Some kinds of matrix models at large N

A.O. Shishanin^{a∗}

aRussian University of Peoples’ Friendship

Abstract One-matrix, Goldstone, two-matrix, multi-matrix, multitrace, Goldstone muititrace matrix models are briefly discussed. Multitrace multi-matrix models are proposed because of they can be investigated.

Matrix models appear in the different branches of science, for example, nuclear physics and economics. It is known from the work of ’t Hooft [1] that the only planar diagrams survive in the large N limit of SU(N) gauge field theory. The zero-dimensional matrix models are important since they count number of planar diagrams for many-dimensional field theories. Note that more famous application of zerodimensional matrix models consists in the use to two-dimensional quantum gravity [2]. In this text for simplicity and without loss of generality we will study the models with ϕ^4 interaction. Let us consider the properties of usual hermitian matrix model ϕ^4 with action

S(Φ) = 1 2 trΦ^2 + g N trΦ^4. (1)

Statistical sum Z and a planar vacuum energy E_0 of matrix model are Z = ∫ dΦe^{−S(Φ)}, (2)

E^0(g) = − lim_{N→∞} 1 N^2 ln Z. (3)

When N → ∞, we can obtain following the equation for eigenvalue distribution function at segment [−2a; 2a] ± 1 2 λ + 2gλ^3 = ∫ − 2a −2a dμ u(μ) λ − μ

, |λ| ≤ 2a. (4)

Via an eigenvalue distribution function it is possible to calculate correlation functions. For example, the propagator at large N is D =< 1 N^2 trΦ^2 >= ∫ L u(λ)λ^2dλ. (5)

The planar approximation was tested other approaches of planar investigation for one-matrix model. The results of [3] were verified by correct method of orthogonal polynomials. There are many approximate methods. Some of them are the variational method [4], the effective action procedure [5], the quantum collective field method [6], renormalization group approach to matrix models [7]. A planar parquet approximation was introduced by Arefeva and Zubarev [8], is one most exact amount approximate methods. Here the closed system of algebraic equations replaces integral equation (4).

It was observed that distribution function can exist at many segments. Simplest such solution appear in [9]-[12] Goldstone matrix model

S(Φ) = − 1 2 trΦ^2 + g 4N trΦ^4. (6)

∗e-mail:shishandr@rambler.ru

Here solution of semiclassical equation exits at two segments [a,b] and [c,d]. This two-cut solution determines a special parameter ξ = ∫_b a u(λ) dλ. (7)

When ξ =^1_2 we have symmetric solution [9]. Exact planar vacuum energy for symmetric phase looks as E^0(g) − E^0(0) = − 1 16g + 1 4 log(4g) − 3 8 . (8)

It is possible also to examine two-dimensional quantum gravity with the major terms of curvature. More simple matrix model with the multitrace terms for this case was solved in ref. [13]. If we leave in action only free term with twotrace summand at large N, this model behave as a vector model at N → ∞. The action for this model is

S(Φ) = 1 2 trΦ^2 + g 4N trΦ^4 + h N^2

(trΦ^2)^2. (9)

Goldstone multitrace matrix model was considered in [14]. It was observed that here exist phases

S(Φ) = − 1 2 trΦ^2 + g N trΦ^4 + h N^2

(trΦ^2)^2. (10)

The vacuum energy for symmetric solution can be written as

E^0(g, h) − E^0(0) = − g 16(g + h)^2 + 1 4 log(4g) − 3 8 . (11)

There are many variants of matrix models with interacting two matrices. The most plausible case was supposed by Itzykson and Zuber [15].

Here an action for two-matrix model is

S(Φ_1, Φ_2) = S(Φ_1) + S(Φ_2) − ctrΦ_1Φ_2, (12)

where S(Φ_1) = 1 2 trΦ^2_1 + g 4N trΦ^4_1. (13)

This model can be analyzed by the method of orthogonal polynomials. Let us use formula of Itzykson-Zuber Z ∼ ∫ ∏ i dx_idy_ie^{−(S(x)+S(y)−c Pi xiyi)}. (14)

Biorthogonal polynomials P_i(x) satisfy the relation ∫_∞ −∞ ∫_∞ −∞ exp(−S(x) − S(y) + cxy)P_i(x)P_j (y)dxdy = h_iδ_{ij} . (15)

Recursion equation takes the form

xP_i(x) = P_{i+1} + R_iP_{i−1}(x) + T_iP_{i−3}(x). (16)

In large N limit (f_i = h_i/h_{i−1}, x = i/N) we can obtain the closed system of algebraic equations for R(x), T (x) and f(x). Using those functions we can calculate correlation functions and vacuum energy.

Multi-matrix models are natural generalization of two-matrix model. Open matrix chain has action

S_{op}(Φ_1, ..., Φ_n) = 1 2 n∑ i=1 trΦ^2_i + n∑ i=1 g_i 4N trΦ^4_i +

−c n−1∑ i trΦ_iΦ_{i+1}. (17)

Here it is possible to use orthogonal polynomials. Closed matrix chain defines as

S_{cl}(Φ_1, ..., Φ_n) = S_{op}(Φ_1, ..., Φ_n) − ctrΦ_1Φ_n. (18)

The exact method of solving this model is unknown. This chains in the limit of big number matrices lead to matrix quantum mechanics in a straight line and a circle.

Another two-matrix model is multitrace two-matrix one. The simplest model with twotrace term expresses as

S(Φ_1, Φ_2) = 1 2 trΦ^2_1 + g_1 4N trΦ^4_1 + 1 2 trΦ^2+ + g_2 4N trΦ^4_2 − ctr(Φ_1)^2tr(Φ_2)^2. (19)

When g_1 = g_2 this case reduces to one-matrix multitrace model. A multitrace matrix open chain has action

S(Φ_1, ..., Φ_n) = 1 2 n∑ i=1 trΦ^2_i + n∑ i=1 g_i 4N trΦ^4_i + −c ∑ i tr(Φ_i)^2tr(Φ_{i+1})^2. (20)

Similarly the one-matrix the case multimatrix multitrace models can be resolved using master equation and equations for correlator functions.

This models can be applied in two-dimensional gravity [17]- [18], supersymmetric gauge theories [19] and AdS/CFT-correspondes [20]- [21].

References

[1] G. ’t Hooft, Nucl. Phys. B, 72 (1974), 461

[2] P. Di Francesco, P. Ginsparg, J. Zinn-Jystin, Phys. Rep., 254 (1995), 1; P. Ginsparg, G. Moore, Lectures on 2D string theory, Cambridge University Press, 1993

[3] E. Brezin, C. Itzykson, G. Parisi, J. B. Zuber, Comm. Math. Phys., 59 (1978), 35

[4] A.A. Slavnov. The Approximate Summation Of Planar Diagrams In Matrix Phi**4 Model.

Phys.Lett., B126 (1983) 347

[5] M. Vanderkelen, S. Schelstraete, H. Verschelde. Non-perturbative approach to the matrix model.

Z.Physik, C75 (1980) 375-384

[6] B. Sakita. Field Theory Of Strings As A Collective Field Theory Of U(N) Gauge Field. Phys. Rev.

, D21 (1980) 1067-1092

[7] E. Brezin, J. Zinn-Justin. Renormalization group approach to matrix models.. Phys. Lett., B288 (1992) 54-58

[8] I.Ya. Aref’eva, A.P. Zubarev. Parquet approximation in large N matrix theories. Phys. Lett., B386 (1996) 258-268

[9] Y. Shimamune, Phys. Lett. B, 108 (1982), 407

[10] G.M. Cicuta, L. Molinari, E. Montaldi, J. Mod. Phys. Lett. A, 1 (1986), 125 [11] G.M. Cicuta, L. Molinari, E. Montaldi, J. Phys. A: Math. Gen, 20 (1987,) L67 [12] J. Jurkiewicz , Phys.Lett. B, 245 (1990), 178; O. Lechtenfeld, Int. J. Mod. Phys. A, 7 (1992), 2335, 7097; G. Akemann, Nucl. Phys. B, 482 (1996), 403; hep-th/9606004; G. Bonnet, F. David, B. Eynard, J. Phys. A, 33 (2000), 6739; cond-mat/0003324 [13] S. Das, A. Dhar, A. Sengupta, S. Wadia, Mod. Phys. Lett. A, 5 (1990), 1041 [14] A.O. Shishanin. Phases multitace Goldstone matrix model at large N. Teor. Math. Phis., 152(3) (2007) 457-465 (by Russian) [15] C. Itzykson, J.B. Zuber. The planar approximation II. J. Math. Phys., 21 (1980) 411-421 [16] M.L. Mehta. A method of integration over matrix variables. Comm. Math. Phys., 79 (1981) 327-340 [17] L. Alvarez-Gaume, J.L.F Barbon, C. Crnkovic, Nucl. Phys. B, 394 (1993), 383 [18] G.P. Korchemsky, Mod. Phys. Lett. A, 7 (1992), 3081 ; G.P. Korchemsky, Phys.Lett. B, 296 (1992), 323 [19] R. Dijkgraaf, C. Vafa, Nucl. Phys. B, 644 (2002), 3;hep-th/0206255; Nucl. Phys. B, 644 (2002), 21;

hep-th/0207106; hep-th/0208048 [20] O. Aharony, M. Berkooz, E. Silverstein, JHEP, 0108 (2001), 006; hep-th/0105309 [21] E. Witten, hep-th/0112258