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Motivation

String theory

Contains massive as well as massless
HS fields

some symmetries are broken

Nonlinear theory of massless HS
fields
[Vasiliev ’90]

Contains an infinite tower of massless
HS fields

unbroken HS symmetries

unfolded formalism

Is there any relation between these two theories?

Spontaneous breakdown mechanism for HS symmetries gives rise to a
theory of massive HS fields.
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Introduction. Massive spin-s fields

Equations of motions

(∂n∂n + m2)φa1a2...as = 0,

∂nφna3...as = 0,

φn
na3...as = 0.

[Dirac ’36]

These EOM can be derived for s > 1 from a Lagrangian without
introducing new degrees of freedom by adding auxiliary fields that are
expressed in terms of (derivatives of) the dynamical fields by virtue of
equations of motion.
[Fierz and Pauli ’39]
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Introduction. Massive spin-s field

Metric-like formulations

Generalize metric formulation of gravity

gµν → φa1a2...as , auxiliary fields

[Singh and Hagen ’74]

[Zinoviev ’01]

Frame-like formulations

Generalize Cartan formulation of gravity

hµ
a, ωµ

a,b → ωµ
a1a2...as−1 , ωµ

a1a2...as−1,b, auxiliary fields

[Zinoviev ’08]
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Introduction. Unfolded dynamics approach

Rα(x)
def
= dW α(x) + Gα(W (x)), (1)

Gα(W β)
def
=

∞∑
n=1

f α
β1...βn

W β1 . . .W βn ,

Gβ(W )
δLGα(W )

δW β
≡ 0 , (2)

where W α are differential forms, α enumerates various forms, Rα are
generalized curvatures.

Rα(x) = 0. (3)

Gauge transformations

δW α = dεα − εβ
δLGα(W )

δW β
. (4)
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Introduction. Background gravitational field

Background Minkowski or (A)dS geometry

T a ≡ ha + ωa,
b ∧ hb = 0,

Ra,b ≡ dωa,b + ωa,
c ∧ ωc,b − λ2ha ∧ hb = 0

with λ2 > 0 for AdS , λ2 < 0 for dS and λ2 = 0 for Minkowski space.
ha — background vielbein,
ωa,b — background connection.

D.S. Ponomarev (LPI) Unfolded Formulation for Massive HS Fields QUARKS 2010 7 / 16



Unfolding of massless HS fields

Unfolded EOM for massless field of spin-s in (A)dS and Minkowski spaces
[Lopatin and Vasiliev ’88].
Fields

W a1...as−1,b1...bl , 1-forms: l
s − 1

, 0 ≤ l ≤ s − 1,

C a1...ak ,b1...bs , 0-forms: s
k

, k ≥ s.

Traceless 2-row Young diagrams

Young symmetry condition: W (a1...ak ,b1)b2...bl = 0,

tracelessness: W a1...ak ,c
c
b3...bl = · · · = 0,

k ≥ l .
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Unfolding of massless HS fields

Equations of motion

R l
s−1

2 = DW l
s−1

+ σ2
−(h)W l+1

s−1

+ σ2
+(h)W l−1

s−1

,

R s−1
s−1

2 = DW s−1
s−1

+ σ2
+(h)W s−2

s−1

+ κ12
−−(h)C s

s

,

R s
k

1 = DC s
k

+ σ1
−(h)C s

k+1

+ σ1
+(h)C s

k−1

.

Example

σ2
−(h)W a1...as−1,b1...bl+1 = F (s − 1, l + 1)hmW a1...as−1,b1...blm.
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Combining massless fields to obtain a massive field

“×” denote 1-forms and “◦” denote 0-forms.
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Unfolding of massive HS fields

Unfolded EOM for massive field of spin-s in (A)dS and Minkowski spaces
[D.P. and Vasiliev ’10].
Fields

W a1...ak ,b1...bl , 1-forms: l
k

, k ≤ s − 1, l ≤ k,

C a1...ak ,b1...bl , 0-forms: l
k

, l ≤ s, k ≥ l .
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Unfolding of massive HS fields

Equations

R2 = dW + σ(1)(h)W + κ(h)C ,

R1 = dC + σ(0)(h)C + αW .

Gauge transformations

δW = dξ + σ(1)(h)ξ, δC = −αξ.

Example

αW a1...ak ,b1...bl = α(k, l)W a1...ak ,b1...bl ,

κ12
−−(h)C a1...ak ,b1...bk = A(k, k)hchdC a1...ak−1

c,
b1...bk−1

d .
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Unfolding of massive HS fields

Compatibility conditions
ασ(1) = σ(0)α,

ακ = D2 + (σ(0))
2,

κα = D2 + (σ(1))
2,

σ(1)κ = κσ(0).

Field redefinition ambiguities

W = β(1)W̃ , C = β(0)C̃ , W = W̃ + σ̃C .
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Action

Gauge invariance:

δξR = 0, ⇒ δξS = 0 for S = f (R).

The extra field decoupling condition

δS

δW a(k),b(l)
≡ 0, l ≥ 2,

δS

δC a(q),b(r)
≡ 0, q ≥ 2,

The massless decomposition condition.
Decomposition of kinetic term.
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Action

The scalar product

〈ψa1...ak ,b1...bl

{p} |φa1...ak ,b1...bl

{q} 〉 =

=

∫
εl1...ld e

l5
0 . . . e

ld
0 ψ{p}

l1a2...ak ,l2b2...blφ{q}
l3

a2...ak
,l4

b2...bl
.

Final action
S =

∑
〈R2|R2〉 −

∑
〈R1|κR1〉.

D.S. Ponomarev (LPI) Unfolded Formulation for Massive HS Fields QUARKS 2010 15 / 16



Conclusion

We found the explicit form of (Stueckelberg) gauge invariant
linearized curvatures for symmetric massive HS fields in d-dimensional
Minkowski and (A)dS space.

In terms of these curvatures we constructed the manifestly gauge
invariant action as well as full unfolded field equations for free
symmetric massive HS fields.

Good starting point for investigation of unfolded equations for general
massive mixed symmetry fields.

Nice background for establishment of Nonlinear massive HS theory.
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