On two-point correlation functions in AdS/QCD

A. A. Krikun^{a∗}

a MIPT and ITEP Bolshaya Cheremushkinskaya, 25, Moscow, Russia

Abstract

In this talk we study the hard wall AdS/QCD model. The simplest model of bottom-up approach to AdS/QCD. We reveal the relations between fields in the model and operators in QCD, fix parameters of the model and calculate some results. We underline the problems of the model and propose the way to solve them.

Presented at 15th International Seminar “Quarks-2008”, Sergiev Posad, Russia, May 2008

1 Introduction

In the last few years a great attention was paid to the so-called phenomenological AdS/QCD theories. The essence of these models is to use the AdS/CFT correspondence [2] to describe QCD in large N_c limit via its 5-dimensional dual theory. The exact structure of this 5D theory, describing all specific features of QCD is not clear, but some simple models have been proposed [3] [4] [5] [6] [7] [8], which already give promising results.

In this talk we study the simplest of these settings, the so-called hard wall AdS/QCD model (see for example [3] [5], first proposed in [9]) . Our goal is to find propper relation between fields in the theory and QCD currents, fix the free parameters of the model and study results, that this model gives without any tuning. After that we propose some ways to tune up the model in order to reproduce results of QCD. We will calculate vector, axial vector and pseudoscalar two-point functions of QCD, that will allow us to find values of meson masses and f_π.

This talk is mainly based on the paper by A.K. [1], so all details and references can be seen there.

2 Description of the model

We consider the simplest holographic model of low energy QCD, proposed in [3],[5],[7](see also [14, 15, 16]), the so-called ”Hard wall AdS/QCD model”. In what follows we will work with conventions and notations, used in [3].

In the AdS/CFT prescription, the fields in 5-dimensional space are dual to operators in 4D, and the global flavor symmetry of the 4D field theory corresponds to the gauge symmetry in its 5D dual. So we will study 4D QCD with SU(2)_L × SU(2)_R global symmetry via the gauge theory in AdS with SU(2)_L × SU(2)_R gauge group. In this model only the fields, dual to QCD operators with the lowest dimensions, are considered.

We have the SU(2)_L × SU(2)_R gauge field theory in AdS_5 space with the metric:

ds^2 =

R^2 z^2

(−dz^2 + dx^μdx_μ) (1)

∗e-mail:e-mail: krikun.a@gmail.com

where R is the AdS curvature radius, cut at z coordinate: 0 < z ≤ z_m

Later, we will denote 5-dimensional indices with A, B.. ∈ {0, 1, 2, 3, z}, and 4D indices with μ, ν, .. ∈ {0, 1, 2, 3}.

The theory includes left- and right-handed gauge vector fields SU_L(2) × SU_R(2) (A_L and A_R, respectively) and bifundamental scalar X_{αβ} . According to AdS/CFT 5D fields correspond to operators in QCD:

A^a_{Lμ} ↔ q̄_Lγ^μt^aq_L A^a_{Rμ} ↔ q̄_Rγ^μt^aq_R ( 2 z ) X^{αβ} ↔ q̄^α_Rq^β_L

with the boundary conditions imposed at z = z_m:

∂_zV (z_m) = 0 ; ∂_zA(z_m) = 0.

The action is: S = ∫ d^5x √ gT r { Λ^2(|DX|^2 + 3 R^2

|X|^2) − 1 4g^2_5

(F^2_L + F^2_R) }

where D_B X = ∂_B X − ıA_{LB} X + ıXA_{RB} A_{L(R)} = A^a_{L(R)}t^a F_{BD} = ∂_B A_D − ∂_DA_B − ı[A_B , A_D], and we introduce the normalization constant Λ of field X.

From the equation if motion for X we can get classical solution:

X_0(z) = 1 2 Mz + 1 2 Σz^3.

According to AdS/CFT [17], we argue, that M corresponds to quark mass matrix, i.e. the source of operator q̄^α_Rq^β_L and Σ to condensates, i.e. vacuum expectation value of q̄^α_Rq^β_L. We can make M to be quark masses exactly by appropriate definition of normalization Λ, but the relation between Σ and condensates is to be ascertained. In further discussion we set Σ = σ1, M = m1, assuming the equality of quark masses.

X_0(z) = 1 2 v(z)1, v(z) = mz + σz^3

We will decompose X on modulus and phase:

X = X_0e^{ı2πa(ta)} = 1 v(z) 2 e^{ı2πata}

It is convenient to introduce the vector and axial vector fields:

V = (A_L + A_R)/2 A = (A_L − A_R)/2.

We set A_z = V_z = 0, use transverse gauge for V_μ and decompose.A_μ on longitudinal and transverse parts.:

∂_μV_μ = 0 A_μ = A_{⊥μ} + ∂_μϕ

One can relate the pseudoscalar current q̄γ_5q with axial vector current q̄γ_5γ_μq via:

∂_μ (q̄γ_5γ_μq) = 2m (q̄γ_5q)

So we can write out the following table of correspondence

V_μ ↔ q̄γ^μq = J_V A_μ ↔ q̄γ_5γ^μq = J_A Q^2 2m ϕ ↔ q̄γ_5q = J_π

With this table, we can calculate two-point functions of QCD via our 5D theory, using the AdS/CFT recipe. For example:

⟨J_V (q_1)J_V (q_2)⟩ = δ δV_0(q_1) δ δV_0(q_2)

S(V_{classic})|_{V0=0}.

V_0(q) = V_{classic}(q, z)|_{z=0} In order to perform this calculation one needs to find classical solutions, which are solutions to equations of motion, obtained by variation of S(V_μ, A_μ, ∂_μϕ, A_z): [ ∂_z ( 1 z ∂_zV^a_μ ) + q^2 z V^a_μ ] ⊥ = 0 [ ∂_z ( 1 z ∂_zA^a_μ ) + q^2 z A^a_μ −

R^2g^2_5 Λ^2v^2 z^3

A^a_μ ] ⊥ = 0 ∂_z ( 1 z ∂_zϕ^a ) + R^2g^2_5 Λ^2v^2 z^3

(π^a − ϕ^a) = 0

−q^2∂_zϕ^a +

R^2g^2_5 Λ^2v^2 z^2

∂_zπ^a = 0

One can see, that X do not interact with vector field in quadratic action, so the equation for v is exactly solvable. Opposite to others, which can be solved perturbatvely in the limits of large or small momenta.

3 Parameter fixing

Let’s calculate some two-point functions. We start with vector current, associated with the field V in the model. The solution for V is:

V (Q, z) = −V_0(Q) 1 I_0(Qz_m)

Qz[K_0(Qz_m)I_1(Qz) − I_0(Qz_m)K_1(Qz)]

We substitute it to the variation of metric with respect to boundary value V_0 , which can be presented in the form δS_V = − ∫ d^4x R g^2_5 [ δV_μ

∂_zV_μ z ] z=ϵ and the result for current correlator is:

⟨J^a_{V μ}(q)J^b_{V ν} (q)⟩ = δ^{ab}(q_μq_ν − q^2g_{μν} )Π_V (q^2)

where

Π_V (Q^2) = − R g^2_5 ( K_0(Qz_m) − I_0(Qz_m)[ln(Qϵ/2) + γ] ) I_0(Qz_m)

The poles of Euclidean correlator correspond to masses of bound states. Consequently the first pole corresponds to the ρ-meson mass (the meson, associated with vector current in QCD), so we can fix the value of z_m:

I_0(ıM_ρz_m) = 0 =⇒ z_m = 2.4 M_ρ = 1 323 Mev^{−1}

The masses of higher states we will obtain automatically: each one will correspond to the zero of Bessel function. The problem here is that this spectrum do not demonstrate the Regge behavior. In order to solve it, on have to change form of IR boundary. If at z_m metric has a factor of exp(−z^2) instead of a simple cut, the Regge behavior will take place. [15, 16] In the large Q^2 limit we have

Π_V (Q^2) = − R 2g^2_5 lnQ^2ϵ^2

This result has the same form as in QCD and can be compared with the QCD sum rules leading term [18]: Π_V (Q^2) = −

N_c 24π^2 lnQ^2ϵ^2

And this fixes the 5D coupling constant g_5 g^2_5 R = 12π^2 N_c To compute correlator of pseudoscalar current J_π we find solutions for coupled ϕ and π near the boundary ϕ(z) = ϕ_0(q)QzK_1(Qz).

π(z) = −ϕ_0(q)

Q^2 g^2_5 R^2Λ^2m^2

QzK_1(Qz).

The variation of action with respect to ϕ_0(q) gives

δS_π = ∫ d^4x R g^2_5 [ δ∂_μϕ

∂_z ∂_μϕ z ] z=ϵ − Λ^2R^3 [ δπ v^2 z^3

∂_zπ ] z=ϵ And we get for correlator:

⟨J_π(q), J_π(q)⟩ = 2 R g^2_5 1 g^2_5 R^2Λ^2

Q^2ln(Q^2ϵ^2)

One can find, that this result also has the same form as in QCD and comparison with the sum rules leading term [18] ⟨J_π(q), J_π (q)⟩_{QCD} =

N_c 16π^2

Q^2ln(Q^2ϵ^2) gives the value of Λ Λ^2 = 8 3 1 g^2_5 R^2 = 2N_c 9π^2 1 R^3 We can also calculate the value of chiral condensate to fix the value of σ. As was mentioned above, it should be proportional to σ, but we need to find coefficient. In QCD the chiral condensate is defined as: ⟨q̄q⟩ = δε_{QCD} δm_q

|_{mq =0}

On the AdS side this corresponds to:

⟨q̄q⟩ = δ S(X_0) δm | | m=0 = 3R^3Λ^2σ =

2N_c 3π^2 σ We see, that ⟨q̄q⟩ is proportional to σ and, because chiral condensate is linear in N_c, σ turn out to be O(N^0_c ). For N_c = 3 σ = (462Mev)^3.

3.1 Results After we have fixed all parameters in the model, we can write out the action in terms of QCD values: S = N_c 12π^2 ∫ d^5x { − 1 4z (F^2_A + F^2_V ) + 4 3z^3 v(z)^2(∂π − A)^2 + 4 z^5 v(z)^2 }

We can calculate the axial two-point function. It is a little more difficult, than in vector case, because the equation of motion can’t be solved exactly. We solve it in the limit of large Q^2 perturbatively and corrections of order^1_{Qn} in the classical solution give next to leading terms of OPE. We can write out the result with corrections of order^{σ2}_{Q6} and^{mσ}_{Q4} :

Π_A(Q^2) = −

N_c 24π^2 [ lnQ^2 + 128 15 σ^2 Q^6 − 64 9 σm Q^4 ]

One can see, that coefficients here do not coincide with sum rules calculation. We tune this result by adding a perturbation in the metric [13]:

ds^2 = ω(z)(−dz^2 + dx^μdx_μ), ω(z) =

R^2 z^2

+ Aσ^2z^4 + Bσmz^2

which will cause the additional correction to the classical solution to appear, and this will change coefficients as desired.

The interesting object is “left-right” correlator Π_{LR} = Π_A − Π_V

Π_{LR} = −

N_c 9π^2 [ 16 5 σ^2 Q^6 − 8 3 σm_q Q^4 ]

Note here, that it has not powers of R, namely it has the order λ^{′0}, because in AdS/CFT:

R^4 4πα^{′2}

= λ^′ = N_cg^2_{ym}

If we denote coefficients in this formula as f and ρ, we find that at λ^′ → ∞ our calculation predicts:

f(λ^′) ∼ ρ(λ^′) ∼ λ^{′0} while at weak coupling regime(sum rules):

ρ(λ^′) ∼ λ^{′0} f(λ^′) = −4πα_s ∼ λ^′.

The different behavior of the results is an evidence, that two approaches, AdS/QCD and sum rules, are applicable at different regimes. AdS/QCD works at at strong coupling, when sum rules are the calculation at week coupling.

One more value, that we can find, using AdS/QCD is f_π. We use the relation

Π_A(Q)|_{Q→0} = f^2_π Q^2 We can solve the equation of motion of A in the limit Q^2 → 0 to obtain the two-point function at small Q^2. We find:

f^2_π = − R g_5

∂_za(z) z |_{z=0,Q=0} = ≈ R g_5

2.16σ^{2/3} =

N_c 12π^2

2.16 ( 3π^2 2 ⟨q̄q⟩ N_c

)_{2/3} ∼ 40Mev

This value obviously do not coincide with expected 140 Mev. We see, that f_π is related to the parameters of classical solution of X. If one introduce the additional potential for X in the 5D bulk. This solution will change and consequently the value of f_π can be tuned.

4 Conclusion

The model under consideration has several free parameters, but still has some predictive power. It gives qualitatively satisfactory results, but numbers differ. Study of such simple model gives an insight on common features of AdS/QCD and proposes modifications, needed to obtain more realistic results.

5 Acknowledgments

I am grateful to Alexander Gorsky for suggesting this problem and general guidance. I also would like to thank Konstantin Zarembo for useful discussions and Thomas Schaefer for important remarks.

I would like to adress the special thanks to the organizing committee of QUARKS-2008 for hospitality and interesting program of the seminar.

References

[1] A.Krikun, Phys.Rev.D77 No.12 (2008) [arXiv:(hep-th) 0801.4215] [2] J.M. Maldacena, Adv.Theor.Math.Phys. 2 (1998) 231-252 [arXiv:hep- th/9711200]; S.S.

Gubser, I.R. Klebanov and A.M. Polyakov, Phys.Lett.B428, 105 (1998) [arXiv:hepth/9802109]; E. Witten, Adv.Theor.Math.Phys. 2, 253 (1998). [arXiv:hep-th/9802150] [3] J. Erlich, E. Katz, D. T. Son, M. Stephanov, Phys.Rev.Lett. 95 (2005) 261602. [arXiv:hepph/0501128] [4] A. Karch, E.Katz, D.T. Son, M.Stephanov, Phys.Rev. D74 (2006) 015005. [arXiv:hepph/0602229] [5] L. Da Rold, A. Pomarol, Nucl.Phys. B721 (2005) 79-97. [arXiv:hep-ph/0501218] [6] L. Da Rold, A. Pomarol, JHEP 0601 (2006) 157. [arXiv:hep-ph/0510268] [7] N. Evans, A. Tedder, T.Waterson, JHEP 0701 (2007) 058. [arXiv:hep-ph/0603249] [8] J. Erlich, G.D. Kribs, I. Low, Phys.Rev. D73 (2006) 096001. [arXiv:hep-th/0602110] [9] J. Polchinski, M.J. Strassler Phys.Rev.Lett.88:031601,2002. [arXiv: hep-th/0109174] [10] T.Sakai, S.Sugimoto, Prog.Theor.Phys. 113 (2005) 843-882 [arXiv:hep-th/0412141] [11] T.Sakai, S.Sugimoto, Prog.Theor.Phys. 114 (2006) 1083-1118. [arXiv: hep-th/0507073] [12] L. Randall and M. D. Schwartz, JHEP 0111, 003 (2001). [arXiv:hep-th/0108114]. [13] J. Hirn, N. Rius, V. Sanz, Phys.Rev. D73 (2006) 085005. [arXiv:hep-ph/0512240] [14] S.J. Brodsky , G.F. de Teramond , Phys.Lett.B582:211-221,2004. [arXiv:hep-th/0310227] [15] A. Karch, E. Katz, D. T. Son and M. A. Stephanov, Phys. Rev. D 74, 015005 (2006).

[arXiv:hep-ph/0602229] [16] O. Andreev, V.I. Zakharov, Phys. Rev. D 74, 025023 (2006). [arXiv:hep-ph/0604204] [17] J.M. Maldacena, H. Ooguri, Y. Oz et al., Phys.Rept.323:183-386,2000. [arXiv:

hep-th/9905111]; I.R. Klebanov, Int.J.Mod.Phys.A21:1831-1843,2006. [arXiv: hepph/0509087]; A. Gorsky, Phys.Usp.48:1093-1108,2005. [arXiv: hep-th/0602184]

[18] M.A. Shifman, A.I. Vainshtein, and V.I. Zakharov, Nucl. Phys. B147, 385, 448 (1979); V.

A. Novikov, M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Nucl. Phys. B191, 301 (1981)