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Abstract

The stability of isotropic cosmological solutions in the Bianchi I model with the Null
Energy Condition violation is considered. We prove that the stability of isotropic solutions
in the Bianchi I metric for a positive Hubble parameter follows from their stability in the
Friedmann—Robertson—Walker metric. We obtained the sufficient conditions of stability of
the solutions tending to a fixed point in cases of one- and two-field cosmological models.
These results are applied to models inspired by string field theory, which violate the null
energy condition. Examples of stable isotropic solutions are presented.

1 Introduction

Field theories which violate the null energy condition (NEC) are of interest for the solution of
the cosmological singularity problem [1, 2, 3] and for models of dark energy with the equation
of state parameter w < —1 (see [4]-[14] and references therein). Generally speaking, models
that violate the NEC have ghosts, and therefore are unstable and physically unacceptable.

However, the possibility of the existence of dark energy with w < —1 on the one hand! and
the cosmological singularity problem on the other hand encourage the investigation of models
which violate the NEC. It is almost clear that such a possibility can be realized within an
effective theory, while the fundamental theory should be stable and admit quantization. From
this point of view the NEC violation might be a property of a model that approximates the
fundamental theory and describes some particular features of the fundamental theory. With
the lack of quantum gravity, we can just trust string theory or deal with an effective theory
admitting the UV completion.

There have been several attempts to realize these scenarios [18, 19, 20]. The ghost con-
densation model [18, 21, 22, 23| proposed to describe a wide class of cosmological perturba-
tions has a ghost in the perturbative vacuum and has no ghost in the ghost condensation
phase within an effective theory. The new ekpyrotic scenario [20, 24, 25, 26] is a development
of the ekpyrotic [27] and the cyclic scenarios [2, 28], and it attempts to solve the singular-
ity problem, among others, by involving violation of the NEC. Nonlocal cosmological models
[19, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38| inspired by the string field theory (SFT) [39, 40, 41]
admit a regime with w < —1.

The NEC violating models can admit classically stable solutions in the Friedmann—Robertson—
Walker (FRW) cosmology. In particular, there are classically stable solutions for self-interacting
ghost models with minimal coupling to gravity. Moreover, there exists an attractor behavior
(for details about attractor solutions for inhomogeneous cosmological models, see [45]) in a class
of the phantom cosmological models [46, 47, 48]. One can study the stability of the FRW metric,
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specifying a form of fluctuations. It is interesting to know whether these solutions are stable
under the deformation of the FRW metric to an anisotropic one, for example, to the Bianchi
I metric. In comparison with general fluctuations we can get an explicit form of solutions in
the Bianchi I metric, which can probably clarify some nontrivial issues of theories with NEC
violation.

Stability of isotropic solutions in the Bianchi models [49, 50, 51] (see also [52]) has been
considered in inflationary models (see [53, 54] and references therein for details of anisotropic
slow-roll inflation). Assuming that the energy conditions are satisfied, it has been proved that
all initially expanding Bianchi models except type IX approach the de Sitter space-time [55] (see
also [56, 57, 58, 59]). The Wald theorem [55] shows that for space-time of Bianchi types I-VIII
with a positive cosmological constant and matter satisfying the dominant and strong energy
conditions, solutions which exist globally in the future have certain asymptotic properties at
t — oo. It is interesting to consider a similar question in the case of phantom cosmology and
string inspired models [19, 30, 34, 36, 61, 62].

In our works we investigated classical stability of isotropic solutions in the Bianchi I metric
in the presence of phantom scalar fields. In my report I'll tell you about the results of these
investigations. The report is based on the works [63, 64].

2 The Bianchi I cosmological model with scalar and phantom
scalar fields and the CDM

Let us start with a cosmological model with N scalar fields ¢1, ¢2, ..., ¢n in the Bianchi I
metric
ds? = — dt? + a3 (t)dx} + a3(t)das + ai(t)da3. (1)
The action is
R Y c
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where the potential V' is a twice continuously differentiable function, G is the Newtonian
gravitational constant, A is a cosmological constant, and C} are nonzero real numbers. The
sign of C} defines whether field ¢ is the phantom field (Cy < 0) or the ordinary scalar field
(Ck > 0).

The Einstein equations have the following form:

H{Hy + HHH3 + HoHg = 87TGNQ,
Hy + H3 + H3 + H3 + HyHz = — 87Gnp,
Hy+ H? + Hy + H} + H Hy = — 87Gnp,
Hy+ H} + Hy+ H3 + H Hs = — 87Gnp,
where
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and a dot denotes a time derivative.



Note that we couple, in a minimal way, pressureless matter (the CDM) with the energy
density p,, to our model. The equation for the CDM energy density is as follows:

pm = — (H1 + Ha + H3)pm. (10)

Introducing ¥, = ¢, we obtain from action (2) the following equations:

o = Vr,

VY = — (Hy + Hy + H3)ty, (11)

1 /
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where V= gTVk’ k=1,2,...,N.

It is convenient to express the initial variables a; in terms of new variables a and ; (we use
notations from [73]), subject to the following constraint:

p1+ B2+ B3 =0. (12)
One has the following relations
ai(t) = a(t)e®™,  hence, a(t) = (a1(t)az(t)as(t))"/?, (13)
Hi=H+p, and H= é(H1+H2+H3), (14)
where H = a/a. To obtain (14) we have used the following consequence of (12):
B+ B2+ B3 = 0. (15)

Note that 3; are not components of a vector and, therefore, are not subjected to the Einstein
summation rule. In the case of the FRW metric all §; are equal to zero and H is the Hubble
parameter. Following [50, 73] (see also [52]) we introduce the shear

o? = 37 + B35 + 5. (16)

It is useful to write equations (3)—(6), (10) and (11) in terms of new variables.
Using relation (15) we can write equation (3) as follows

1

3H? — 502 = 81Gyo. (17)
Summing equations (4)—(6) one can obtain
: 2, 1 o
2H +3H* + 20 = - 871G Np. (18)
Therefore '
H +3H? = 47Gn(0 — p). (19)
Note that equations (10) and (11) in new variables,
) . 1
Ok =Yk, Y= —3H{y — @Vqﬁk, (20)
pm = — 3Hpm, (21)

as well as equation (19), look like the corresponding equations in the FRW metric.
For evolution of the new variables we obtain the following equations

B = —3Hp;, (22)

d
y (6%) = —6Ho”. (23)



3 A few known facts about stability

Let us remember a few facts about the stability [71, 72, 75] of solutions for a general system of
the first order autonomic equations

yk:Fk(y)a k}:1,2,,N (24)
By definition a solution (a trajectory) yo(t) is attractive (stable) if
[9(t) —yo(t)| =0 at ¢— o0 (25)

for all solutions g(t) that start close enough to yo(t).
If all solutions of the dynamical system that start out near a fixed (equilibrium) point yy,

Fi(y) =0, k=1,2,...,N (26)

stay near ys forever, then yy is a Lyapunov stable point. If all solutions that start out near
the equilibrium point y; converge to yy, then the fixed point y; is an asymptotically stable
one. Asymptotic stability of fixed point means that solutions that start close enough to the
equilibrium not only remain close enough but also eventually converge to the equilibrium. A
solution yo(t) of (24), which tends to the fixed point yy, is attractive if and only if the point y
is asymptotically stable.

The Lyapunov theorem [71, 72| states that to prove the stability of fixed point y; of non-
linear system (24) it is sufficient to prove the stability of this fixed point for the corresponding
linearized system

. IF;(y)
y = Ay, Ay, = Em |Z/:Z/f’ (27)

The stability of the linear system means that real parts of all solutions of the characteristic

equation

oF
det (8_ —AI> |y=yf =0

Y

are negative.

4 Stability of isolated fixed points and kink-type solutions in
one-field models with the CDM

Let us consider the gravitational model with one scalar field ¢ and an arbitrary potential V(¢),
described by action (2) at N = 1. Equations (19) and (42) for one-field models are as follows

H= —3H”+87Gn(V($) + A),

This system of three first order equations is valid in the Bianchi I metric as well as in the FRW
one. Different initial values of o2 in (39) specify these different cases.

Let us define 5

I =
IrG N

From system (28) it is follows that the function I should be a solution of the following

H? — %¢2 — V() — A. (29)

equation:

[= —6HI. (30)



If the case H(t) = 0 is excluded, then I is an integral of motion of (28) if and only if I = 0.
From (39) we see that

1 2
167Gy o

so, I is an integral of motion only at 02 = 0, i.e. in the FRW metric. From (30) and (31) it
follows that equation (46) is a consequence of (28).

We are interested in the stability of kink and lump solutions, namely, we consider such
solutions in which the Hubble parameter tends to a finite value at ¢ — +oo. In this case
¢(t) tends to a finite value as well. Thus, there exists a fixed point y; = (Hf, (bf,l/}f), which

I= (31)

corresponds to ¢ = +0o0. We consider the stability of isotropic solutions only, so JJ% = 0 and

Bi; = 0. It is easy to see that

Pp=0,  Vié,) =0, HP= ngN (A+ V(). (32)

Having analyzed the solutions of the linearized system we came to the conclusion that the
stability conditions for the fixed point and for the solution that tends to it are

vy ()
C

As we can see the NEC is not necessary here, these conditions must be satisfied.
If we introduce the CDM into our model then the result will be the same.

>0 and H;>0. (33)

5 Connections between the first order corrections to isotropic
solutions in the FRW and Bianchi I metrics

In the previous section we studied one-field models and the first corrections near a fixed point.
In this section we consider the first corrections of an arbitrary isotropic solution.

Let’s consider an N-field cosmological model, which is described by action (2) and the
Einstein equations (4)—(11). In this section we do not assume that the isotropic solution tends
to a fixed point. We do not prove the stability of solutions, we only analyse the first corrections
in the FRW and Bianchi I metrics.

To study the stability of this solution, we present solutions whose initial conditions are close
to the isotropic one, in the following form:

Hi(t) = Ho(t)+¢hi(t) + O(e?), (34)
de(t) = dok(t) +epr(t) + O(e?), (35)
Pr(t) = Yor(t) +exk(t) + O(?), (36)
pm(t) = pmo(t) +€pm(t) + O(e?), (37)

wherei=1,2,3and k=1,...,N.
Having analyzed the solutions of the system of equations for the corrections we obtained
that the following result is valid.

Theorem 1
o0

Let Hy(t) be a smooth function bounded at all finite values of time and | Ho(7)dr be bounded

from below, in other words, this integral is equal to either a finite nm?%ber or plus infinity.
Functions hy(t), ho(t), hs(t), pm(t), and ¢k (t), which are solutions of the linearized system of
equations, are bounded if and only if isotropic solutions, namely, solutions, which satisfy the
condition hy(t) = ha(t) = hs(t), are bounded.



Note that Theorem 1 connects the stability properties of the FRW and Bianchi I metrics
not only for solutions which tend to a fixed point, but also for solutions which tend to infinity
at ¢ — oo.

6 Two-field cosmological models

Let’s consider two-field cosmological models. Two-field models with the crossing of the cosmo-
logical constant barrier wpgr = —1 are known as quintom models and include one phantom
scalar field and one ordinary scalar field. Quintom models are being actively studied at present
time [61, 48]. We'll consider not not only quintom models, but also models with arbitrary
nonzero constants before the kinetic terms.

The action for these models looks as follows
S = /d4x\/_ — | =¢"0,00,¢ + Q g" 9,£0,6 —V(9,€) (38)
167TG 2 wry H>Y

where the potential V (¢, ) is a twice continuously differentiable function, which can include the
cosmological constant A, Gy is the Newtonian gravitational constant (87Gy = 1 /MJ%, where
Mp is the Planck mass,), ¢ and £ are either scalar or phantom scalar fields in dependence on
signs of constants C and Cs.

The Einstein equations have the following form:

Cy

1

3H? — 50 = 81Gyo. (39)
. 1
2H + 3H? + 502 = — 81GNp. (40)
. . 1 oV
= = —3HY — —— 41
b=v, - o (41)
. 1 8V
= = —3H(— —— 42
where o o
=5 @+ FE+V(4,6), (43)
C - Csy -
=5 @+ SE-V(©6.9). (44)
For f3; and o2 we obtain the following equations
d oy _ 2
yr (c?) = —6Ho". (46)
We assume that the fields ¢ and £ tend to finite limits at ¢ — +oo.
Summing equations (39) and (40) we obtain the following system
H = —3H*+8rGNV(9,8),
oo 1oV
= —3HY — ——
V= LA (47)
= 10V
e LOV
¢= —3H¢ o, 0



System (47) has a fixed point yr = (Hy, ¢f,v0¢, &5, (r) if and only if

G =0, (49)
Vi = 0, (50)
W= 651)
# = V() (52)

where V{ = 3¢ (¢, &) and V{ = G (o5, &)

All fixed points yy correspond to ¢y = 0 and ¢y = 0. We denote the fixed point y; =
(H¢, dp,5,0,0) as yp = (Hy, ¢5,7%¢). To analyse the stability of y; we study the stability
of this fixed point for the corresponding linearized system of equations and use the Lyapunov
theorem.

Having analyzed the solutions of the linearized system we came to the conclusion that the
stability conditions for the fixed point and the solution that tends to it are

Vv Vv VAVl v 2

&€ [ €7 oo 23
H:>0 ==+ —= >0 > . 53
=0 et 7Y e T ac (53)

We obtained that the NEC is not necessary here again.
If we introduce CDM the into our model then the result will be the same.

7 Examples of isotropic stable solutions in the SFT inspired
models

As the examples of application of the results obtained by us let’s consider some String Field
Theory inspired cosmological models with stable exact solutions.

In the examples we use a dimensionless parameter mg ~ Mg = 1/(87Gy). The coefficient
of proportionality arises when we construct effective cosmological models from the original SFT
action (see [60, 30, 36] for details). For convenience, we write the Einstein equations for the

SFT inspired cosmological models in the following form:

_ 3 5 1 [Cy?
o= st ‘@(T‘W*A)’
¢ = v, (54)
. 1 ,
vo= —3Hy - FV5(9).
We also have o
3moH? — §¢2 — V() = A. (55)

7.1 Model with a kink solution and the sixth degree potential

An exact solution to the Friedmann equations with a string inspired phantom scalar matter
field has been constructed in [60] (see also [46]). The notable features of the model are a
phantom sign of the kinetic term (C' = —1) and a special polynomial form of the effective

tachyon potential:
1

12m

(1-¢%)"+ ¢ (3—¢)°. (56)

N =

Vi(¢) = 5

Note that this potential has been used in the string gas cosmology [8].



System (54) has the following exact kink-type solution [60]:

1 1
$o(t) = tanh(t),  Hy(t) = a2 tanh(t) <1 -3 tanh(t)2> . (57)
Let us analyse the stability of this solution. At ¢t — oo solution (57) tends to a fixed point,

1
Hf = — =1. 58
£ = 2 O (58)
It is easy to see that
1

(1) = ') =2(2-—|.

=0 vim=2(2- ) (59)

Using (33), we obtain that solution (57) is attractive in the Bianchi I metric at m% < 1/2. Note
that this solution is stable with respect to small fluctuations of the initial value of the CDM
energy density as well.

In [60] we have showed that the first corrections ¢(t) and h(t) satisfy the following system:

% (1 - tanh(t)2)gb,
P
. (3 — 4m2 + 4(m? — 1) tanh(¢)* + tanh(t)*) tanh(¢)
L . gmg (1 — tanh()?) v (60)
(3 — tanh(¢)?) tanh(t)
1 — tanh(t)2 ’

and have the following explicit form:

o(t) = 2m>C4 (1 — tanh(t)*) +

h =

[ S S S S
J(t) + (cosh(2t) — 1)(cosh(t)) m 6(27”%(“5}‘(2““))
cosh(2t) + 1 ’

4m2CsJ (1
h(t) = Cy (1 — tanh(t)?)” — m

2
+ 2m12002

where C; and Cy are arbitrary constants,

1

t —
J(t) = / sinh (7) (cosh(7)) ! 7/™5 (2 (2m2 — 1) cosh(7)? — 1) e F =07 dr.,
0

It is easy to see that if 7 > 1/2 then at Cy # 0 the function ¢(t) tends to infinity as t — oo
and, therefore, solution (57) is not stable. At m2 = 1/2 we obtain from (61) that
h(t) = (tanh(t)2 — 1)2 (Cl — CQJQ) ,
1
@(t) = — (tanh(t)* — 1) (C1 — Cap) — 5Ce™ WO /2,

where Jy = fge* tanh(7)*/2 tanh(7)dr. Thus, ¢(t) and h(t) are bounded functions at m2 =1/2.
The functions h; have the form

_ tanh? (t)

~ m2
hit) = h(t) + Cie . % (1 — tann?(t))/ ™) (62)
where C; are real constants, i = 1,2, 3, which satisfy the following relation:
C1+ Cy +C3 =0. (63)

We conclude that exact solutions obtained in [60] are stable in the Bianchi I metric at
m2 < 1/2 and unstable at m2 > 1/2. The case of m2 = 1/2 needs a more detailed analysis.
The first corrections are bounded.



7.2 Model with a lump solution

In the previous subsection kink solutions were considered. In this subsection we consider the
stability of a lump solution in the model [30] which is motivated by a description of D-brane
decay within the string field theory framework. We take the one-field cosmological model with

the potential
Ao —1)*(2 + 3¢)

V(g) =2(1—¢)¢* — 64
(6) =201 - 9)o o (64)
and C' = —1. The Friedmann equations (54) have the following exact solution [30]:
¢o = sech?(t), (65)
2(3 + 2 cosh(t)?) tanh?(t)
Hy = . 66
0 15m2 cosh(t)? (66)
At t — oo solution (7.2) tends to a fixed point:
4
= =0. 67
I TBm o (67)
It is easy to see that
2
V;(0) =0, Vi(0) =4 (1 - m) . (68)

Using (33), we obtain that solution (7.2) is attractive in the Bianchi I metric at m2 < 2/5.
In [30] the authors consider a model without the CDM, at the same time, the results of Section
2 show that solution (7.2) is stable with respect to small fluctuations of the initial value of the
CDM energy density as well.

Let us perturb the Friedmann equations in the standard way,

H = Ho(t) + €h(t), ¢ = do(t) + ep(t). (69)

To first order in € we have the following system of equations:

h+ % sech?(t) tanh?(t)¢ = 0,
LQ <§(4 + cosh(2t)) sech?(t) tanh®(t)h + (6 sech?(t) — 4 sechQ(t))go) - (70)

4(2 h?(1))?
_ X +;>5SGC2 )" (tanb (£) — 2 tanh®(£))p + 2sech?(¢) tanh(£) = 0.
m
p

System (70) has the following solutions:

1
~ 2sinh(t) cosh?(t)

—4+30m127) ( 2cosh2(t)—3
(&

(502777,}27 cosh(t)( smp 1omy COSh4(t)) — 2C cosh?(t) —

¥

1
— 20, / Tg(t)(—wm; cosh’(t) + 1Om}27 cosh®(t) + 8 cosh?(t) — 6 — 4 cosh®(t) 4 2 cosh?(¢)) x
sin

—4+5m§ ) ( 2cosh2(t)73
€

x cosh(t) °mb 1omy COSh4(t)) (cosh?(t) — mg)dt + 201> ,

(*44’5771% ( 2cosh2(t)73 )
B 16(cosh(2t) — 1) (C Lo / cosh(t) ®mp e\ 10mpeoshi(t) y
~ cosh(6t) + 6cosh(4t) + 15 cosh(2t) + 10\ 2 sinh3(t)

9



X [—15771]2J cosh?(t) + 10m123 cosh®(t) 4+ 8 cosh?(t) — 6 — 4 cosh®(t) + 2 cosh4(t)]dt) .

Using (66) we get
4 sinh(t)2(3+cosh(t)2)

hi = h+ Cjcosh(t) "m3e 10mpeosh®T (71)

where C; are arbitrary real constants which satisfy (63).
It is easy to verify that h(t) and h;(t) are bounded functions for any values of the parameters.

Taking into account that

2cosh?(t) — 3

lim exp % =1, (72)
t—>00 10m2 cosh™(t)

we obtain that ¢ is bounded at mIQJ < 2/5 and unbounded at m% > 2/5. The stability in the
case of mg = 2/5 cannot be analysed without using high order corrections.

8 Conclusion

We have analysed the stability of isotropic solutions for the models with NEC violation in the
Bianchi I metric.

In our papers for the one-field and two-field models with the CDM we used the Lyapunov
theorem and found sufficient conditions for stability of kink-type and lump-type solutions both
in the FRW metric and in the Bianchi I metric. The obtained results allow us to prove that the
exact solutions, found in string inspired phantom models [60, 30], are stable.

We found the explicit form of the connection between hy(t), ho(t), and hs(t), which define
metric perturbations in the Bianchi I metric, and hg, which defines perturbations in the FRW
metric. We have proved that fluctuations for the fields and the CDM energy density in both
metric are the same. In particular, for Hy > 0 the boundedness of hg is a sufficient and necessary
condition for the boundedness of hi(t), ha(t), and hs(t).

Our study of the stability of isotropic solutions for the models with NEC violation in the
Bianchi I metric shows that the NEC is not a necessary condition for classical stability of
isotropic solutions. In these papers we have shown that the models [30, 36, 60] have stable
isotropic solutions and that large anisotropy does not appear in these models.

I would like to thank I. Ya. Arefeva and S. Yu. Vernov for fruitful discussions related to
this work.

This research is supported in part by RFBR grant 08-01-00798.
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