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I Generalized Toda system

qtt = −∇qU, U =
∑
α∈π

exp(2α(q)), q(t) =
∑
α∈π

hαq
α(t)

I Lax pair

Lt = [A,L]

A = −
∑
α∈π

(
eadqeα − e− adqfα

)
, L = qt +

∑
α∈π

(
eadqeα + e− adqfα

)
I The classical Yang–Baxter equation

{L(ζ) ⊗, L(ξ)} = [r(ζ/ξ), L(ζ)⊗I+I⊗L(ξ)], r(x) : C× → G⊗G

[r12(ζ12), r13(ζ13)] + [r12(ζ12), r23(ζ23)] + [r13(ζ13), r23(ζ23)] = 0

ζij = ζi/ζj , r12 = r ⊗ I, r23 = I ⊗ r, . . .
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I Quantization
R(ζ) : C× → U~(G)⊗ U~(G)

R(ζ) ≡ R(ζ, ~) = ρ(ζ, ~) (I + ~ r(ζ) + . . .)

I Let R ∈ A⊗A such that

∆op(a) = R∆(a)R−1

for all a ∈ A. Suppose A is quasitriangular

∆⊗ id(R) = R13R23, id⊗∆(R) = R13R12.

Then R is the universal R-matrix . It satisfies the QYBE

R12R13R23 = R23R13R12

I Representation

R(ζ1, ζ2) := ϕζ1 ⊗ ϕζ2(R)

R12(ζ12)R13(ζ13)R23(ζ23) = R23(ζ23)R13(ζ13)R12(ζ12)

R12(ζ12) ∈ End(V1 ⊗ V2 ⊗ id3), R23(ζ23) ∈ End(id3 ⊗ V2 ⊗ V3), . . .
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L-operators

I Defining
L̂(ζ12) = χζ1 ⊗ ϕζ2(R), χζ : A → C,

we obtain an element L̂(ζ) called an L-operator and satisfying

R̂(ζ12)(L̂(ζ1)× L̂(ζ2)) = (L̂(ζ2)× L̂(ζ1))R̂(ζ12)

Here R̂ = RP with P (v1 ⊗ v2) = v2 ⊗ v1.

I Another type of L-operators

Ľ(ζ12) = ϕζ1 ⊗ ψζ2(R), ψζ : A → D

and the corresponding relations

Ř(ζ12)(Ľ(ζ1)× Ľ(ζ2)) = (Ľ(ζ2)× Ľ(ζ1))Ř(ζ12)

Now Ř = PR, and note that Ř 6= R̂.
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Traces of monodromy-type matrices

I Transfer matrix
· · ·

ξ1 ξ2 ξn

V1 V2 Vn

V0 ζr
T (ζ; ξ1, ξ2, . . . , ξn|α) = trϕ0 (R01(ζ/ξ1)R02(ζ/ξ2) · · ·R0n(ζ/ξn)τα)

Here R0i(ζ/ξi) acts on V0⊗ V1⊗ . . .⊗ Vn and the trace is over V0.

[T (ζ; ξ1, . . . , ξn), T (ζ ′; ξ1, . . . , ξn)] = 0

Z(ζ1, . . . , ζm|ξ1, . . . , ξn) = tr (T (ζ1; ξ1, . . . , ξn) · · ·T (ζm; ξ1, . . . , ξn))

I Baxter’s Q-matrix

Q(ζ; ξ1, . . . , ξn|β) = trχ,ψ (L(ζ/ξ1)× . . .× L(ζ/ξn)κβ)

[T (ζ; ξ), Q(ζ ′; ξ)] = 0, [Q(ζ; ξ), Q(ζ ′; ξ)] = 0

T (ζ; ξ)Q(ζ; ξ) = A(ζ/ξ)Q(q−2ζ; ξ) +B(ζ/ξ)Q(q2ζ; ξ)
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• An important observation:

R ∈ B+ ⊗ B− ⊂ A⊗A

with B+ spanned by ei, hi, and B− by fi, hi. Here A is U~(g′(A))

[hi, hj ] = 0,

[hi, ej ] = aij ej , [hi, fj ] = −aij fj ,

[ei, fj ] = δij
qhi − q−hi
qdi − q−di

,

1−aij∑
k=0

(−1)k
[
1− aij
k

]
qdi

(ei)1−aij−kej(ei)k = 0, &{ei ↔ fi}

• We have a Hopf algebra with comultiplication (q = e~)

∆(hi) = hi ⊗ 1 + 1⊗ hi,
∆(ei) = ei ⊗ 1 + q−dihi ⊗ ei, ∆(fi) = fi ⊗ qdihi + 1⊗ fi
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The prescription for untwisted affine Lie algebras

I The system ∆+(A) is supplied with a normal order
(i) all multiple roots follow each other in an arbitrary order;
(ii) each nonsimple root α+ β, where α is not proportional to β, is to

be placed between α and β.

• We also add that for any root γ ∈ ∆+(A)

γ +mδ ≺ kδ ≺ (δ − γ) + `δ

I Constructing the root vectors corresponding to the positive roots
of g(A(1)) from the root vectors corresponding to the simple
positive roots eα0 = eδ−θ and eαi

I The universal R-matrix according to Khoroshkin and Tolstoy

R = R≺δR∼δR�δ K
with K given by the expression

K = exp
(

~
r∑

i,j=1

(bij hαi ⊗ hαj )
)
, b a = Ir
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I The 1st factor

R≺δ =
y∏
m≥0

expq−(γ,γ)

(
(q − q−1) s−1

m, γ eγ+mδ ⊗ fγ+mδ
)
,

where

[eγ+mδ, fγ+mδ] = sm, γ
qhγ+mδ − q−hγ+mδ

q − q−1

and hγ+mδ =
∑
i kihi if γ +mδ =

∑
i kiαi.

I The 2nd factor

R∼δ = exp
(

(q − q−1)
∑
m>0

r∑
i,j=1

um, ij emδ, αi ⊗ fmδ, αj
)
,

where

[eαi+mδ, enδ,αj ] = tn,ij eαi+(m+n)δ, um tm = Ir

I The 3rd factor

R�δ =
y∏
m≥0

expq−(γ,γ)

(
(q − q−1) s−1

m, δ−γ e(δ−γ)+mδ ⊗ f(δ−γ)+mδ
)
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I The universal R-matrix belongs to U~(b′+(A(1)))⊗ U~(b′−(A(1))).
We define ϕζ , ζ ∈ C×, by the relations

ϕζ(hαi) = ϕ(hαi),

ϕζ(eαi) = ζsiϕ(eαi), ϕζ(fαi) = ζ−siϕ(fαi),

where si ∈ Z and ϕ = π ◦ ε, with ε being a homomorphism of
U~(g′(A(1))) to U~(g(A)), and π – a representation of U~(g(A)).

I For L-operators of type L̂ we take χζ : U~(b′+(A(1)))→ C, and for
L-operators of type Ľ we take ψζ : U~(b′−(A(1)))→ D.

I Here, for the unital associative algebras C and D we take the
tensor product of q-deformed oscillator algebras, each defined by
the generators ai, a

†
i and Di, i = 1, . . . , r, with the relations

[Di, ai] = −ai, [Di, a
†
i ] = a†i ,

aia
†
i = 1− q2q2Di , a†iai = 1− q2Di
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I Here, for the unital associative algebras C and D we take the
tensor product of q-deformed oscillator algebras, each defined by
the generators ai, a

†
i and Di, i = 1, . . . , r, with the relations

[Di, ai] = −ai, [Di, a
†
i ] = a†i ,

aia
†
i = 1− q2q2Di , a†iai = 1− q2Di
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• Of special interest

A
(1)
2 =

 2 −1 −1
−1 2 −1
−1 −1 2

 d dd
%
% e

e

α0

α1 α2

δ=α0+α1+α2

Taking π = π(1,0) we come to the R-matrix

R(ζ) = q2/3eλ3(q
2ζs)−λ3(q

−2ζs)
[
E11 ⊗ E11 + E22 ⊗ E22 + E33 ⊗ E33

+
q−1(1− ζs)
1− q−2ζs

(E11⊗E22+E11⊗E33+E22⊗E11+E22⊗E33+E33⊗E11

+E33⊗E22)+
1− q−2

1− q−2ζs
(ζs1E12⊗E21+ζs1+s2E13⊗E31+ζs2E23⊗E32

+ ζs−s1E21 ⊗ E12 + ζs−s1−s2E31 ⊗ E13 + ζs−s2E32 ⊗ E23)
]
,

where

λ3(ζ) =
∑
m∈Z+

1
q2m + 1 + q−2m

ζm

m
=
∑
m∈Z+

1
[3]qm

ζm

m
,

λ3(q2ζ) + λ3(ζ) + λ3(q−2ζ) = − log(1− ζ)
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I Gauge invariance:

R(s,s1,s2)(ζ12) = [G(ζ1)⊗G(ζ2)]R(1,0,0)(ζs12)[G(ζ1)⊗G(ζ2)]−1,

where

G(ζ) =

 1 0 0
0 ζ−s1 0
0 0 ζ−s1−s2



I The transfer matrices of inhomogeneous vertex models related to
R-matrices with different choices of s, s1 and s2 are connected by
a similarity transformation and a change of the spectral
parameters. The corresponding partition functions in the case of
the toroidal boundary conditions are connected by a change of
the spectral parameters.
Analogously, the Q-operators obtained from L-operators
corresponding to different values of s, s1 and s1 are connected by
a change of the spectral parameters and a similarity
transformation.
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L-operators of type L̂

• Choosing the evaluation map

χζ(hδ−α−β) = −D1 −D2, χζ(hα) = 2D1 −D2, χζ(hβ) = −D1 + 2D2,

χζ(eδ−α−β) =
1

q − q−1
a1 a2 q

−D1−2D2 ζs−s1−s2 ,

χζ(eα) =
1

q − q−1
a†1 ζ

s1 , χζ(eβ) =
1

q − q−1
qD1a†2 ζ

s2 ,

we come to the L-operator (s = 1, s1 = s2 = 0 for brevity)

L̂(ζ) = eλ3(q
−2ζ)

 qD1 q−2a1 q
−D1−D2 ζ a1a2 q

−D1−3D2 ζ

a†1 q
D1 q−D1+D2 − q−2 qD1−D2ζ −a2 q

D1−3D2 ζ

0 a†2 q
D2 q−D2
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• The evaluation map

χζ(hδ−α−β) = −D1 −D2, χζ(hα) = 2D1 −D2, χζ(hβ) = −D1 + 2D2,

χζ(eδ−α−β) = − 1
q − q−1

a1a2 q
−D1ζs−s1−s2 ,

χζ(eα) =
1

q − q−1
a†1 ζ

s1 , χζ(eβ) =
1

q − q−1
q−D1a†2 ζ

s2

leads to the L-operator (s = 1, s1 = s2 = 0 for brevity)

L̂(ζ) =
e−λ3(q

2ζ)

1− ζ

 qD1 − q−2q−D1ζ −a1 q
−3D1+D2 ζ −a1a2 q

−D1−D2 ζ

a†1 q
D1 q−D1+D2 a2 q

D1−D2 ζ

q−1a†1a
†
2 a†2 q

−2D1+D2 q−D2 − qD2ζ


X Gauge invariance

L̂(s,s1,s2)(ζ12) = γζ1(G(ζ2)L̂(1,0,0)(ζs12)G−1(ζ2)),

where γζ , ζ ∈ C×, is given by

γζ(ai) = aiζ
−si , γζ(a

†
i ) = a†i ζ

si , γζ(Di) = Di, i = 1, 2.
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L-operators of type Ľ

• Here we work with the mapping ψζ given by

ψζ(hδ−α−β) = −D1 −D2, ψζ(hα) = 2D1 −D2, ψζ(hβ) = −D1 + 2D2,

ψζ(fδ−α−β) =
1

q − q−1
q−D1−2D2a†1a

†
2 ζ
−s+s1+s2 ,

ψζ(fα) =
1

q − q−1
a1ζ
−s1 , ψζ(fβ) =

1
q − q−1

a2 q
D1ζ−s2 .

This leads to the L-operator (again s = 1, s1 = s2 = 0)

Ľ(ζ) = eλ3(q
−2ζ)

 qD1 a1 q
−D1+D2 0

q−2 a†1 q
D1−2D2 ζ q−D1+D2 − q−2qD1−D2ζ a2 q

D1−D2

q−3 a†1a
†
2 q
−2D2 ζ −q−2 a†2 q

−D2 ζ q−D2



Kh. S. Nirov Integrable systems and the universal R-matrix



Classical and quantum integrable systems
The universal R-matrix and L-operators

The Yang–Baxter equation and functional relations
Khoroshkin–Tolstoy construction

• While choosing the evaluation map

ψζ(hδ−α−β) = −D1 −D2, ψζ(hα) = 2D1 −D2, ψζ(hβ) = −D1 + 2D2,

ψζ(fδ−α−β) = − 1
q − q−1

q−D1 a†1 a
†
2 ζ
−s+s1+s2 ,

ψζ(fα) =
1

q − q−1
a1 ζ

−s1 , ψζ(fβ) =
1

q − q−1
a2 q

−D1ζ−s2 ,

we obtain one more L-operator (here s = 1, s1 = s2 = 0)

Ľ(ζ) =
e−λ3(q

2ζ)

1− ζ

 qD1 − q−2q−D1ζ a1 q
−D1+D2 a1a2 q

−D1−D2

−q−2 a†1 q
−D1 ζ q−D1+D2 a2 q

−D1−D2

−q−1 a†1a
†
2 ζ a†2 q

D2 ζ q−D2 − qD2ζ


X Gauge invariance

Ľ(s,s1,s2)(ζ12) = G(ζ1)γζ2(Ľ(1,0,0)(ζs12))G−1(ζ1)
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