A singularity in dimensional regularization

S. A. Larin^∗

Institute for Nuclear Research of the Russian Academy of Sciences 60th October Anniversary Prospect 7a, Moscow 117312, Russia

September 24, 2009

Abstract A dimensionally regularized integral with singular properties is considered.

Dimensional regularization [1] is at present the only regularization which is suitable for practical multi-loop calculations in the Standard SU(3) × SU(2) × U(1) Model of strong and electroweak interactions, see e.g. [2]. Hence to study its features is of importance. In the present paper we consider a dimensionally regularized two-loop integral which value depends on the order of calculation’s steps.

The integral is I = ∫ d^Dpd^Dk (p + k)^{2α}(p + q)^{2β} p^{2γ}

, α + β + γ = D, α ≠ D/2, (1)

where D = 4−2ϵ is the dimension of the Euclidean momentum space, ϵ being the regularization parameter.

Let us first perform integration over the momentum k. One can use the known property of dimensional regularization to nullify massless vacuum integrals (massless tadpoles) ∫ d^Dk (p + k)^{2α}

= 0, α ≠ D/2. (2)

Hence one obtains the value I = 0.

In the case α = D/2 the integral (2) is proportional to δ (α − D/2) [3]. One can change the order of integrations in (1) and integrate first over p. Here we use the so called uniqueness relation for the triangle diagram [4] ∫ d^Dp (p + k)^{2α}(p + q)^{2β} p^{2γ}

= π^{D/2} (3)

Γ(D/2 − α)Γ(D/2 − β)Γ(α + β − D/2) Γ(D − α − β)Γ(α)Γ(β) 1 (k − q)^{2(α+β−D/2)}k^{2(D/2−β)}q^{2(D/2−α)} , α + β + γ = D.

This relation is obtained by the inversion of momenta p_μ = p^′_μ/p^{′2} (and the same for k and q) after which the integrand has only two propagators and integration is easily performed. If α + β + γ ≠ D then the expression for the triangle diagram (3) is much more complicated [5].

Now we can perform integration of the expression (3) over k to obtain the second value for the integral (1) I = π^D

Γ(D/2 − α)Γ(α − D/2) Γ(α)Γ(D − α)

. (4)

∗e-mail: larin@ms2.inr.ac.ru

The dependence of the value of I on the order of integrations over momenta k and p appears on the surface α + β + γ = D. For α + β + γ ≠ D one obtains I = 0 in both cases. Let us show this. We apply the Feynman reprezentation to obtain I = Γ(α + β + γ) Γ(α)Γ(β)Γ(γ)

∫_1 0 dx x

∫_1 0 dy (xy)^{α−1} [x(1 − y)]^{β−1} (1 − x)^{γ−1} (5) ∫ d^Dpd^Dk [xy(p + k)^2 + x(1 − y)(p + q)^2 + (1 − x)p^2]^{α+β+γ} . Performing integration over p one gets

I = π^{D/2}

Γ(α + β + γ − D/2)

Γ(α)Γ(β)Γ(γ)

∫_1 0 dx x

∫_1 0 dy (xy)^{α−1} [x(1 − y)]^{β−1} (1 − x)^{γ−1} (6) ∫ d^Dk [ (xyk + x(1 − y)q)^2 − xyk^2 − x(1 − y)q^2

]_{α+β+γ−D/2} .

Integration over k gives

I = π^D

Γ(α + β + γ − D) Γ(α)Γ(β)Γ(γ)

∫_1 0 dx x^{D/2−γ−1}(1 − x)^{D−α−β−1} (7)

∫_1 0 dy y^{α−1−D/2}(1 − y)^{D−α−γ−1}(1 − xy)^{α+β+γ−3D/2} 1 q^{2(α+β+γ−D)} . Performing now integrations over y and x we obtain

I = π^D

Γ(α + β + γ − D)

Γ(α)Γ(β)Γ(γ)

Γ(α − D/2)Γ(D − α − γ) Γ(D/2 − γ) 1 q^{2(α+β+γ−D)} (8) ∫_1 0 dx x^{D/2−γ−1}(1 − x)^{D−α−β−1}_2F_1(3D/2 − α − β − γ, α − D/2; D/2 − γ; x) =

π^D

Γ(α + β + γ − D) Γ(α)Γ(β)Γ(γ)

Γ(D − α − γ)Γ(D − α − β) Γ(3D/2 − α − β − γ) 1 q^{2(α+β+γ−D)} ∞∑ n=0 Γ(α − D/2 + n) n! , here_2F_1 is the Gauss hypergeometric function.

The sum is known ∞∑ n=0 Γ(α − D/2 + n) n! = Γ(α − D/2)δ_K (α − D/2), (9)

where δ_K is the Kronecker delta-function: δ_K (x) = 0, x ≠ 0; δ_K (0) = 1.

Thus one obtains I=0 for α ≠ D/2, α+β +γ ≠ D independently on the order of integrations. There are known cases where dimensional regularization does not regularize some integrals.

For example, see [6], the following integral ∫ d^Dk (k^2 − m^2)(k^2 − pk)qk

(10)

is not defined. But it does not lead to a contradiction.

In the case of the integral I for α + β + γ = D comcidered in the present paper one has another situation. One gets different finite results depending on the order of calculational steps. Hence the rules of dimensional regularization are inconsistent in this case.

The author is grateful to the colleagues from the Theory Division of INR for helpful discussions.

References

[1] K.G. Wilson and M.E. Fisher, Phys. Rev. Lett. 28 (1972) 240.

G. ’t Hooft and M. Veltman, Nucl.Phys. B 44 (1972) 189. C.G. Bollini and J.J. Giambiagi, Phys. Lett. B 40 (1972) 566. J.F. Ashmore, Nuovo Cimento Lett. 4 (1972) 289. G.M. Cicuta and E. Montaldi, Nuovo Cimento Lett. 4 (1972) 329.

[2] D.Yu. Bardin and G. Passarino, The standard model in the making: Precision study of the electroweak interactions, Oxford, UK: Clarendon (1999) 685 pp.

[3] S.G. Gorishnii and A.P. Isaev, Theor.Math.Phys. 62 (1985) 232.

[4] A.N. Vasiliev, Yu.M. Pismak and Yu.R. Khonkonen. Theor. Math. Phys. 47 (1981) 465.

V.V. Belokurov and N.I. Usyukina, J.Phys. A16 (1983) 2811. D.I. Kazakov, Phys. Lett. B 133 (1983) 406; Theor. Math. Phys. 62 (1985) 84.

[5] E.E. Boos and A.I. Davydychev, Moscow Univ.Phys.Bull. 42N3 (1987) 6;

Theor.Math.Phys. 89 (1991)1052.

[6] S.A. Larin, Phys. Lett. B 469 (1999) 220.