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SAdS(Φ)

Φ = φ scalar

φA vector

φAB tensor

φA1...As arbitrary spin

fields in AdS space
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AdSd+1

ds2 = R2

z2 (dxadxa + dzdz)

xa boundary flat coordinates

z radial coordinate

R = 1

bulk so(d, 1) −→ boundary so(d− 1, 1)
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δSAdS

δΦ
= 0

Φ(x, z) ∼ z∆Φcur(x)

Φ(x, z) ∼ z−∆Φsh(x)

∆ =
d

2
+

√
m2 + (s +

d− 4

2
)2

∆Φsh
= d−∆
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m 6= 0

Φcur(x) anomalous currents

Φsh(x) anomalous shadow fields
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SAdS(Φ) ≡ Seff(Φsh)

〈Φcur(x1) . . .Φcur(xn)〉

=
δnSeff

δΦsh(x1) . . . δΦsh(xn)
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CFT

φSYM fields of boundary conformal theory, e.g. SYM

S(φSYM)

Φcur = Φcur(φSYM)

V =
∫

ddx Φsh(x)Φcur(x)

e−Scft =
∫

DφSYMe−S(φSYM)+V
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AdS/CFT

Seff(Φsh)
?
= Scft(Φsh)

0-



Goal

Find

Seff(Φsh)

for massive arbitrary spin fields

by using AdS
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scalar

S =
∫

ddxdzL

L =
1

2

√
g(gµν∂µΦ∂νΦ + m2Φ2)

Φ = z
d−1
2 φ
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scalar

L =
1

2
|∂aφ|2 +

1

2
|Tνφ|2

Tν ≡ ∂z +
ν

z

ν =

√√√√√m2 +
d2

4
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scalar

Solution to Dirichlet problem


¤ + ∂2

z −
ν2

z2


 φ = 0

φ(x, z) z→0−→ z
−ν+1

2 φsh(x)

φ(x, z) z→∞−→ 0
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scalar

Solution to Dirichlet problem

φ(x, z) =
∫

ddy Gν(x− y, z)φsh(y)

Gν(x, z) =
zν+1

2

(z2 + |x|2)ν+d
2
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scalar

Seff =
∫

ddxLeff |z→0

Leff = φTνφ

Tν ≡ ∂z +
ν

z
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scalar

Effective action

Seff =
∫

ddx1ddx2 Γ12

Γ12 =
φsh(x1)φsh(x2)

|x12|2ν+d

|x12|2 = (x1 − x2)
a(x1 − x2)

a
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massive spin-1

Field content: φA, φ

L = −1

4
FABFAB

+
1

2
(mφA + ∂Aφ)2

FAB = DAφB −DBφA

δφA = ∂Aξ , δφ = −mξ
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massive spin-1

bulk boundary
so(d, 1) −→ so(d− 1, 1)

φA −→ φa ⊕ φz

φ −→ φ

tower of so(d-1,1) fields

φa

φz φ
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massive spin-1

standard Lorentz gauge

DAφA + mφ = 0

leads to coupled equations

(¤ + ∂2
z −

m2
1

z2
)φa + ∂aφz = 0

(¤ + ∂2
z −

m2
2

z2
)φz + mφ = 0

(¤ + ∂2
z −

m2
3

z2
)φ + φz = 0
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massive spin-1

Modified Lorentz gauge

DAφA + mφ +
2

R
φz = 0

RRM, 2009

gives

Decoupled equations
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massive spin-1

φ1 = v11φ
z + v12φ

φ−1 = v21φ
z + v22φ

Orthogonal transformation
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massive spin-1

Decoupled equations

(¤ + ∂2
z −

ν0
2

z2
)φa = 0

(¤ + ∂2
z −

ν1
2

z2
)φ1 = 0

(¤ + ∂2
z −

ν−1
2

z2
)φ−1 = 0

ν0 =

√
m2 + (d−2)2

4

ν1 = ν0 + 1 , ν−1 = ν0 − 1

0-



massive spin-1

Solution to Dirichlet problem

φa(x, z) =
∫

ddyGν0
(x− y, z) φa

sh
(y)

φ1(x, z) =
∫

ddyGν1
(x− y, z) φsh,−1(y)

φ−1(x, z) =
∫

ddyGν−1
(x− y, z) φsh,1(y)

Gν(x, z) ≡ zν+1/2

(z2 + |x|2)ν+d
2
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massive spin-1

Conformal dimensions

∆(φa
sh) =

d

2
− ν0

∆(φsh,1) =
d

2
− ν0+1

∆(φsh,−1) =
d

2
− ν0−1
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massive spin-1

Seff =
∫

ddxLeff |z→0

Leff = φaTν0φ
a + φ1Tν1φ1 + φ−1Tν−1

φ−1

Tν = ∂z +
ν

z
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massive spin-1

Effective action

Seff =
∫

ddx1ddx2Γ12
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Γ12 =
φa

sh
(x1)φ

a
sh
(x2)

|x12|2ν0+d

+
φsh,1(x1)φsh,1(x2)

|x12|2ν−1+d

+
φsh,−1(x1)φsh,−1(x2)

|x12|2ν1+d

ν0 =

√
m2 + (d−2)2

4

ν1 = ν0 + 1 , ν−1 = ν0 − 1
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Gauge symmetries

of

effective action

and differential constraints

for

shadow field
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Modified Lorentz gauge for bulk AdS fields

DAφA + mφ + 2φz = 0

leads to

differential constraint for shadow fields

∂aφa
sh

+ φsh,1 + ¤φsh,−1 = 0
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Gauge symmetry of differential constraint

δφa
sh

= ∂aξsh

δφsh,1 = ¤ξsh

δφsh,−1 = ξsh

φsh,−1 Goldstone field
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Modified Lorentz gauge for bulk AdS fields

DAφA + mφ + 2φz = 0

has left-over gauge symmetry

δφA = ∂Aξ , δφ = −mξ

(¤ + ∂2
z −

ν0
2

z2
)ξ = 0

ξ(x, z) =
∫

ddyGν0
(x− y, z) ξa

sh
(y)
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Use of gauge conditions

for shadow fields

may be useful for various

applications

Light-cone gauge may be useful

in AdS superstring theory
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Light-cone frame

xa = x+, x−, xi , i = 1, . . . d− 2

x± = xd−1 ± x0

φa = φ+ , φ− , φi

φ+
sh

= 0 light-cone gauge

Solution to differential constraint

φ−
sh

= − ∂j

∂−
φj

sh
− 1

∂−
φsh,1 −

¤
∂−

φsh,−1
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Light-cone gauge fixed Seff

S
light−cone
eff =

∫
ddx1ddx2 Γ

light−cone
12
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Γlight−cone
12 =

φi
sh
(x1)φ

i
sh
(x2)

|x12|2ν0+d

+
φsh,1(x1)φsh,1(x2)

|x12|2ν−1+d

+
φsh,−1(x1)φsh,−1(x2)

|x12|2ν1+d

φi
sh , φsh,1 , φsh,−1 unconstrained fields
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massive spin-2

Field content

so(d,1) fields

ΦAB , ΦA , Φ

Use gauge invariant approach

L = ΦAB¤AdSΦ
AB + ΦA¤AdSΦ

A + Φ¤AdSΦ + . . .

δΦAB = DAξB + DBξA + . . .

δΦA = DAξ + . . .

δΦ = ...
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massive spin-2

modified de Donder gauge

DBΦAB − 1

2
DAΦCC + mΦA

+2ΦzA − ηzAΦCC = 0

DAΦA + mΦ + ΦAA

+2Φz = 0

leads to decoupled equations

0-



so(d, 1) so(d− 1, 1)

ΦAB = Φab ⊕Φza ⊕Φzz

ΦA = Φa ⊕Φz

Φ = Φ

tower of so(d− 1,1) tensor,vector, scalar fields

Φab

Φza Φa

Φzz Φz Φ
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φab ≡ Φab + ηab(Φzz + Φz + Φ) ,




φa
1

φa
−1


 = V2×2




Φza

Φa







φ2

φ0

φ−2




= V3×3




Φzz

Φz

Φ




Orthogonal transformations
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φab

φa
−1

φa
1

φ−2 φ0 φ2

Decoupled equations

(¤ + ∂2
z −

ν2
λ

z2)φab
λ = 0 , λ = 0

(¤ + ∂2
z −

ν2
λ

z2)φa
λ = 0 , λ = ±1

(¤ + ∂2
z −

ν2
λ

z2)φλ = 0 , λ = 0,±2

νλ =

√
m2 + d2

4 + λ
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Seff =
∫

ddxLeff |z→0

Leff = φabTν0
φab

+ φa
−1
Tν−1φ

a
−1

+ φa
1
Tν1

φa
1

+ φ−2Tν−2
φ + φ0Tν0φ0 + φ2Tν2φ2

Tν = ∂z +
ν

z

νλ =

√
m2 + d2

4 + λ
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massive spin-2

Solution to Dirichlet problem

φab(x, z) =
∫

ddyGν0
(x− y, z) φab

sh
(y)

φa
λ(x, z) =

∫
ddyGνλ(x− y, z) φa

sh,−λ
(y)

φλ(x, z) =
∫

ddyGνλ(x− y, z) φsh,−λ(y)

Gν(x, z) ≡ zν+1/2

(z2 + |x|2)ν+d
2
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massive spin-2

Effective action

Seff =
∫

ddx1ddx2 Γ12

Γ12 =
φab

sh
(x1)φ

ab
sh
(x2)

|x12|2ν0+d

+
∑

λ=±1

φa
sh,λ

(x1)φ
a
sh,λ

(x2)

|x12|2ν−λ+d

+
∑

λ=0,±2

φsh,λ(x1)φsh,λ(x2)

|x12|2ν−λ+d
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1)

Modified de Donder gauge for bulk AdS fields

leads

differential constraints for shadow fields

2)

On-shell left-over gauge symmetries

of bulk AdS fields

lead

to gauge symmetries of shadow fields
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Arbitrary spin-s AdS field

Field content : so(d, 1) tensor fields

ΦA1...As

ΦA1...As−1

ΦA1...As−2

. . . . . .

. . . . . .

ΦA1A2

ΦA1

Φ

Zinoviev 2001
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Impose modified de Donder gauge

DAΦAA2...As − 1

2
DA2ΦAAA3...As

+mΦA2...As−1

+ 2ΦzA2...As − ηzA2ΦAAA3...As = 0

Decompose so(d, 1) −→ so(d− 1, 1)

ΦA1...As = Φa1...as

Φa1...as−1

. . . . . .

Φa1a2

Φa1

Φ
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φ
a1...as′
λ

s′ = 0, 1, 2, . . . s− 1, s

λ = −s′,−s′+ 2,−s′+ 4, . . . , s′ − 4, s′ − 2, s′
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so(d− 1,1) tensor fields

φ(s′,λ) ∼ φλ
a1...as′

φ(s,0)

φ(s−1,−1) φ(s−1,1)

. . . . . . . . .

φ(1,1−s) φ(1,3−s) . . . φ(1,s−3) φ(1,s−1)

φ(0,−s) φ(0,2−s) . . . φ(0,s−2) φ(0,s)
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arbitrary spin-s

Decoupled equations

(¤ + ∂2
z −

ν2
λ

z2)φ
a1...as′
λ = 0

νλ =

√
m2 + (s +

d− 4

2
)2 + λ

φ
a1...as′
λ (x, z) =

∫
ddyGνλ(x− y, z)φ

a1...as′
sh,−λ (y)
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Seff =
∫

dxd
1dxd

2 Γ12

Γ12 =
∑

s′,λ
Γ(s′,λ)

12

Γ(s′,λ)
12 =

φ
a1...as′
sh,λ φ

a1...as′
sh,λ

|x12|2ν−λ+d
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Light-cone gauge

SLC
eff =

∫
dxd

1dxd
2 ΓLC

12

ΓLC
12 =

∑

s′,λ
Γ(s′,λ)LC

12

Γ(s′,λ)LC
12 =

φ
i1...is′
sh,λ φ

i1...is′
sh,λ

|x12|2ν−λ+d

applications to superstring theory in AdS5 × S5 ???
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“technical” problem with standard cov. gauges,
Lorentz, de Donder

1) Coupled equations

2) For spin 2, 3, 4, .....

solutions are expressible

in terms of Heyn functions

Little is known about Heun functions

asymptotic behavior ???

recurrent relations ???
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Spin-1 conformal current
Standard approach

T a − conformal current

∂aTa = 0

Conformal dimension

∆ = d− 1
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Spin-1 conformal current. Gauge
inv. approach

φa
cur

φcur

Ta = φa
cur + ∂aφcur

∂aT a = 0

∂aφa
cur + ¤φcur = 0

δφa
cur

= ∂aξ

δφcur = −ξ

Conformal dimensions

∆(T a) = d− 1
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T a = φa
cur

+ ∂aφcur

∆(φa
cur) = d− 1

∆(φcur) = d− 2
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φa(x, z) = Uν1 φa
cur

(x)

φ(x, z) = Uν0 φcur(x)

Uν ≡
√

zJν(z
√

¤)

Bessel
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modified Lorentz gauge

DAφA + 2φ = 0

leads to differential constraint for currents

DAφA + 2φ

= Uν1(∂
aφa

cur + ¤φcur)
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Spin-2 conformal current
(energy-momentum tensor)

Standard approach

Tab − spin 2 conformal current

∂aTab = 0

Taa = 0

Conformal dimension

∆ = d
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Spin-2 current. Gauge inv.
approach

Fields Conf.dim

φab
cur d

φa
cur d− 1

φcur d− 2
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Spin 2. Currents.
Differential constraints

∂bφab
cur

+ ∂aφbb
cur

+ ¤φa
cur

= 0

∂aφa
cur

+ φaa
cur

+ ¤φcur = 0

φa
cur

, φcur can be gauged away

∂bφab
cur

= 0

φaa
cur

= 0
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Spin 2. Currents.
Gauge transformations

δφab
cur

= ∂aξb
cur

+ ∂bξa
cur

+ ηab¤ξcur

δφa
cur

= ∂aξcur + ξa
cur

δφcur = ξcur

φa
cur

, φcur Stueckelberg fields
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summary of our study of AdS/CFT

1) Bulk fields are taken in modified de-Donder gauge

2) Modified de Donder gauge leads to decoupled

equations of motion with on-shell leftover gauge

symmetries

3) normalizable solutions → currents

non-normalizable solutions → shadows

Our currents and shadows

correspond to

bulk AdS fields taken

in modified de Donder gauge
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4) leftover gauge symmetries

of bulk fields correspond to gauge

symmetries of boundary currents

and shadow fields,

5) Modified de Donder gauge for bulk fields

corresponds to differential constraints

for boundary conformal currents and shadows
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5)

AdS field action

(Effective action)

evaluated on the solution to

Dirichlet problem

is equal to

two-point vertex of shadow field
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Conclusions

1) Gauge invariant approach to
currents and shadows
give possibility to choice

various gauges which might
be helpful in applications

Standard currents are obtained
via Stueckelberg gauge fixing.

But others gauges
might also be interesting
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2)

modified de Donder gauge leads to decoupled equa-
tions

and might be helpful for study

AdS/CFT

AdS/QCD

quantization of higher-spin
AdS fields
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3)

3-point 4-point gauge invariant

vertices of CFT from interacting

theory of massive higher-spin fields

string theory in AdS5 × S5 ???
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