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Noncommutative theories: [z,,z,] = wu
Star Product:

fz)g(w) = f(z)*g(x) = exp {_wg,, 83:33%

} F@)a(y)

r=y
then Ty * Ty — Ty * Ty = Wy

e NC Lagrangians

)\/qb?’(a:)d"x —>)\/(b*¢*(bd"az



o Superspace: (&,0q,0%), grassmanian 6, 60%.
e superfields: ®(x,,,0,,0%) )
e SUSY Lagrangians: S = fd4xd29d29F(<I>z-)

NAC theories: {6,0} £0

Example: NAC Wess-Zumino model
(Seiberg, 03)

e deformation:

(62,0°) = C°B {6% 6°) = {6~,6°)} = 0



e star product:

af 2
X(0)xY(0) = eXP{—CQ 895895})((91)1/(92)

1=2

e Lagrangian:

L — /d40<i>*<1>+ Ud29 (mq;*(p + )‘(I)*f*q)) +c.c]

e only the last term is deformed

A
g/al2ecl>3 — /d29<I>*CI>*<I>:)\Fq§2—§detHCHF3.

e Lorentz invariant, but complex

Does it mean anything in real time ?



YES |

e The Hamiltonian is Hermitian in disguise
(crypto-Hermitian).

Crypto-Hermitian Hamiltonians
Bronzan et al, Amati et al, 76 (Regge field
theory); (Gasymov, 80 (V(z) = €®); Calicetti et
al, 80 (V(z) = 2% +iBz>) C.Bender +
S.Boettcher, 98; A.Mostafazadeh, 05)

The most trivial example

v (33)

Eigenvalues: A\; =1, Ay = 2.



Eigenvectors:

1 1
(1) _ (2) _
= (5 )==(1)

e Not orthogonal. However, one can choose

w=(4 )

such that (V) Mz = §%. Then HT = MHM~*.
e One can represent M = AT A with

a= (5 1)

Then

H= AHA ! = (

O =
N O
N—



is manifestly Hermitian and the eigenvectors

51— 4z — ( ! ) 5 _ 4z _ ( (1) )

are manifestly orthonormal !
Example:

2 2 2 12 2
_p T . pTz g
= 5 + 1gx = 5 —I—2

H

with ' = 2 +ig = e 9Pze9. Then H = e~ 9P He9P

1s Hermitian.

Example:

p2—|—x2




Take

2 64 - 20
R=yg (—ps + w2p> —g° (—p5 + —p°z® + 4pa* — 6p) +0(g°) .

3 15 3
Then ) X st 1
=t =TT 2 (e + 2 1) o)

1s Hermitian.
e New coord. and momenta;:
p' = efpe ™ = p 4 2igzp + g2(2p3 — p:z;2) + ...

r' = eflee™ = & —ig(a® +2p%) — ¢?(2° — 2xp?) + ... .
o {p',2'} p.p. # 1 starting from the terms ~ g*.

Not a canonical transformation !
e Weyl symbols:

zp —  (pr+2p)/2,
’p —  (2*p+ px® +xpx)/3 ...



NAC SQM

S = /dtd9d0 [2(D*X) «(D*X)+ V(X)|,

e X - real supervariable
e » corresponds to deformations

0,0y =0, {6,0y=0C, {0,0) =

o V.(X)=>  cn(X*...%xX)y.
e Lifting deformations — Witten’s SQM in chi-
ral basis,

0 0 = 0
t = 7'—’&90 D = @—229§ D = —%



Lagrangian in components.

~

. 2 [/ —
L = —igF — W("E’F)F - 1F2 + i)y + OV(z, F) (U0
ox 2 0x?
with
. 1/2 . _
Ve, F) = / deV (x4 EcF) ¢ =C*-CC .
—1/2

e Lagrangian and Hamiltonian are complex.
e Supercharges:

0 - 0 0

Q:%a Q:_a_e—_27'9§

e « product commutes with Q, but not with Q.



e Only one obvious Nother supercharge

Q= ¢p
o But

Q = 1 <p+2z'8v>.
ox

also commutes with the Hamiltonian !
e Algebra
Q°=0°=0, {Q,9} =2H
holds



Crypto-Hermiticity of H

Let V(X) = AX?3/3. Then V(z, F) = Az®/3 +
A2z F? /12 and

H = p?/2 +idpx? — iBp® — 2Xzyyp | with
B = \c?/12

e Rotate it with

R = —X\2%/3 4 Bzp® — 2)Bxyp — 2B8%p% P + O(N3, B3, A28, \8%) .

e The conjugated Hamiltonian

~

H=clHe ® = p?/2 — 2Xxpyp + [N22* +38%p*]/2+ A3/2 + ...

is Hermitian.



e rotated supercharges:

~

Q = eRQe R = yp — i(\e? — Bp®) + ABap + B2° + .. ],

~

Q=e"Qe™ " = Plp+i(Aa’® — Bp®) + ABa’p+ B7p° + .. ].

are adjoint to each other.



NAC WZ SQM

e reduced Hamiltonian

H = 7r+¢¢+ 96’0 +9o°¢+996°¢" — (1+290) 192 — (14 29¢)¢hath
+B(¢ + §¢°)°

e supercharges:

Qo = o + i€aythy (d + §P°),
Qs = TP — iegsPs(d + gp*)+7..
e This Hamiltonian is crypto-Hermitian.

e No rotation operator was explicitly constructed,
but reality of the spectrum was checked.



SPECTRUM
e A vacuum state with zero energy
e A degenerate quartet of first excited states
with

155
AFE, = ——PBg° .
1 36 Bg

e This suggests that SUSY holds

NO WONDER '!
e In undeformed case, the state |¥) annihilated
by Q. exists.
e (1|V), Q2/¥), and Q1Q2|V) represent
three other members of the quartet.
e After deformation, |¥) — |§!>~
e 1|¥), Q2]¥), and (1Q2|P)

still have the same energy.



