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Introduction

XAB = XBA (A, B, . . . = 1, . . . M), d = 4 : M = 4 Fronsdal 1985

Equations of Motion MV 2001

KG-like  ∂2

∂XAB∂XCD
−

∂2

∂XAC∂XBD

 b(X) = 0

Dirac-like

∂

∂XAB
fC(X)−

∂

∂XAC
fB(X) = 0
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Unfolded Equations

 ∂

∂XAB
+ µ

∂2

∂Y A∂Y B

C(Y |X) = 0

Dynamical fields

b(X) = C(0|X), fA(X) =
∂

∂Y A
C(Y |X)|Y =0 .

Auxiliary fields

CA1...An(X) =
∂n

∂Y A1 . . . ∂Y An
C(Y |X)|Y =0 n > 1.

HS symmetries

δC(Y |X) = ε exp jAhA exp (jAY A − µXABjAjB)C(Y B + hB − 2µXBCjC|X) .
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sp(8) symmetries

PABC(Y |X) =
∂2

∂hA∂hB
ε−1δC(Y |X)|h=j=0 = −

∂

∂XAB
C(Y |X),

LA
BC(Y |X) =

 ∂2

∂hA∂jB
+

M

2
δA

B

 ε−1δC(Y |X)|h=j=0 =(
Y B ∂

∂Y A
+ 2XBC ∂

∂XCA
+

M

2
δA

B
)

C(Y |X),

KABC(Y |X) =
∂2

∂jA∂jB
ε−1δC(Y |X)|hA=jA=0=

(Y BY A − 2Y AXBC ∂

∂Y C
− 2Y BXAC ∂

∂Y C

−2XAB − 4XBCXAD ∂

∂XCD
) C(Y |X) .
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Quantization

General solutions of Equations of Motion

b(X)=
1

π
M
2

∫
dMξ (b+(ξ) exp{iξAξBXAB}+b−(ξ) exp{− iξAξBXAB}) ,

fA(X)=
1

π
M
2

∫
dMξ ξA(f+(ξ) exp{iξAξBXAB}+f−(ξ) exp{− iξAξBXAB}) .

For even M , b±(ξ) is even and f±(ξ) is odd
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Definite Frequency Unfolded Equations

 ∂

∂XAB
± i h

∂2

∂Y A∂Y B

C±(Y |X) = 0

distinguish between the positive– and negative–frequencies:

C±(Y |X) =
1

π
M
2

∫
dMξ c±(ξ) exp± i(h ξAξBXAB + Y BξB) ,

c−(ξ) = c+(ξ) , C−(Y |X) = C+(Y |X) , c±(ξ) = b±(ξ)+f±(ξ) .

[ĉ±(ξ1), ĉ
±(ξ2)] = 0 , [ĉ−(ξ1), ĉ

+(ξ2)] = δ(ξ1 − ξ2) .

Unfolding versus Quantization
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Siegel Space

Complex coordinates

ZAB = XAB + iXAB ≡ <ZAB + i=ZAB.

The real part of ZAB is XAB ,

the imaginary part XAB = =ZAB is positive definite:

Upper Siegel half-space HM .

The variables YA = Y A + iYA extend Siegel space to

Fock-Siegel space.
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C+(Y|Z) =
∫

dMξ c+(ξ) exp i(hξAξBZAB + ξAYA)

is holomorphic in ZAB and YA in the upper Fock-Siegel space

HM × RM for not too bad c+(ξ).

C−(Y|Z) =
∫

dMξ c−(ξ) exp−i(hξAξBZAB + ξAYA) .

is antiholomorphic in ZAB and YA

C+(Y|Z) = C−(Y|Z)
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C+(Y|Z) and C−(Y|Z) satisfy the

Definite Frequency Unfolded Equations

 ∂

∂ZAB
+ i h

∂2

∂YA∂YB

C+(Y|Z) = 0

 ∂

∂ZAB
− i h

∂2

∂YA∂YB

C−(Y|Z) = 0 ,

that uplift the massless field equations for (negative)positive

frequencies to the full Fock-Siegel space. The (anti)holomorphy

properties reconstruct C± in terms of their boundary values

C±(Y |X) at MM × RM .
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Periodic solutions of HS equations

A positive-frequency solution of the Unfolded Equations

periodic under

YA → YA + nA , nA ∈ ZM

has the form

C+(Y|Z) =
∑

nA∈ZM

c+n exp i(hZAB(2πnA)(2πnB) + 2πnCYC).
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Theta functions as solutions of HS equations

For c+n = 1, h = 1
4π−1

C+(Y|Z) = θ(Y, Z) =
∑

nA∈ZM

exp iπ(ZABnAnB + 2nAYA) .

Complexified space-time coordinates ZAB : theta function

period matrix

θ(Y + mZ, Z) = exp (−iπZABmAmB − 2iπmAYA) θ(Y, Z) , mA ∈ ZM .

HS theory and the theory of theta functions are based on

the Sp(2M) symmetry and its Weyl-Heisenberg extension

which is the HS symmetry

12



Theta functions with characteristics

θ[ab ](Y, Z)=exp (iπZABaAaB+2iπaAYA+2iπaAbA) θ(Y + Za + b,Z)

( bA , aA ∈ RM)

that also solve Unfolded Equations, result from the action of the HS

symmetry

δθ(Y|Z) = θ(YB + kB − 2µZBCjC|Z) exp (jAhA + jAYA − µZABjAjB)

with jA = 2iπaA, kB = bB and µ = i
4π on the theta functions.

Theta functions: most symmetric solutions of HS field

equations

Γ1,2 ∈ Sp(2M |Z) is a leftover symmetry

Reduction of the theta-function solution to Minkowski space gives so-

lutions of 4d massless field equations

13



Higher spin currents in Minkowski space

The infinite set of conformal HS symmetries suggests the

existence of the corresponding conserved HS currents.

Closed three–form Gelfond, Skvortsov, MV (2006)

Ω3(η, Ck, Cl) = dxαα′ ∧ dxαγ′ ∧ dxγα′wγwγ′η(w, u)Ck(Y |x)Cl(iY |x)|Y =0 ,

wα =
∂

∂Y α
, wα′ =

∂

∂Y α′
, uα = xαα′ ∂

∂Y α′
, uα′ = xαα′ ∂

∂Y α
.

provided that Ck(Y |x) satisfy 4d Unfolded Equations

∂

∂xαβ′
Ck(Y |x) +

∂2

∂Y α∂Y β′
Ck(Y |x) = 0
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Bilinear currents in MM

2M–form

$2M(g) =
(
dWA ∧ (WBdZAB − dYA)

)M
g(W, Y |Z)

is closed provided that g(W,Y|Z) is holomorphic and satisfies the

Current Equations:(
∂

∂ZAB
+ W(A

∂

∂Y B)

)
g(W, Y |Z) = 0 .

Regular solutions of the current equations form a commutative algebra

R

η(W, Y |Z) = ε(WA, YC − ZCBWB)

with arbitrary regular ε(W,Y).

Singular solutions S form a R-module, i.e., although it may not be

possible to multiply singular solutions with themselves, they can be

multiplied by regular ones.
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The closed form $ gives rise to nontrivial conserved currents for

g(W, Y |Z) = η(W, Y |Z)f(W, Y |Z) ,

where η(W, Y |Z) ∈ R and

f(W, Y , |Z) = (2π)−M/2
∫

ΣM(U)

dMU exp
(
−iWC UC

)
T (U , Y |Z) ,

The Current Equations for f(W, Y |Z) translate to the following

rank 2 Unfolded Equations for the generalized stress tensor{
∂

∂ZAB
− ih

∂

∂Y(A

∂

∂UB)

}
T (U , Y|Z) = 0.

This is solved by

T (U ,Y|Z) = C+(U − Y|Z)C−(U + Y|Z)

provided that C+(U|Z) and C−(U|Z) satisfy the equations(
∂

∂ZAB
± i h

∂2

∂UA∂UB

)
C±(U|Z) = 0 .
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From M4 to Minkowski space

In terms of two-component complex spinors

ZAB = (Zαβ,Zαα′,Zα′β′) = (Xαβ + iXαβ, Xαα′ + iXαα′, Xα′β′ + iXα′β′) ,

YA = (Yα,Yα′), WA = (Wα,Wα′), UA = (Uα,Uα′).

Xαβ = Xα′β′, Xαβ′ = Xβα′ , Xαβ = Xα′β′, Xαβ′ = Xβα′ .

Let the integration cycle Σ8 be

Σ8 = σ3(Zαβ′)× σ1(Zαβ,Zα′β′,Y)×R4(W) ,

where σ3(Zαβ′) is a three-dimensional surface in the complexified Minkowski

space and σ1(Zαβ,Zα′β′,Y) is a one-dimensional cycle in the complexified

spinning space.

To reduce integration over σ3(Zαβ′)× σ1 to non-zero integration over a

space surface σ3(Zαβ′) in Minkowski space the current should have a

singularity inside σ1.
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An elementary calculation then shows

Q =
∫

Σ8

d4W ∧ dZαγ′ ∧ dZαβ′ ∧ dZβγ′ ∧ dΛ(W,Y |Z) g(W,Y |Z) WβWβ′ ,

where

Λ(W, Y |Z) =
(
WµWν Zµν −Wµ′Wν′Z

µ′ν′ +Wµ Yµ −Wµ′ Y
µ′
)

That Λ(W,Y |Z) solves the current equation and is independent of Zαβ′.

allows to introduce a singularity free of the Minkowski coordinates

Zαβ′.

g(W,Y|Z) = Λ−1(W,Y|Z) η(W,Y|Z) f(W,Y|Z),

where η(W, Y |Z) is a polynomial parameter, while f(W, Y |Z) is Fourier

transform of the stress tensor TC+,C−(U , Y |Z).
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The idea is to choose a cycle σ1 so that

Q =
∫

Σ8

d4W ∧ dZαγ′∧dZαβ′∧ dZβγ′∧
dΛ

Λ
WβWβ′ η f

gives the residue in Λ(W,Y|Z) leading to

Q ∼
∫

R4×σ3

d4W ∧ dZαγ′∧dZαβ′∧ dZβγ′WβWβ′ η f |Λ=0.

This gives the conserved charge in Minkowski space∫
σ3

d3 Xββ′ ∂2

∂Uβ∂Uβ′
η

(
∂

∂ UC
,−XAB ∂

∂UB

)
T (U,0|X)|U=0

The doubling of variables W,Y allows us to introduce singularities

(fluxes) in the complexified spinning variables W,Y,Zαβ,Zα′β′ needed

to reproduce HS currents in Minkowski space-time .
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Conclusions

Unfolded dynamics and quantum mechanics

Unfolded HS dynamics and theta functions

HS currents in Minkowski space are supported by fluxes in

the spinning space

Application: D-functions and integral evolution formula
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