of orthogonal nonzero vectors is linear-independent, thus vectors ξ_{j α} form open subset of Jost points.

As in two theories related by an unitary transformation at equal time first k + 1 Wightman functions coincide on the open set of Jost points, then these functions coincide in all points. So we have proved the coincidence of all Wightman functions till k-point one (in difference variables). Passing from difference variables to usual ones (x_1, . . . , x_n), we obtain, that in case of S O (1, k)-invariance for and any number of noncommutative variables the first k + 1 Wightman functions coincide in two theories.

4 Conclusion

The generalized Haag’s theorem has been proved in S O (1, k) invariant theory, where k is arbitrary. Let us stress that this result is valid in the space, which includes also arbitrary number of noncommutative coordinates.

References

[1] R. F. Streater and A. S. Wightman, PCT, Spin and Statistics and All That, Benjamin, NewYork (1964).

[2] N. N. Bogoliubov, A. A. Logunov and I. T. Todorov, Introduction to Axiomatic Quantum Field Theory, Benjamin, Reading, Mass (1975).

[3] N. Seiberg and E. Witten, JHEP 9909 32 (1999), hep-th/9908142. [4] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73 977 (2001), hep-th/0106048. [5] R. J. Szabo,Phys. Rept. 378 207 (2003), hep-th/0109162.

[6] R. Jost, The General Theory of Quantum Fields ,Amer. Math.Soc., Providence, R.I. (1965).