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YangYang--MillsMills--HiggsHiggs TheoryTheory

´́t t HooftHooft --PolyakovPolyakov staticstatic sphericallyspherically symmetricsymmetric solutionsolution
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LongLong--rangerange scalarscalar fieldfield F ~ 1/r

No No netnet interactioninteraction betweenbetween thethe BPS BPS monopolesmonopoles
AnalyticalAnalytical solutionsolution of of thethe BPS  BPS  equationsequations::

Sir M. Sir M. AtiyahAtiyah , R. Ward  (1977),, R. Ward  (1977),
P. P. ForgacsForgacs et alet al (1981), (1981), 
W. Nahm (1982), W. Nahm (1982), 
P. P. SutcliffeSutcliffe (1996) (1996) and and otherother

KKKKKKKK ======== ξξξξξξξξ

ssssssssiiiiiiiinnnnnnnnhhhhhhhh ξξξξξξξξ ;;;;;;;; HHHHHHHH ======== ξξξξξξξξ ccccccccooooooootttttttthhhhhhhh ξξξξξξξξ −−−−−−−− 11111111

MagneticMagnetic chargecharge of a of a monopolemonopole isis
a a topologicaltopological numbernumber

λλ =0,=0, Bk= Dk F

BPS monopolesBPS monopoles

BogomolnyBogomolny equations:equations:

BPS BPS monopolemonopole massmass:: M = 4ph/ M = 4ph/ ee

ΦΦΦΦΦΦΦΦ :::::::: SSSSSSSS22222222 →→→→→→→→ SSSSSSSS22222222

HomotopyHomotopy groupgroup ππππππππ22222222((((((((SSSSSSSS
22222222))))))))



SelfSelf--dual monopoles dual monopoles vsvs nonnon--self dual monopolesself dual monopoles

In the limit h=0 the energy becomes:  

The first order Bogomol'nyi equations                         yield absolute minimum:

No net interaction between the BPS monopoles: the electromagnetic repulsion is 
compensated by the long-range scalar interaction. 

BPS BPS monopolesmonopoles::

Non Non selfself--dualdual monopolesmonopoles::

They are solutions of the second order Yang-Mills equations:  

even if g=0 (deformations of the topologically trivial sector)

The constituents are non BPS monopoles and/or vortices in a static equilibrium;   
separation is relatively small, there are no long-range forces 
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Rational map monopolesRational map monopoles

ThereThere isis a a transformationtransformation of a of a monopolemonopole intointo a rational a rational mapmap fromfrom thethe
RiemanianRiemanian sphere to sphere to inselfinself :  :  R: SR: S22 ## SS2   2   (P. (P. SutcliffeSutcliffe , , N.MantonN.Manton et al)et al)

Construction of Construction of thethe rational rational mapsmaps monopolesmonopoles : : 
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Represent BPS equation in spherical coordinates Represent BPS equation in spherical coordinates 

Impose a complex gauge Impose a complex gauge 

Construct the monopoles usingConstruct the monopoles using
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R = 1/z:R = 1/z: oneone sphericallyspherically symmetricsymmetric monopolemonopole centeredcentered at at thethe originorigin ;;
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Numerical Technique Numerical Technique 

EnergyEnergy minimizationminimization approachapproach ((staticstatic solutionssolutions in 2d in 2d 
and in 3d) and in 3d) –– supercomputerssupercomputers and and gridgrid systemssystems

Solution of  Solution of  systemsystem of of PDEPDE’’ss obtained by imposing obtained by imposing 
some symmetry conditionssome symmetry conditions , , boundaryboundary problemproblem in in in 2d in 2d 
and in 3dand in 3d : : NewtonNewton --RaphsonRaphson iterative iterative procedureprocedure
(FIDISOL/CADSOL (FIDISOL/CADSOL packagepackage ); ); boundaryboundary problemproblem in d1 in d1 
(COLSYS (COLSYS packagepackage ))

Gradient Gradient flowflow methodmethod

DynamicsDynamics of of thethe solitonssolitons : (: (pseudopseudo ) ) spectralspectral
methodsmethods , , symplecticsymplectic methodsmethods . . 



MA pair: MA pair: magneticmagnetic dipoledipole
(Taubes, Nahm, R(Taubes, Nahm, R üüber, ber, 
Kleihaus,KunzKleihaus,Kunz & & ShnirShnir ))

NonNon--BPS axially symmetric monopolesBPS axially symmetric monopoles

MagneticMagnetic chargecharge ::
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MonopoleMonopole--antimonopoleantimonopole chainschains



Effective electromagnetic interactionEffective electromagnetic interaction
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The electric and magnetic (topological) currents:

∂∂∂∂µµµµFFFFµµµµνννν ==== 4444ππππjjjj
eeeellll
νννν ;;;; ∂∂∂∂µµµµ∗∗∗∗FFFFµµµµνννν ==== 4444ππππjjjj

mmmmaaaagggg
νννν
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Effective electromagnetic interactionEffective electromagnetic interaction
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The electric and magnetic (topological) currents:
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The magnetic field if generated by the magnetic cha rges and electric currents
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SkyrmionsSkyrmions

Nonlinear pion theory: UUUUUUUU ======== φφφφφφφφ00000000 ++++++++ iiiiiiiiσσσσσσσσkkkkkkkk ········ φφφφφφφφkkkkkkkk ,,,,,,,, φφφφφφφφ2222222200000000 ++++++++ φφφφφφφφ22222222kkkkkkkk ======== 11111111

BaryonBaryon chargecharge isis identifiedidentified withwith thethe topologicaltopological numbernumber UUUUUUUU :::::::: SSSSSSSS33333333 →→→→→→→→ SSSSSSSS33333333

B= 1:B= 1: SphericallySpherically symmetricsymmetric skyrmionskyrmion

]arctan[exp4)(  :ionapproximat The

.0)( and ,)0( with ,)(

(r)rf

fkfrf

=
=∞= π

LLLLLLLL ======== −−−−−−−−
∫∫∫∫∫∫∫∫
dddddddd33333333xxxxxxxx

{{{{{{{{
FFFFFFFF 22222222
ππππππππ

1111111166666666 TTTTTTTTrrrrrrrr((((((((RRRRRRRRµµµµµµµµRRRRRRRR
µµµµµµµµ)))))))) −−−−−−−− 11111111

3333333322222222eeeeeeee22222222 TTTTTTTTrrrrrrrr(((((((([[[[[[[[RRRRRRRRµµµµµµµµ ,,,,,,,, RRRRRRRRνννννννν ]]]]]]]][[[[[[[[RRRRRRRR
µµµµµµµµ ,,,,,,,, RRRRRRRRνννννννν ]]]]]]]])))))))) ++++++++

mmmmmmmm22222222
ππππππππFFFFFFFF

22222222
ππππππππ

88888888 TTTTTTTTrrrrrrrr((((((((11111111 −−−−−−−− UUUUUUUU ))))))))
}}}}}}}}

Boundary conditions:Boundary conditions:

SkyrmeSkyrme field field UUUUUUUU ∈∈∈∈∈∈∈∈ SSSSSSSSUUUUUUUU((((((((22222222))))))));;;;;;;; RRRRRRRRµµµµµµµµ ======== ((((((((∂∂∂∂∂∂∂∂µµµµµµµµUUUUUUUU ))))))))UUUUUUUU
−−−−−−−−11111111

BBBBBBBB ======== 11111111
2222222244444444ππππππππ22222222

∫∫∫∫∫∫∫∫
dddddddd33333333xxxxxxxxεεεεεεεεiiiiiiiijjjjjjjjkkkkkkkk TTTTTTTTrrrrrrrr((((((((RRRRRRRRiiiiiiiiRRRRRRRRjjjjjjjjRRRRRRRRkkkkkkkk))))))))

UUUUUUUU ======== eeeeeeeexxxxxxxxpppppppp {{{{{{{{iiiiiiiiffffffff ((((((((rrrrrrrr)))))))) ˆ̂̂̂̂̂̂̂nnnnnnnn ········ σσσσσσσσ}}}}}}}}

ˆ̂̂̂̂̂̂̂nnnnnnnn ======== ((((((((ssssssssiiiiiiiinnnnnnnn θθθθθθθθ ccccccccoooooooossssssss ϕϕϕϕϕϕϕϕ,,,,,,,, ssssssssiiiiiiiinnnnnnnn θθθθθθθθ ssssssssiiiiiiiinnnnnnnn ϕϕϕϕϕϕϕϕ,,,,,,,, ccccccccoooooooossssssss θθθθθθθθ))))))))

HomotopyHomotopy groupgroup ππππππππ33333333((((((((SSSSSSSS
33333333))))))))



SkyrmionSkyrmion’’ss interactioninteraction

ThereThere isis no no selfself --dualdual skyrmionsskyrmions : : EE íí B B 

Field equations:Field equations:

AsymptoticallyAsymptotically

A single A single SkyrmionSkyrmion is approximated by a triplet of orthogonal dipolesis approximated by a triplet of orthogonal dipoles

The dipoleThe dipole --dipole interaction energydipole interaction energy
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There are 6 zero modes of the B=1 There are 6 zero modes of the B=1 SkyrmionSkyrmion ::
3 translations + 3 rotations3 translations + 3 rotations

Attractive channel: Attractive channel: 

Translations:Translations:

Rotations (Adkins, Nappi & Witten (1983)) ;  
rigid body approximation
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Axially symmetric Axially symmetric multiSkyrmionsmultiSkyrmions
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Rational map Rational map SkyrmionsSkyrmions
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(N. S. (N. S. Manton,C.HoughtonManton,C.Houghton andand P. P. SutcliffeSutcliffe ))
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(Octahedral (Octahedral SkyrmionsSkyrmions )) ((IcosahedralIcosahedral SkyrmionsSkyrmions ))



R. A. R. A. BattyeBattye , N. S. Manton,, N. S. Manton,
C.HoughtonC.Houghton
andand P. P. SutcliffeSutcliffe (1996,2004)(1996,2004)

Shell vs. CrystalShell vs. CrystalShell vs. CrystalShell vs. Crystal

Shell wins for m c c c c 0.16



SkyrmionSkyrmion--antiSkyrmionantiSkyrmion chainschains

(P. (P. SutcliffeSutcliffe , , S.KruschS.Krusch , , Y.ShnirY.Shnir , , T.TchrakianT.Tchrakian ))
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chains)on antiSkyrmi-(Skyrmion     ,(cos,(4 )≡) θθφ rfr

chains) (MAM  |),(| 2θrΦ



SkyrmionSkyrmion--antiSkyrmionantiSkyrmion chains: mass termchains: mass term
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n=1 chains exist for m c c c c 0.10



SkyrmionsSkyrmions and and instantonsinstantons

Skyrme field can be generated from the holonomy of a Yang-Mills

instanton (M. (M. AtiyahAtiyah & & N.MantonN.Manton (1989),  P. (1989),  P. SutcliffeSutcliffe (2010)(2010)

U(x) : R3 �→ SU(2)UUUU ((((xxxx)))) ==== PPPP eeeexxxxpppp

{{{{
∞∞∞∞∫∫∫∫
−−−−∞∞∞∞

AAAA4444((((xxxx,,,, xxxx4444))))ddddxxxx4444

}}}}

BaryonBaryon chargecharge isis equalequal to to thethe PontryaginPontryagin chargecharge::

BBBB ==== 1111
22224444ππππ2222

∫∫∫∫
dddd3333xxxxεεεεiiiijjjjkkkk TTTTrrrr((((RRRRiiiiRRRRjjjjRRRRkkkk))))⇐⇐⇐⇐⇒⇒⇒⇒ NNNN ==== −−−− 1111

11116666ππππ2222
TTTTrrrr
∫∫∫∫
dddd4444xxxxFFFFµµµµνννν ˜̃̃̃FFFF µµµµνννν

Remarkable approximation to the exact solution of             Remarkable approximation to the exact solution of             
the  the  SkyrmeSkyrme model (about 1%)model (about 1%)
SakaiSakai --Sugimoto conjecture about a   Sugimoto conjecture about a   
correspondence between Yangcorrespondence between Yang --MillsMills --ChernChern --
Simons Simons instantonsinstantons on a curved fouron a curved four --manifold and  manifold and  
an extended an extended SkyrmeSkyrme model (model ( SkyrmeSkyrme field and anfield and an
infinite tower of massive vector mesons)infinite tower of massive vector mesons)



There is certain similarity between the 
monopoles  and  the Skyrmions.

Rational maps approach works both for BPS 
monopoles and  for Skyrmions.

Axially-symmetric sphaleron solutions 
representing chains of  solitons in alternating 
order exist in both models.

Non-trival holonomy and Skyrmion-anti-
Skyrmion chains?

Skyrmed monopoles and rational maps?   
Gauged Skyrmions?

Summary and OutlookSummary and Outlook


