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Yang-Mills-Higgs Theory
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BPS monOpdles

Bogomolny equations: ) =o. B,= D, ®
BPS monopole mass: Homotopy group
« Long-range scalar field &~ 1/r

* No net interaction between the BPS monopoles
« Analytical solution of the BPS eguations:

K = singhg; H = &cothé — 1

Magnetic charge of a monopole is
a topological number & : §2 — §2




Self-dual monopoles vs non-self dual monopoles

BPS monopoles:.

« In the limit »=0 the energy becomes:
_ 3 1 2 1
E ="Tr fd X {Z(c‘:iijij i DZCI)) —+ §8iijijDk(I)}
« The first order Bogomol'nyi equations By = =D ® vyield absolute minimum:

M = 4mg

No net interaction between the BPS monopoles: the electromagnetic repulsion is
compensated by the long-range scalar interaction.

Non self-dual monopoles:
* They are solutions of the second order Yang-Mills equations:
w even if g=0 (deformations of the topologically trivial sector)

«. The constituents are non BPS monopoles and/or vortices in a static equilibrium;
separation is relatively small, there are no long-range forces




Rational map monopoles

There is a transformation of a monopole into a rational map from the
Riemanian sphere to inself :

R(z) = 43 = ote

— b(z)  z"+bizl4-4by, 0 Z = T1 +1T2

Construction of the rational maps monopoles :

« Represent BPS equation in spherical coordinates r, <,z
“Impose a complex gauge & = —iA, = U '9,U, A, =U"10,U, A;=0

= Construct the monopoles using

o (|R*-1 2R
U"’GXP{1+|R|2( 2R 1—|R?




R = 1/z: one spherically symmetric monopole centered at the origin ;

R(Z) = z;ﬁgt‘fﬁb : two monopoles
| 2

: p)
R(Z) — V3271 . Tetrahedral monopoles (degree 3 map)

~ 2(22—iV3)

4 : 2
— 2 +2z\/§z +1 . Octahedral monopoles (degree 4 ma
R(z) ey poles (deg P)




Numerical Téchniquel

« Energy minimization approach (static solutions in 2d
and in 3d) — supercomputers and grid systems

« Solution of system of PDE’s obtained by imposing
some symmetry conditions , boundary problem in in 2d
and in 3d : Newton -Raphson iterative procedure
(FIDISOL/CADSOL package ); boundary problem in dil
(COLSYS package)

« Gradient flow method

« Dynamics of the solitons : (pseudo ) spectral
methods , symplectic methods .




Non-BPS aXialIy symmetric monopoles

MA pair: magnetic dipole

7 () :
Adzt = (5tdr + (1 — K3)df) £ —nsinf

(n,m) (n,m)

d=92T =" | H = — + HyTe—

Magnetic charge :
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‘Monopole-antimonopole chains
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Effective electromagnetic interaction

't Hooft tensor:  F,, = {@FW — %@DM@DV@}
The electric and magnetic (topological) currents:

OLF,, = 4Amje; OH*F = 49

The magnetic field if generated by the magnetic cha  rges and electric currents

j& = g = 0; 47rj = 02A, +5sin0 Gp———70p A,

r2 sin @




Effective electromagnetic interaction

't Hooft tensor:  F,, = { ®F,, — %@DM@DV@

The electric and magnetic (topological) currents:

M Fu =4mjst;  OF*Fp, = 4mjies

v

The magnetic field if generated by the magnetic cha  rges and electric currents

j =3 =0,  4njg¢ =02A, +sinf Op—z—50sA,

T ® r2 sin 0

9 " . m=4, n=1 configuration: U(1) current density at A=0
m=4, n=1 configuration: charge density at A=0




Skyrmioné

Skyrme field U e SU(2); R, = (0, U)U1

3 m?2 F2
L= [ d% {5 Te(R.R") — g Te([Ro, RIRS BY)) + ™55 Te(1- 1))
Nonlinear pion theory: U = ¢g + ioy, - Pr, D3+ P2 =
Baryon charge is identified with the topological number
B = ﬁ fdgal'&:ijk TI'(RZRJR]{;) Homotopy group
Spherically symmetric skyrmion U =exp{if(r)ir-o}

N1 = (sin 6 cos ¢, sin O sin ¢, cos 6)

Boundary conditions:

f(r),with f(0) =7k,and f (e0) =0.
The approximation: f (r) =4arctan[exp(r)]




Skyrmion’s interaction

There is no self-dual skyrmions :

A single Skyrmion is approximated by a triplet of orthogonal dipoles
Field equations: Oy, (R’“ =F %[R", [R,,R“]]) =0
Asymptotically O — ci’;:;f I 0(7“_3); do — 1

The dipole -dipole interaction energy

Attractive channel: R | @i

There are 6 zero modes of the B=1 Skyrmion :
3 translations + 3 rotations

Translations: U — iU~2 (8,U)UTU2 ([ d®x ’I‘r(&;Uaz-UT)_%

Rotations . U — AQUA@R)T
rigid body approximation




Axially symmetric multiSkyrmions

Trigonometric parametrisation

@ —gin fsingn®; ¢ = sin f cos g; n® = (cos ny, sin nyp
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‘Rational map Skyrmions

Stereographic projection:

z = tan(0/2)e"? = ﬁ(z + 2%, i(2" —2), 1—|2[°)

U=explif(rhr-0}  fp=gps(R+ R, i(R* ~R), 1-|R[*)

The holomorphic map of degree B: R =a(z)/b(z)

2% 14244/32% 41 L, S, S |
R(Z) T 2492432241 R(Z) - 2TH4T25-T72z%241

(Octahedral Skyrmions ) (Icosahedral Skyrmions )
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Shell vs. Crystal

Shell wins for m > 0.16




Skyrmion-antiSkyrmion chains

¢* =sin fsingn®; ¢3 =sinfcosg; ¢* = cos f;

or f(0)=7n, f(0)=0
Q = —%n COS(’I’)’LH) = %n []. — (—].)m] arg(o) — O, g(oo) = msT

6=0
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Skyrmion-antiSkyrmion chains: mass term

L=—[dz{Z Te(R,R*) — -1 Tx([R,, RJ[R*, R¥]) + ™xFx Tr(1 — U

n=1 chains exist for m > 0.10
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Skyrmions and instantons

Skyrme field can be generated from the holonomy of a Yang-Mills
instanton

U(x) = Pexp { ofo Ayg(x, w4)dw4} Ux) : R® —S5U(2)

Baryon charge is equal to the Pontryagin charge:

B = g3 [ dzesj Te(RiR;Ry) <= N = —qg5 Tr [ d*aF,, F»

« Remarkable approximation to the exact solution of
the Skyrme model (about 1%)

“ Sakal-Sugimoto conjecture about a
correspondence between Yang -Mills -Chern -
Simons instantons on a curved four -manifold and
an extended Skyrme model ( Skyrme field and an
infinite tower of massive vector mesons)




Summary and Outlook

«Thereiscertain smilarity between the
monopoles and the Skyrmions.

« Rational maps approach works both for BPS
monopolesand for Skyrmions.

« Axially-symmetric sphaleron solutions
representing chains of solitonsin alternating
order exist in both models.

*Non-trival holonomy and Skyrmion-anti-
Skyrmion chains?

« Skyrmed monopoles and rational maps?

« Gauged Skyrmions?



