Operator approach to analytical evaluation of Feynman perturbative integrals

A. P. Isaev^{a∗}

aBogoliubov Laboratory of Theoretical Physics Joint Institute for Nuclear Research Dubna, Moscow region 141980, Russia

1 Introduction

In this report we discuss new operator approach [1], [2] to analytical evaluation of multi-loop Feynman diagrams (FDs). We show that the known analytical methods of evaluation of massless Feynman integrals, such as the integration by parts method [3] and the method of ”uniqueness” [4] (which is based on the star-triangle relation), can be drastically simplified by using this operator approach. To demonstrate the advantages of the operator method of analytical evaluation of multi-loop Feynman diagrams, we calculate ladder diagrams for the massless ϕ^3 theory (analytical results for these diagrams are expressed in terms of multiple polylogarithms). We also show how operator formalism can be applied to calculation of certain massive Feynman diagrams.

The main idea of our algebraic method for evaluation of FDs is that we replace manipulations with multiple integrals by manipulations with the corresponding algebraic expressions. In other words, identical transformations of multiple perturbative integrals are substituted with transformations of elements of special infinite dimensional algebra. This drastically simplifies all calculations.

2 Feynman diagrams in configuration space

The Feynman diagrams, which will be considered in this paper, are graphs with vertices connected by edges (propagators). To each edge we assign a complex number (the index of the propagator). With each vertex we associate the point in the D-dimensional space R^D while the edges of the graph (with index α) are associated with the propagator of massless particle α x y = 1/(x − y)^{2α}

where x, y ∈ R^D, (x − y)^{2α} := (

∑_D

i=1(x_i − y_i) (x_i − y_i))^α, and α ∈ C. Moreover, we consider the graphs with two types of vertices: boldface vertices • denote that the corresponding points are integrated over R^D. These FDs are called FDs in the configuration space.

Consider examples of FDs in the configuration space and present the corresponding multiple integrals.

1. Graph with 5 vertices and 5 edges (3-point function):

∗e-mail:isaevap@theor.jinr.ru

α3 0 � � � •z α1 α2 � � � •u^{α5} α4 x y = ∫_{dD z dD u}

(z−y)^{2α}1 z^{2α}2 y^{2α}3 u^{2α}4 (u−y)^{2α}5

2. ”Star” graph:

� � � •_{α3} α1 α2 x x_2

x_1 x_3 = ∫_{dD x}

(x−x_1)^{2α}1 (x−x_2)^{2α}2 (x−x_3)^{2α}3

The problem (which we need to solve when analytically calculate multiple integrals corresponding to FDs) consists in searching for special transformations of graphs (FDs) such that the number of boldface vertices (the number of integrations) decreases at each step. In the next section, we discuss these special transformations and describe the corresponding operator formalism, which gives us a possibility to represent these transformations using a more compact algebraic language.

3 Algebraic manipulations with perturbative integrals

Consider the D-dimensional Heisenberg algebra [q̂_k, p̂_j] = i δ_{kj}, where q̂_i = q̂^†_i , p̂_i = p̂^†_i are operators of coordinates and momenta, respectively. Introduce the eigenvectors |x⟩ ≡ |{x_i}⟩, |k⟩ ≡ |{k_i}⟩ of these operators: q̂_i|x⟩ = x_i |x⟩, p̂_i|k⟩ = k_i |k⟩. We normalize the states as follows

⟨x|k⟩ = 1 (2π)^{D/2} exp(i k_j x_j) , ∫ d^Dk |k⟩ ⟨k| = ^1 = ∫ d^Dx |x⟩ ⟨x| . (3.1)

The heat-kernels (”matrix representations”) of the operators p̂^{−2β} are: ⟨x| 1 p̂^{2β}

|y⟩ = a(β) 1 (x − y)^{2β′} , ( a(β) =

Γ(β^′) π^{D/2} 2^{2β} Γ(β) ) . (3.2)

where β^′ = D/2 − β and Γ(β) is the Euler gamma-function. Formula (3.2) relates the propagators for massless particles and pseudo-differential operators p̂^{−2β}. For the operators q̂^{2α} the ”matrix representations” have the form:

⟨x|q̂^{2α}|y⟩ = x^{2α} δ^D(x − y) . (3.3)

Below we consider three (a,b,c) algebraic relations which are operator analogs of relations used for the analytical evaluation of multi-loop perturbative integrals for FDs. Recall that these relations give us a possibility to reconstruct FD in such a way that the number of integrations (the number of boldface vertices in the graph) decreases to zero (this will indicate that a given FD is calculated analytically).

a. Group relation. A convolution product of two propagators: ∫ d^Dz (x − z)^{2α} (z − y)^{2β} = G(α^′, β^′) (x − y)^{2(α+β−D/2)} , ( G(α, β) = a(α + β) a(α) a(β) ) , (3.4)

is graphically represented as

• α β x y z = G(α^′, β^′) ·^{α+β− D2} x y

The relation (3.4) describes a reconstruction of the graph in which the number of integrations (boldface vertices) decreases by one. The operator analog of this relation is (group relation)

p̂^{−2α′} p̂^{−2β′} = p̂^{−2(α′+β′)}. (3.5)

Indeed, by using (3.2) and (3.3) we easily demonstrate that the ”matrix” analog of (3.5) ∫ d^Dz ⟨x|p̂^{−2α′} |z⟩ ⟨z| p̂^{−2β′} |y⟩ = ⟨x|p̂^{−2(α′ +β′)}|y⟩

coincides with (3.4). Note that in the operator relation (3.5) the tedious coefficient G(α^′, β^′) (presented in (3.4)) is vanished.

b. Star-triangle relation. This relation is in the basis of the so-called ”method of uniqueness” [4] (see also [5]) which is an efficient method of analytical evaluation of FDs. In fact, this relation is a special case of the Yang-Baxter equation [6], [7], [2]. The star-triangle relation (STR) has the form ∫ d^Dz (x − z)^{2α′} z^{2(α+β)} (z − y)^{2β′} = G(α, β) (x)^{2β} (x − y)^{2( D}2^{−α−β)} (y)^{2α}

, (3.6)

and was initially used in the framework of investigations of multi-dimensional conformal field theories [8]. The identity (3.6) can be graphically represented as

� � � •_β′ α′ α+β z

0

x y = G(α, β) · 0

x y � � � �_β

(α+β)′ α � � � �

Thus, STR (3.6) describes such a reconstruction of the graph for which the number of integrations (boldface vertices) decreases by one. The operator version of this relation was proposed in [1] and is written in the form

p̂^{−2α}q̂^{−2(α+β)}p̂^{−2β} = q̂^{−2β}p̂^{−2(α+β)}q̂^{−2α} (∀α, β) . (3.7)

Here again we note the absence of the coefficient G(α, β). To demonstrate the equivalence of (3.6) and (3.7) we act on (3.7) by vectors ⟨x| and |y⟩ from the left and right, respectively, insert the unit operator ^1 = ∫ d^Dz |z⟩ ⟨z| and use representations (3.2), (3.3).

Remark 1. The algebraic version of STR is equivalent to the commutativity for the infinite set of operators H(α) = p̂^{2α}q̂^{2α}:

H(α) H^{−1}(−β) = H^{−1}(−β) H(α) ⇒ p̂^{2α}q̂^{2(α+β)} p̂^{2β} = q̂^{2β} p̂^{2(α+β)} q̂^{2α} .

Remark 2. Here we present the algebraic proof of STR (3.7). Introduce an inversion operator R which obeys the conditions

R^2 = 1 , R q̂_i R = q̂_i / q̂^2 , ⟨x_i| R = ⟨x_i/x^2|(x^2)^{−D/2} , (3.8)

R^† = R , R p̂^{2β} R = q̂^{2β} p̂^{2β} q̂^{2β} . (3.9) Using (3.8), (3.9) the algebraic version of STR is proved as follows:

R p̂^{2α} R^2 p̂^{2β} R = R p̂^{2(α+β)} R ⇒ p̂^{2α}q̂^{2(α+β)} p̂^{2β} = q̂^{2β} p̂^{2(α+β)}q̂^{2α} .

Remark 3. For propagators in α-representation one can consider another STR [9] exp ( q̂^2 2α_1 ) exp (α_2 2 p̂^2 ) exp ( q̂^2 2α_3 ) = exp ( β_3 2 p̂^2 ) exp ( q̂^2 2β_2 ) exp ( β_1 2 p̂^2 ) , where parameters α_i and β_i are related by the identity α_i =^{β1β2+β1β3+β2β3}_{βi} which is well known as star-triangle transformation for resistances in electric networks.

c. Integration by parts rule [3].

First, we present the graphical version of this rule

� � � •_{α3} α1 α2 0

x y =^1

(D−2α_2−α_1−α_3) {α1 ( � � � •_{α3}

α1 +1 α2 −1 0

x y − � � � • � � � � −1 α3 α1 +1 α2 0

x y ) +

+α_3 ( � � � •_{α3 +1} α1 α2 −1 0

x y − � � � • � � � � −1 α1 α3 +1 α2 0

x y )} Fig. 1

With the help of this rule we reconstruct graphs in such a way that the number of integrations (boldface vertices) is not decreased. However, this rule is extremely useful, since the corresponding reconstruction leads to variations of the indices on the lines, which further permits to apply previous relations a,b and decrease the number of integrations.

The operator version of the integration by parts rule (Fig. 1) has the form

(2γ−α−β) p̂^{2α}q̂^{2γ}p̂^{2β} =

[q̂^2, p̂^{2(α+1)}] 4(α + 1) q̂^{2γ} p̂^{2β} −p̂^{2α}q̂^{2γ}

[q̂^2, p̂^{2(β+1)}] 4(β + 1)

(3.10)

where α = −α^′_1, γ = −α_2 and β = −α^′_3. Identity (3.10) can be directly proved by using the relations for the Heisenberg algebra:

[q̂^2, p̂^{2(α+1)}] = 4 (α + 1) (H + α) p̂^{2α} ,

H q̂^{2α} = q̂^{2α} (H + 2α) , H p̂^{2α} = p̂^{2α} (H − 2α) ,

(3.11)

where H :=^i_2 (p̂_iq̂_i + q̂_ip̂_i) is the dilatation operator. It follows from (3.11) that the operators {q̂^2, p̂^2, H} generate the algebra sl(2):

[q̂^2, p̂^2] = 4 H , [H, q̂^2] = 2 q̂^2 , H p̂^2 = −2 p̂^2 . (3.12)

4 Applications

4.1 Ladder FDs for ϕ^3 theory in D = 4; relation to conformal quantum mechanics

Consider dimensionally and analytically regularized massless perturbative integrals

D_L(p_0, p_{L+1} , p; α, β, γ) =

[_L ∏ k=1 ∫ d^D p_k p^{2α}_k (p_k − p)^{2β}

]_L ∏ m=0 1 (p_{m+1} − p_m )^{2γ}

, (4.13)

which correspond to FDs (x_1 = p_0, x_2 = p_{L+1}, x_3 = p)

• •^γ γ β

α γ β

α · · · · · · · · · � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � α β γ γ • • x_1 x_2 x_3

0

= � � � � � � � �

� � � �

........

x1-x3

x1 p1 - p

p1 pL - p

pL pL L−1 x2−x3

x2 pL+1 L p10 p21

(p_{mk} = p_m − p_k) Fig.2

Perturbative integral (4.13) can be graphically represented in two ways – as diagrams in configuration and momentum spaces, as it is shown in Fig. 2, where α, β, γ are indices on the lines in the left diagram (in configuration space) , while in the right diagram (in momentum space) the indices p_i indicate momenta flowing over the lines. These diagrams are dual to each other (boldface vertices in the left diagram correspond to the loops in the right diagram). The operator version of the integral (4.13) follows from the representation for the left diagram

D_L(x_a; α, β, γ) = (a(γ^′))^{−L−1} ⟨x_1|p̂^{−2γ ′}

(∏_L k=1 q̂^{−2α}(q̂ − x_3)^{−2β}p̂^{−2γ ′} ) |x_2⟩ .

It is convenient to consider the generating function for the integrals D_L (4.13)

D_g(x_a; α, β, γ) = a(γ^′) ∞∑ L=0 g^L D_L(x_a; α, β, γ) = ⟨x_1 | ( p̂^{2γ ′}− g/a(γ^′) q̂^{2α}(q̂ − x_3)^{2β}

)_{−1}

| x_2⟩ . (4.14)

If the indices on the lines are related by the condition α + β = 2γ^′ , then by using properties (3.8), (3.9) of the inversion operator R we obtain (for details see [1]):

D_g(x_a; 2γ^′ − β, β, γ) = 1 (x^2_1x^2)^γ

⟨u | ( p̂^{2γ ′} − g_γ ′_{,β} q̂^{2β}

)_{−1} | v⟩ , (4.15)

where g_{γ,β} =^g_{(x3)2β a(γ)} , u_i =^{(x1)i}_{(x1)2} −^{(x3)i}_{(x3)2} , v_i =^{(x2)i}_{(x2)2} −^{(x3)i}_{(x3)2} (i = 1, . . . , D). In the case when the indices on the lines are fixed as γ^′ = β = 1, the generating function D_g (4.15) is reduced to the Green function for D-dimensional conformal mechanics

D_g(x_a; 1, 1, D/2 − 1) = 1 (x^2_1x^2)^{(D/2−1)}

⟨u | ( p̂^2 − g_{1,1} q̂^2

)_{−1} | v⟩ = (4.16)

= a(1) ∞∑ L=0 g^L D_L(x_a; 1, 1, D/2 − 1) .

Thus, we have shown that with a special choice of indices on the lines α = β = 1, γ =^D_2 − 1 = 1 − ϵ the ladder diagrams (in momentum space): � � � �

� � � �

� � � � ........

x_1-x_3

x_1

1

1

1

1

1 − ϵ

x_2 - x_3

x_2

1 − ϵ

1 − ϵ 1 − ϵ

Fig. 3

are related to the Green function for D-dimensional conformal mechanics. Moreover, according to the definition of the generating function D_g (4.14), the expression D_L for the ladder diagram with L loops (or L boldface vertices for FD in the configuration space) is obtained by expanding of the Green function (4.16) over the coupling constant g up to the coefficient in order g^L.

The operator method of evaluation of Green function (4.16) is based on the remarkable identity [1] 1 p̂^2 − g/q̂^2 = ∞∑ L=0 ( − g 4 )_L [

q̂^{2α}

(H − 1) (H − 1 + α)^{L+1} 1 p̂^2 q̂^{−2α} ] α^L

, (4.17)

where we have used the notation [. . . ]_αL =^1_{L!} ( ∂^L_α [. . . ] ) α=0. Taking into account the integral representation for the rational function of H (in the right-hand side of (4.17))

(H − 1) (H − 1 + α)^{L+1} = (−1)^{L+1} L! ∫_∞ 0 dt t^L e^{tα} ∂_t ( e^{t (H−1)} ) , and using obvious properties of the operator e^{t H} : e^{t(H+ D}2^) |x⟩ = |e^{−t}x⟩, we can rewrite Green function appearing in (4.16) in the form ⟨u| 1 (p̂^2 − g_{1,1}/q̂^2)

|v⟩ = a(1) u^{2(D/2−1)} ∞∑ L=0 1 L! (g_{1,1} 4 )_L

Ψ_L ( v^2 u^2 , 2 (uv) u^2 ) , (4.18)

where g_{1,1} = g/(a(1)x^2_3) and

Ψ_L ( v^2 u^2 , 2 (uv) u^2 ) = − ∫_∞ 0 dt t^L [( u^2 v^2

)_α

e^{tα} ] α^L

∂_t ( e^{−t}u^2 (u − e^{−t}v)^2

)^{( D}2^{−1)} . (4.19)

Finally the result for the evaluation of the L-loop ladder diagram (Fig. 3) is

D_L(x_1, x_2, x_3; 1, 1, D 2 − 1) = ( 1 L!4^La(1)^L ) x^{2(D/2−L−1)} 3 (x^2_{13}x^2)^{D/2−1}

Ψ_L( v^2 u^2 , 2 (uv) u^2

) , (4.20)

where u^2 =^{x213}_{x21x23} , v^2 =^{x23}_{x2x23} , (u − v)^2 =^{x212}_{x21x2} and x_{ab} = x_a − x_b.

For D = 4 − 2ϵ the function Ψ_L(^{v2}_{u2} , 2^{(uv)}_{u2} ) (4.19) is expanded over ϵ

Ψ_L ( v^2 u^2 , 2 (uv) u^2 ) = 1 (z_1 − z_2) ∞∑ k=0 ϵ^k k! Φ^{(k)}_L (z_1, z_2) .

where z_1 + z_2 = 2(uv)/u^2 and z_1z_2 = v^2/u^2. The coefficient functions Φ^{(l)}_L are expressed in terms of multiple polylogarithms

Li_{m0,m1,...,mr} (w_0, w_1, . . . , w_r) = ∑ n_0>n_1>···>n_r>0

w^{n0}_0 w^{n1}_1 · · · w^{nr}_r n^{m0}_0 n^{m1}_1 . . . n^{mr}_r

. (4.21)

The first coefficient (for D = 4 or ϵ = 0) has the form [11], [12]

Φ^{(0)}_L (z_1, z_2) = L∑ f=0 (−)^f (2L − f)!

f! (L − f)!

ln^f (z_1z_2) [ Li_{2L−f} (z_1) − Li_{2L−f} (z_2) ] .

and is expressed via the standard polylogarithms Li_m(w) =

∑_∞ n=1 w^n n^m . The next coefficient was

calculated in [1]:

Φ^{(1)}_L (z_1, z_2) = 2L∑ n=L n! [ (nLi_{n+1} (z_1) − Li_{n,1} (z_1, 1) − Li_{n,1} (z_1,^{z2}_{z1} )) − (z_1 ↔ z_2) ] (−1)^n (2L − n)! (n − L)! ln^{n−2L} (z_1z_2) , and is expressed via multiple polylogarithms Li_{n,1} (w_0, w_1) (4.21).

Remark. The conformal symmetry requires that the Green function (4.15) (after the special normalization) is a function which depends only on two conformal variables (cf. (4.18)):

u^{2(D/2−γ)} ⟨u| ( p̂^{2γ} − g(u^2v^2)^{β−γ}2 q̂^{2β}

)_{−1}

|v⟩ = Ψ^{(γ,β)} ( v^2 u^2 , 2(uv) u^2 ) , (4.22)

where Ψ^{(γ,β)}(u_1, u_2) = u^{γ−D/2}_1 Ψ^{(γ,β)}(u^{−1}_1 , u_2u^{−1}_1 ) = Ψ^{(γ,2γ−β)}(u_1, u_2).

Let u =^1_{x1} −^1_{x3} , v =^1_{x2} −^1_{x3} (see (4.15)) and u^′ =^1_{x1} −^1_{x12} , v^′ =^1_{x13} −^1_{x12} , where we have used concise notation (^1_{xa} )_i =^{(xa)i}_{x2a} . Then, one can deduce the cross-ratio relations

v^2 u^2 = (v^′)^2 (u^′)^2 = x^2_3x^2_1 x^2x^2_{13} , (u − v)^2 u^2 = (u^′ − v^′)^2 (u^′)^2 = x^2_{12}x^2_3 x^2_{13}x^2 , which lead to the identities Ψ^{(γ,β)}

(_{v2}

u^2 ,

2(uv)

u^2 ) = Ψ^{(γ,β)}

(_{v′ 2}

u^{′2} ,

2(u^′v^′ ) u^{′2} ) . Using representation (4.22) we write these identities as

u^{2( D}2^{−γ)} ⟨u| ( p̂^{2γ} − g^{(u2v2 )} β−γ 2 q̂^{2β}

)_{−1} |v⟩ = (u^′)^{2( D}2^{−γ)} ⟨u^′| ( p̂^{2γ} − g^{(u′ 2 v′2)} β−γ 2 q̂^{2β}

)_{−1}

|v^′⟩ , (4.23)

Now we use (4.15) for both sides of eq. (4.23). As a result, we write (4.23) in the form of relation on generating functions for the ladder diagrams (4.14):

x^{2(γ−D/2)}

3 ⟨x_1| ( p̂^{2γ} − g x^{2γ}_3 ~u^{β−γ}2 q̂^{2(2γ−β)}(q̂ − x_3)^{2β}

)_{−1}

|x_2⟩ =

= x^{2(γ−D/2)}

12 ⟨x_1| ( p̂^{2γ} − g x^{2γ}_{12} ~v^{β−γ}2 q̂^{2(2γ−β)}(q̂ − x_{12})^{2β}

)_{−1}

|x_{13}⟩ .

where ~u =^{x213x23}_{x21x2} and ~v =^{x2x23}_{x21x213} . Expanding both sides over the coupling constant g, we obtain D-dimensional identities for the L-loop ladder momentum diagrams in the order g^L:

eu^{L(β−γ)}2 x^{2( D2 −γ−γL)} 3 × � � �

� � ...... � � β β . . .

eβ eβ . . .

γ′ γ′ x1 − x3

x1 x2 − x3

x2 =^{ev}

L(β−γ) 2 x^{2( D2 −γ−γL)} 12 × � � �

� � �

...... � � β β . . .

eβ eβ . . .

γ′ γ′ x2

x1 x2 − x3

x1 − x3

where β, ~β = 2γ −β and γ^′ = D/2−γ are special indices on the lines and x_1, x_2, x_3 parametrize external momenta. These identities, in the special case D = 4 (ϵ = 0) and β = γ^′ = ~β = 1, were obtained in [13] and used there for deriving many remarkable relations for various planar FDs.

4.2 Diagrams with massive propagators In this subsection we consider an example of the operator approach to analytical evaluation of the 1-loop 3-point function with one massive propagator.

First, we use the automorphism (p̂^2 ↔ q̂^2, H ↔ −H) of the sl(2)-algebra (3.12) to write the first relation in (3.11) as [q̂^{2β} , p̂^2] = 4β (H −β +1)q̂^{2(β−1)} and, then, generalize it by introducing the massive parameter m as follows:

[(q̂^2 + m^2)^β, p̂^2] = 4β (H + m^2∂_m2 − β + 1)(q̂^2 + m^2)^{(β−1)} . (4.24)

This identity can be converted into the integral form 1 p̂^2

(q̂^2 + m^2)^{(β−1)} 1 p̂^2 = 1 4β ∫_∞ 0 dte^{t(H−β−1+m2 ∂m2 )}[ 1 p̂^2

, (q̂^2 + m^2)^β]

from which the representation for the 3-point function is deduced

⟨x_1| 1 p̂^2

(q̂^2 + m^2)^{(β−1)} 1 p̂^2

|x_2⟩ = a(1) 4β ∫_∞ 0 dt e^{t(D/2−1)}

(e^{−t}x^2 + m^2)^β − (e^tx^2_1 + m^2)^β (e^tx_1 − x_2)^{2(D/2−1)} . Here the left-hand side is represented in the form of the perturbative integral and we obtain the equality ∫ d^Dk (k^2 + m^2)^{β−1} ((k − x_1)^2(k − x_2)^2)^{(D/2−1)} = 1 4a(1)

∫_∞ 0 dt ((e^{−t}x^2 + m^2)^β − (x^2_1e^t + m^2)^β)β^{−1} e^{t(1−D/2)} (x_1e^t − x_2)^{2(D/2−1)} .

Finally, we consider the limit D → 4, β → 0 for this relation and deduce the identity ∫ d^4k (k − x_1)^2(k^2 + m^2)(k − x_2)^2

= π^2

∫_∞ 0 dt e^{−t} (x_1 − e^{−t}x_2)^2 log ( e^{−t}x^2 + m^2 e^tx^2_1 + m^2 ) , which is important for physical applications and corresponds to the evaluation of the 3-point one-loop FD (in the momentum space) with one massive line.

Conclusion

Now let us make a few remarks about the results presented above.

1. It should be noted that the coefficient functions Ψ_L(u, v) (4.18) appear in the calculations of the 4-point functions in the N = 4 supersymmetric Yang-Mills theory [10]. 2. The proposed operator relations (3.7) clarify the structure of the integrable Lipatov model (see [2]) and its certain generalizations [14].

3. The important problem is the search for generalizations of the described algebraic formalism in the cases of supersymmetric quantum mechanics and for massive propagators. In the last case we have succeeded in calculating the special 3-point FD with one massive propagator (see subsection 4.2). However, this calculation is particular. From this point of view it would be important to calculate the coefficients Φ_L(u, v; m^2) in the expansion over g of the spectral Green function for conformal mechanics: ⟨u| 1 (p̂^2 − g/q̂^2 + m^2)

|v⟩ = ∞∑ L=0 g^L Φ_L(u, v; m^2) .

I am grateful to G. Arutyunov, S.E. Derkachov, L.N. Lipatov, O.V. Ogievetsky and E. Sokatchev for helpful discussions and comments. This work was partially supported by the grant RFBR- CNRS 07-02-92166-a.

References

[1] A.P. Isaev, Nucl. Phys. B 662 [PM] (2003) 461, hep-th/0303056.

[2] A.P. Isaev, Operator approach to analytical evaluation of Feynman diagrams, Phys. Atom.

Nucl. 71 (2008) 914; arXiv:0709.0419 [hep-th].

[3] F.V. Tkachov, Phys. Lett. B 100 (1981) 65; K.G. Chetyrkin and F.V. Tkachov, Nucl. Phys.

B 192 (1981) 159.

[4] D.I. Kazakov, Phys. Lett. B 133 (1983) 406; Theor. Math. Phys. 62, 84 (1985).

[5] A. N. Vasilev, Y. M. Pismak and Y. R. Khonkonen, Theor. Math. Phys. 47 (1981) 465.

[6] A.B. Zamolodchikov, Phys. Lett. B 97 (1980) 63.

[7] A.P. Isaev, Quantum groups and Yang-Baxter equations, Sov.J.Part.Nucl. 26 (1995) 501;

(extended version: preprint MPIM (Bonn), MPI 2004-132 (2004), http://www.mpim-bonn.mpg.de/html/preprints/preprints.html).

[8] E.S. Fradkin and M.Ya. Palchik, Phys. Rep. 44 No. 5, (1978) 249.

[9] R.M. Kashaev, Lett. Math. Phys. 38 (1996) 389.

[10] F. A. Dolan and H. Osborn, Annals Phys. 321 (2006) 581, hep-th/0412335;

B. Eden, C. Schubert and E. Sokatchev, Phys. Lett. B 482 (2000) 309, hep-th/0003096; G. Arutyunov, B. Eden, A.C. Petkou and E. Sokatchev, Nucl. Phys. B 620 (2002) 380, hep-th/0103230.

[11] N.I. Ussyukina and A.I. Davydychev, Phys. Lett. B 305 (1993) 136.

[12] D.J. Broadhurst, Phys. Lett. B 307 (1993) 132.

[13] J.Drummond, J. Henn, V.A.Smirnov and E.Sokatchev, Magic identities for conformal fourpoint integrals, JHEP 0701 (2007) 064, hep-th/0607160.

[14] S.E. Derkachov and A.N.Manashov, R-Matrix and Baxter Q-Operators for the Noncompact SL(N, C) Invariant Spin Chain, in V.Kuznetsov Memorial Issue ”Symmetry, Integrability and Geometry: Methods and Applications”, SIGMA 2 (2006) 084; nlin.SI/0612003.