
QUARKS-10

SymplecticinvariantsofQuantumRiemannsurfaces(andmatrixmodels)

LeonidChekhov

•Asymptoticmethodsofconstructingthegenusexpansioninmatrixmodels

•Theβ-eigenvaluemodel:perturbativeapproach;themasterloopequaiton

•Theβ-modelandRiccatiequation:Quantumsurfacesasanonperturbative

approach

•“Quantum”algebraicgeometry:holomorphicdifferentials,A-andB-cycles,sym-

metricforms

•Higher-ordercorrectionsforcorrelationfunctionsandsymplecticinvariantsFg
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’tHooftideaof1/Nexpansion.IntheMatrixintegral

∫

N×N
DHe−NtrV(H)

=e
∑

∞
g=0N2−2gFg

:=Z
(N)
1MM

(

{tk}
)

,V(x)=
p∑

k=1

1

k
tkx

k

contributionsofdifferentgenusenterwithdifferentpowersofN.(Theorderisthe

Eulercharacteristicofthecorrespondingtriangulatedsurface.)

Theasymptoticdistributionofeigenvaluesρ(x)=Imy(x)spansingeneralninter-

vals(multigapsolutions)andisy(x)=M(x)ỹ(x)whereM(x)isapolynomialand

ỹdefinesthespectralcurve—ahyperellipticRiemannsurfaceỹ2=
∏

2n
j=1(x−µj)

x

Imy

s1s2

µ1
•µ2

•µ3
•µ4

•

F0–satisfiesequationsoftheWhitham–KricheverhierarchyANDWDVVw.r.t.

si:=
∮

Aiydxandtk[L.Ch.,A.Marshakov,A.Mironov,D.Vassiliev]’03

2



Asymptotic(N→∞)methodsforsolvingmatrixintegrals

Wedefinetheone-pointresolventtobea1-differential

W1(λ)=~

〈

N∑

i=1

1

λ−xi

〉

dλ,~=t0/N,

(

W1(λ)=
∂

∂V(λ)
F
)

andthet-pointresolvents(t≥2)tobesymmetrict-differentials

Wt(λ1,...,λt)=~
2−t

〈

tr
1

λ1−H
···tr

1

λt−H

〉

conn

dλ1···dλt
(

Wt=
∂

∂V(λ1)
···

∂

∂V(λt)
F
)

(“conn"meanstheconnectedpartofacorrelationfunction).AlltheW’shavethe

genusexpansionsWt(λ1,...,λt)=
∑

∞
h=0~2hW(h)

t(λ1,...,λt)

WeintroducespacesΩt(Σ)of(meromorphic)symmetricdifferentials(singularities

atbranchpointsonly)

∂

∂V(λ)
:Ωt7→Ωt+1,H•:Ωt+17→Ωt.
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•Loopequationexpressesinvarianceunderthechangeofintegrationvariables

δxi=ε
1

xi−xandisexact:

W
2
1(x)−V′(x)W1(x)+

〈

tr
V′(x)−V′(H)

x−H

〉

+~
2
W2(x,x)=0.

Disregardingthecorrectionterm,forW
(0)
1(x)=y(x)+V′(x)/2weobtainalgebraic

equationdeterminingthespectralcurve:

y
2
(x)=

1

4
V′(x)2+Pn−1(x)≡U(x)

The“flat”variablestk,siare:tk=res∞x−ky(x),k≥0;si=
∮

Aiy(x)dx.

∂y(x)dx

∂si
=ωi—canonicalholomorphicdifferential,

∮

Ai
ωj=δi,j.

∂y(x)dx

∂tk
=vk—Whitham–Krichevermeromorphicdifferential,

res∞x−pv
k=δk,p,k,p=0,1,...,

∮

Ai
vk≡0.
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1-,2-and3-pointcorrelationfunctions

ForPandQpointonthespectralcurve,B(P,Q)istheBergmannbi-differential

symmetricinP↔Q,canonicallynormalized,
∮

AiB(·,Q)=0,andsuchthat

B(P,Q)
∣

∣

∣

P→Q
=

(

1

(ξ(P)−ξ(Q))2+O(1)

)

dξ(P)dξ(Q),

withnoothersingularities.ȳdenotesthepointonthesecondsheetofthehyper-

ellipticcurve.Then

dxdz

(x−z)2=B(x,z)+B(x,z̄);
∂

∂V(x)
y(z)=−

1

2
(B(x,z)−B(x,z̄))

andso
∂

∂V(x)
W

(0)
1(y)=W

(0)
2(x,y)=B(x,ȳ).
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∂

∂V(x)
W

(0)
2(y,z)=W

(0)
3(x,y,z)=

∮

CD

B(x,ξ)B(y,ξ)B(z̄,ξ)

dy(ξ)dξ

=
∮

CD

dEξ,ξ̄(x)B(y,ξ)B(z̄,ξ)

(y(ξ)−y(ξ̄))dξ
.

Actionof∂/∂V(x):

∂

∂V(x)yz
=

y

z

x

•ξ
∂

∂V(x)•
yz

=••

x

y
ξz

=B(y,z),
yz

=dEz,z̄(y),
yz

•=
∮

CD
dξ

y(ξ)−y(ξ̄)

Asubgraphofgreenarrowedpropagatorsindicatestheorderoftakingresidues:

frombranchestotheroot.

6



Iterativesolutionoftheloopequation(inthegraphicform):

W
(h)
n+1(x0,J)

x1

...

x0

...

xn

=

W
(h

−
1
)

n
+

2
(ξ
,ξ
,J

)

x1

...

x0

...

xn

+
∑

′
r,I

W
(r)
|I|+1(ξ,I)

W
(h−r)
n−|I|+1(ξ,J/I)

I

x0

J/I

W
(h)
n(J)comprisesallthediagramsnexternallegsandhloopswiththecorre-

spondingautomorphismfactors(ifany)suchthat

•wesegregateonevariable,say,x1,andtakeallthemaximumconnected

rootedsubtreesstartingatthevertexx1andnotgoingtoanyotherexternalleg;

thedirectedpropagatorsdEz,z̄(y)areassociatedwitharrowedpropagators;this

subtreeestablishespartialorderingonthesetofvertices;

•allotherpropagators:hinnerpropagatorsandn−1remainingexternallegs

areB(x,y)iftheverticesxandyaredistinctandB(x,x̄)forthetadpoles;only

comparableverticescanbejointbyB(x,y)(avertexiscomparabletoitself).
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SymplecticinvariantsFh[L.Ch.,B.Eynard,N.Orantin]

Theaboverecurrentrelationontheresolventsreads

W
(h)
n+1(x0,J)=

∑

i

res
ξ→µi

dEξ,ξ(x0)

2(y(ξ)−y(ξ))dξ





W
(h−1)
n+2(ξ,ξ,J)+

′∑

s,I⊆J
W

(s)
|I|+1(ξ,I)W

(h−s)
n−|I|+1(ξ,J/I)





,

thesumrangesonlystablecorrelationfunctionsW
(a)
bwitha≥0,b>0,and

2a+b−2>0.

WeusethenewoperatorH·forinvertingtheloopinsertionoperator:

H·ϕ:=res
∞x

V(x)ϕ(x)−res
∞x̄

V(x)ϕ(x)+t0

∫

∞x̄

∞x

ϕ(x)dx+
g∑

i=1

si

∮

Bi
ϕ(x)dx,
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ActionofH•:

••

H

x
ξy

=•
xy

H

z

x

•
ξ

=0

∂

∂V
◦H•−H•◦

∂

∂V
=Id,thenFh=

1

2h−2
Hx·W

(h)
1(x).

WethenhavethediagrammaticexpressionforFhwithh≥2;forexample

2·F2=2•+2•+1•

•

=B(x,z)dxdz

=
∫

zdξB(x,ξ)dx

=
∑

jres
∣

∣

∣

µj

1
y(x)dx

=
∑

jres
∣

∣

∣

µj

∫

x
y(ξ)dξ

y(x)dx [greenarrowsindicatetheorderoftakingresidues]

xz

xz

HereB(x,z)dxdzisthenormalizedbi-differentialontheRiemannsurfaceΣwith

thedoublepoleasx→z,y(x)dxisthe1-differentialonΣ,whichisahyperelliptic

Riemannsurfaceintheone-matrixmodelcase.
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Sametechniqueworksfor

—findingFhinone-matrixmodelwithhardedges[L.Ch.]’05

—findingFhinthetwo-matrixmodel(hereΣisanarbitraryalgebraiccurve)

[B.Eynard,L.Ch.,N.Orantin]’06
∫

DH1DH2e−Ntr(V1(H1)+V2(H2)+H1H2)

•generalprocedureoffindingFhintheβeigenvaluemodelusingFeynman-like

diagrams[B.Eynard,L.Ch.]’06

∫

N
dxi|∆(x)|

2β
e
−
N√β
t0

∑

N
i=1V(xi)

β=











1/2–orthogonalmatrices
1–Hermitianmatrices
2–symplecticmatrices

,

forarbitraryβandanypotentialforwhichV′isarationalfunction[thisincludes

theAGT-conjecturecase],weknowtheanswerforFg,k,where

F=
∞∑

g,k=0

N
2−2g−k(

√

β−
√

β−1
)
k
Fg,k.
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Perturbativesolutionsoftheβ-eigenvaluemodel[L.Ch.,B.Eynard]’06

•Loopequationexpressesinvarianceunderthechangeofintegrationvariables

δxi=ε
1

xi−xandisexact:

W
2
1(x)−V′(x)W1(x)+

〈

tr
V′(x)−V′(H)

x−H

〉

+
1

N
(
√

β−
√

β−1
)W′

1(x)+
1

N2W2(x,x)=0.

Intheperturbativeapproach,weinterpretthebothlasttwotermsascorrections,

forW
(0)
1(x)=y(x)+V′(x)/2weobtaintheequationofthestandardhyperelliptic

spectralcurvey2(x)=
1
4V′(x)2+Pn−1(x)≡U(x).Thefreeenergytermisexpressed

againthroughthetermsW
(g,k)
1(x)ofone-pointresolventexpansion:

Fg,k=
1

2g+k−2
Hx·W

(g,k)
1(x),

withthespecialexpressionsforF1,0[L.Ch.’02]andF0,2[L.Ch.,B.Eynard’06].
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Feynmandiagramrules

F1,1=

•

+•

+•

+•

+•

+•

•

=B(x,z)dxdz

=
∫

zdξB(x,ξ)dx

=1

=
∮

CDdx
∫

x
xy(ξ)dξ

y(x)dx [greenarrowsindicatetheorderofdoing
∫

CD]

xz

xz

xz

Thecompletelistofverticesisasfollows(blackverticesarethosecontaining

derivativesofy(ξ))
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Theverticeswiththreeadjacentsolidlines

····

{

q
p

r

ξ

k

∼
∮

C
(ξ)
D
dEξ,ξ̄(q)

dξ

2πiy(ξ)

∂k

∂ξk

(

B(r,ξ)B(p,ξ)

)

,k≥0,

{

ξ<r,p;
r,pcanbeexternal

····

{

q
p

r

ξ

k

∼
∮

C
(ξ)
D
dEξ,ξ̄(q)

dξ

2πiy(ξ)

∂k

∂ξkB(r,ξ),k≥0,

{

ξ<r;
rcanbeexternal

q
ξ∼

∮

C
(ξ)
D
dEξ,ξ̄(q)

dξ

2πiy(ξ)
B(ξ,ξ̄).

q
p

r

ξ∼
∮

C
(ξ)
D
dEξ,ξ̄(q)

dξ

2πiy(ξ)
,

{

ξ>r;
qcanbeexternal

q
p

r

ξ∼
∮

C
(ξ)
D
dEξ,ξ̄(q)

dξ

2πiy(ξ)
,

{

ξ>r;
qcanbeexternal

13



Theverticeswithtwoadjacentsolidlines

····

{

q

r

ξ

k

∼
∮

C
(ξ)
D
dEξ,ξ̄(q)

y(k)(ξ)dξ

2πiy(ξ)
B(r,ξ),k≥1,

{

ξ<r;
rcanbeexternal

····

{

q

r
ξ

k

∼
∮

C
(ξ)
D
dEξ,ξ̄(q)

dξ

2πiy(ξ)

∂k+1

∂ξk+1B(r,ξ),k≥0,

{

ξ<r;
rcanbeexternal

····

{

q
r ξ

k

∼
∮

C
(ξ)
D
dEξ,ξ̄(q)

y(k)(ξ)dξ

2πiy(ξ)
,k≥1,qcannotbeexternal.

q
r ξ∼

∮

C
(ξ)
D
dEξ,ξ̄(q)

dξ

2πiy(ξ)
,qcanbeexternal.

Avertexwithoneadjacentsolidline

····

{

q
ξ

k

∼
∮

C
(ξ)
D
dEξ,ξ̄(q)

y(k+1)(ξ)dξ

2πiy(ξ)
,k≥0,qcanbeexternal.
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Quantumsurfaces=nonperturbativesolutionsoftheβ-eigenvalue

model[L.Ch.,B.Eynard,O.Marchal]’09-10

•Recalltheloopequation:

W
2
1(x)−V′(x)W1(x)+

〈

tr
V′(x)−V′(H)

x−H

〉

+
1

N
(
√

β−
√

β−1
)W′

1(x)+
1

N2W2(x,x)=0.

WenowincorporatethetermwithW′
1(x)intotheleadingorder.Thisresultsin

resummationoftheasymptoticseriesforFg,kink.

ForW
(0)
1(x)=y(x)+V′(x)/2weobtainRiccatiequationdeterminingthespectral

curve:

y
2
(x)+~y′(x)=

1

4
V′(x)2+Pn−1(x)≡U(x),whereweidentify~=(

√

β−
√

β−1
)/N.

Solutionisy(x)=~ψ′(x)/ψ(x),whereψ(x)solvestheSchrödingerequation

~
2
ψ′′(x)=U(x)ψ(x).

withV′(x)=2
√

U(x)+.
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•StokesSectorsWechoosethefunctionψα(x)tobeauniquesolutionofthe
Schrödingerequationthatdecreasesattheαthsector

Sk=







Arg(x)∈]−
θ0

d+1
+π

k−
1
2

d+1
,−

θ0
d+1

+π
k+

1
2

d+1
[







•
•••

• •••

• •
• •

• •• •

•
• • •

••
••

••
•

•

isolated

zeros

nozeroconcentration

•WecannotsatisfyasymptoticconditionsW
(0)
1(x)∼t0/x+O(x−2)inalldirections

ifwetakejustonesolutionψ(x),sodefineW
(0)
1(x)sectorwise:

ω(
α
x):=W

(0)
1(

α
x)=~

ψ′α(x)
ψα(x)

+
V′(x)

2
,forx∈Sα.
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•StokesSectorsWechoosethefunctionψα(x)tobeauniquesolutionofthe
Schrödingerequationthatdecreasesattheαthsector

Sk=







Arg(x)∈]−
θ0

d+1
+π

k−
1
2

d+1
,−

θ0
d+1

+π
k+

1
2

d+1
[







•
•••

• •••

• •
• •

• •• •

•
• • •

••
••

••
•

•

nozeroconcentration

ψ0

∞1

∞7
integrationcontourforψ0

pulledfrominfinities

•WecannotsatisfyasymptoticconditionsW
(0)
1(x)∼t0/x+O(x−2)inalldirections

ifwetakejustonesolutionψ(x),sodefineW
(0)
1(x)sectorwise:

ω(
α
x):=W

(0)
1(

α
x)=~

ψ′α(x)
ψα(x)

+
V′(x)

2
,forx∈Sα.
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•ThecontourCDandthesetofA-andB-cycles
∮

CD
f(x)dx≡

∑

α

∫

∞α+1

∞α−1

f(
α
x)dx

TheintegrationcontourCD:
∮

CD—theanalogueofres|∞

ψ0

ψ2

ψ4

ψ6
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ToobtainA-cycles,we“protrude”integrationcontourstomakethemrunning

betweeninfinities“inpairs”:

••
•

•

Ã1

Ã2

Ã3

∮

Ãα
f(x)dx

def
=

∫

∞α̃+

∞α̃−

(

f(
α+
x)−f(

α−
x)
)

dx+
∑

res
s
(α±)

i(α)

f(
α±
x)
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B-cyclesare,asusual,“dual”toA-cycles:

B̃1

B̃2

B̃3

••
•

•

∮

B̃α
f(x)dx

def
=

∫

∞α+

∞α−
(f(

α+
x)−f(

α−
x))dx,
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••
•

•

Ã1

Ã2

Ã3

B̃1

B̃2

B̃3

∞1̃−

∞1̃+
=∞2̃−

∞2̃+
=∞3̃−

∞3̃+

∞1+

∞1−=∞2−

∞2+=∞3+

∞3−

•Fillingfractions

sα=
1

2iπ

∮

Ãα

ω(x)dx
def
=

∫

∞α̃+

∞α̃−

(

ω(
α+
x)−ω(

α−
x)
)

dx,α=1,...,d.

Thedifference

ω(
α+
x)−ω(

α−
x)=

Wronα+,α+

ψα+(x)ψα−(x)
,

decreasesexponentiallyinsectorswherethebothsolutionsψα+andψα−increase.
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Variationsoftheresolventw.r.t.“flat”coordinates

Flatcoordinates:εi=
∮

Aiω(x)dx,tk=
∮

CDω(x)x−kdx,k=0,1,....

WeconsideraninfinitesimalpolynomialvariationU→U+δU.Wehave

~δy′+2yδy=δU;δy(
α
x)=

1

~ψ2
α(x)

∫

x

∞α

ψ
2
α(x′)δU(x′)dx′.

HereδεiU(x)=hi(x),i=1,...,d−1;δtkU(x)=hd+k(x),k=0,1,....Every

hd+k(x)isapolynomialofdegreed+k−1.

Expressions
1

~ψ2
α(x)

∫

x
∞αψ2

α(x′)hs(x′)dx′=vs(
α
x)areanaloguesofholomorphicdiffer-

entialsandWhitham–Krichevermeromorphicdifferentials.Thoseareholomorphic

differentialsifdegreeofhslessorequald−2,otherwisenormalization:

∂tk
∂tp

=δk,p=

∮

CD
vp·x−kdx;0=

∂εi
∂tp

=

∮

Ai

vp(x)dx.
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•Firstkindfunctionsvk(
α
x).Lethk,k=1,...,d−1,beabasisofpolynomialsof

degree≤d−2.Then

vk(
α
x)=

1

~ψ2
α(x)

∫

x

∞α

hk(x′)ψ2
α(x′)dx′

withthesamepolynomialhk(x′)forallthesheetsandsuchthat

Ik,α=

∮

Aα
vk(x)dx=δk,αk,α=1,...,d−1;

vk(
α
x)hasdoublepoleswithnoresidueatthezeroesofψαandbehaveslikeO(1/x2)

insideallthesectorsincludingthesectorSα.

•TheRiemannmatrixofperiods

τα,i
def
=

∮

Bα
vi(x)dx

issymmetric[proofisnotdirect,however...]
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•TherecursionkernelK

K̂(
α
x,z)=

1

~

1

ψ2
α(x)

∫

x

∞α

ψ
2
α(x′)dx′

x′−z

TherecursionkernelK(
α
x,z)reads

K(
α
x,z)=K̂(

α
x,z)−

d−1 ∑

j=1

vj(
α
x)Cj(z),~Cα(z)=

∮

Aα

K̂(x,z),α=1,...,g

forzinthehatcheddomain

••
•

•

Ã1

Ã2

Ã3
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K(
α
x,z)⇒thirdkinddifferentialG(

α
x,
β
z)⇒“quantum”BergmankernelB(

α
x,
β
z)

•K(
α
x,z)hasadiscontinuityalongA-andB-cycles;

•Thirdkinddifferential:kernelG(
α
x,
β
z)

G(
α
x,
β
z)=−~ψ

2
β(z)∂z

K(
α
x,z)

ψ2
β(z)

=2~
ψ′
β(z)

ψβ(z)
K(

α
x,z)−~∂zK(

α
x,z)

isananalogueofdEQ,Q̄(P)andhasnodiscontinuityalongtheB-cyclesandhas

discontinuityacrossAβ-cycles:δzG(
α
x,
β±
z)=∓2iπvβ±(

α
x).

•The“quantum”BergmankernelB(
α
x,
β
z)

B(
α
x,
β
z)=−

1

2
∂zG(

α
x,
β
z).

B(
α
x,
β
z)isananalyticalfunctionofxandzinthewholecomplexplane(nocuts)

withthedoublepolewithzeroresidueatx=zforα=β.

•Moreover,thekernelBsatisfiestheloopequationsinthebothvariables.
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ThepropertiesofB(
α
x,
β
z)

•Foreveryα=1,...,g:
∮

AiB(x,
β
z)dx=0,

∮

AjB(
α
x,z)dz=0;

•
∮

BjB(
α
x,z)dz=2iπvj(

α
x);

•B(
α
x,
β
z)issymmetric,B(

α
x,
β
z)=B(

β
z,
α
x).

CorollaryTheperiodmatrixτk,αissymmetric:τk,α=
∮

Bk
∮

BαB(z,x)dzdx.

Since∂
∂tr

(

~
ψ′α(x)
ψα(x)

)

=vd+r(
α
x),wedefinetheloopinsertionoperator∂

∂V(ξ):=
∑

∞
r=1rξ−r−1∂

∂tr

∂

∂V(ξ)
y(
α
x)=

∞∑

r=1

ξ−r−1
∮

ξ>CD
B(

α
x,z)zrdz,

whichsumsupto
∮

ξ>CDB(
α
x,z)1

ξ−zdzThepointξliesbetweensomeinfinity,say,

∞β,andtheintegrationcontourCD.Pullingthecontourofintegrationthroughξ

toinfinityweobtainzeroduetotheasymptoticconditionsforB(
α
x,z),sotheonly

nonvanishingcontributioncomesfromtheresidueatξ=z,∂
∂V(ξ)y(

α
x)=B(

α
x,
β
ξ).

WeidentifyB(
α
x,
β
z)withthetwo-pointcorrelationfunction.
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•Diagrammaticrepresentationforcorrelationfunctions(solutionsoftheloop

equation)isformallythesameastheoneintheoriginalmatrixmodel

Recurrentrelation:

W
(h)
n+1(x0,J)

x1

...

x0

...

xn

=

W
(h

−
1
)

n
+

2
(ξ
,ξ
,J

)

ξ

x1

...

x0

...

xn

+
∑

′
r,I

W
(r)
|I|+1(ξ,I)

W
(h−r)
n−|I|+1(ξ,J/I)

ξ

I

x0

J/I

=K(
α
x,z)=B(

α
x,
β
z)vertex=

∮

CD

27



SingularbehaviorofF0

Fortheone-andtwo-matrixmodels:

SingF0=
n∑

i=1

1

2
s
2
ilogsi;

∂3F0

∂si∂sj∂sk
=
δi,j,k

si
+reg.

Inthequantumsurfacecase(for~=1),

SingF0=
n∑

i=1

∫

si
logΓ(ξ)dξ;

∂3F0

∂si∂sj∂sk
=δi,j,k

(

logΓ(si)
)

′′
+reg.

Sowehavepolesofthesecondorderatsi=0,−1,−2,...(notthefirst-order

pole1/siasinthematrix-modelcase),butthesamesingularbehavior'
1
2s2
ilogsi

atlargepositivesi.
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•Diagrammaticrepresentationforsymplecticinvariants

Difficulty:todefineβ∂
∂βfor|∆|2βintheintegral.Solution:insteadofone-point

function,weneedtwo-pointfunctions:

~
∂

∂~
W

(h)
n(J)=

∫

CDξ
dξ





∫

ξ

∞
W

(h−1)
n+2(ξ′,ξ,J)dξ′+

h∑

r=0

∑

I⊆J

∫

ξ

∞
W

(r)
|I|+1(ξ′,I)dξ′·W(h−r)

n−|I|+1(ξ,J/I)





,

whereξmustbetakentobean“innermost”variable;because
∫

ξB(ξ′,y)=G(ξ,y),

wereplacealltheappearances

⇒
ξξ′

and

⇒
ξξ′

withnoadditionalfactors.
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•ThetermFh

Forthestablecases(h6=0,1),thetermFhreads:Takealldiagramsdescribing

thestabletermsW
(r)
1(ξ)andW

(h−r)
1(ξ)with1≤r≤h−1andW

(h−1)
2(ξ,ξ),then

(2h−2)Fh=W
(h−1)
2

•
•
ρ

η
−
h−1 ∑

r=1
W

(r)
1 •

ρ
W

(h−r)
1 •

η

∫

ξ

Hereinthefirsttermtheverticesηandρaredistinct(theρvertexisalwaysthe

firstthree-valentvertexintherootedtree)andjointbythepropagatorK(η,ρ).In

thesecondterm,theintegrationoverξsurvives(ρ>CDξ>η)andthesymbol
∫

ξ

indicatesthatwemustinserttheintegration

∫

ρ>CDξ>η
dξ

∫

ξ+δα

∞α
dξ′K(

α

ξ′,ρ)K(
α
ξ,η)

betweentheintegrationsoverthevariablesρandη.
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