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The equations

- N

= The (T)DBM equation

0,0_@ = —n [exp(—2¢) —exp(Q)]

Tzitzeica, 1908
Dodd & Bullough, 1977
Mikhailov, 1981

Geometry of hyperbolic surfaces and soliton theory

= The Toda equation

0. (y 'o_y) =[c_,y 'cpy]

I
y( ... r ) 4 : R* = GL,, (C)

o
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E1+n2+...+np=n

( 0  Cy )
0 L
Ci = y 0—C-|-C¥:O
0 Cip1)
\C_H) O
( 0 C_o \
C, 0
C_ = , 0_|_C_a — O
0
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= Twisted loop Lie algebras and loop groups

ogeS, e = e>™M, M:=pL, L—1
Lam(gla(C)) : E(em0) =AE(0)), AM =idy ()

Zam(GLn(C)) : x(emo) =a(x(0)), a = 1dgL,(C)

= The exponential law

C™(M,C™(N, D)) = C™(M x N, P)

where .7, .V, &2 are finite-dimensional manifolds, and

AV i1s compact, is useful for a consistent formulation of

the Toda equations associated with the loop groups in
L terms of finite-dimensional manifolds.
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Abelian loop Toda systems

= |. Inner automorphisms, p=n

A)=hxh~!,  xeglh(C),  hj=g""'g;

a(g)=hgh™!, geGLyC), TI4:R*—C*

Kh. S. Nirov, “..

oy (M'o-n)=—-m*(r, ', — rp—lrl),
0, (,—2—1 d—FZ) — —mz(l'z_ll'3 - r1_1r2)7

a_|_ (I'ill d—l—n—l) :—rnz(rillrn_rilzrn—l)7

n

0+ (I_n_1 (?_I_n) — _mz(rn_lrl - r:llrn)

n
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= |l. Outer automorphisms, n=2s—1,s>2, p=n
AX)=—hB "B)h!,  xeglh(C)  hj=¢g)4;

a(g =h(B g 'B)h™!, geGL,(C)

(1 \

\ -1 /
I_1:17 r28—0+1:ra_17 a:27°"7

S
 Ci=Ci1=Cis=M Cig=—Cipg =M a=2,...,5—1
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0, (Fy'0-1y)
0. (Iy™10-T3)

_mz(r2_1r3 _I_Z)a
—n (I ' —0'),

aJr(rs:%d—rs—l)
d+(rs_ld—rs)

—IT\Z(I_S:%I_S— rs:érs—1)7
_mz(l_s_2 R I_s:%rs)

For s=2, denoting > by ', we have
o (F'o_ry=—-m(r—=-rn
Setting I' = exp(¢@) we obtain the (T)DBM equation.
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= [ll. Outer automorphisms,

n=2s,s>2, p=n-1

A(X) = —h(B~''xB)h !,

X € gl,(C)
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L'ny=r" Ms a1 =Tg "
C_qa=m Cig=m, a=2,....S

(C_1)11 = (C_1)12 =m/V2, (Ci1)11 = (Ci1)21 = M/V2,

0. (I 1o-)
0. (I, 'o-1)
0. (3 'o-ry)

—(m?/2) (R =R, (L= (0]
—mP L, s+ (e /2) (R + ),
- (' -hLR),

04 (T 10-Tg ) == (T 1= T ol ),
L d+(rs_ld—rs) :_mz(rs_z_rsjrs)
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fAnother form of writing the Toda equations associated with
affine Lie groups:

{d}{a}
ra—>AaNAO |_|I_B
B
leads to

n—1
01 (Ng'0 D) =—1P [ A,
B=0

in case of AS]I_)I the same form with n — sin case of Aé?_z

and with n — s+ 1 for A%)_l Here (a,) is the corresponding
Lgeneralized Cartan matrix.
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The rational dressing

= Constructing dressing mappings

Since [c_,c.]| =0, we can start with the “bare”
solution y = I, and “dress” it by a mapping

W: R? - Zam(GLy(C)) = ¢ : R* x S — GL,{(C)

In case of the twisted loop groups we take rational
mappings subject to

W(z.6520) =By~ (z 0)Bh,

extend it analytically from S' to the whole Riemann

sphere, and prove that y = ((z,) satisfies the Toda

equation. The procedure is required to be consistent
L with the grading and gauge-fixing conditions.
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= General solution

[h=1n — Z us G (R fl)ijtﬁj,13n1,
|_|—

1—|— Z U|a a |JU125+1 a:s CY:Z,...,S,
Ij—

I
~ N_l —
g =1- Z Ui.a (Ry)ij Uj2sr1—as a=s+1,...,2s—1
1,]=1
i a —1
Uig =l Uiq, 0_Uj = —L C_Uj 01 Uj = —[4C1 U

Here the r complex numbers L; are the pole positions of the
Lmeromorphic dressing mappings.
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The r x r matrices Ry are defined explicitly as

1
Rl IJZS 1 t’u’ l‘J G',l IJZS 1
( ) “23_ ‘|‘“st_ ( | ( I, 1~N ) ) j

2s—1
2s—1 2s—1 ~ ~
—HJS Z U; 25+1— Buj BT H > BZSleui,ZS%—lBuj,B)

for a = 1. Useful (symmetry) properties

~

(R)ij=—(R)ji,  (Ra)ij = (Rost2—a)iji

o
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. 1 . -
(Ra)ij — "5 ] 251 ( I~l|25 1(tul l‘Jnlujal)IszS :

Ui~ T
a—1
+sz5_1 > Uiosi1 pUip— M Z Uiosi1-gUj g
=
2s—1
+ st ffi,zsﬂﬁﬁj,ﬁ>
B=s+1

fora =2,...,s. Useful (shift symmetry) properties

~

(§a+1)ij = (Rg)ij + Ui2st1-aUjqa

o
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~ 1 - ~
(Ra)ij = uzs— ‘|‘/~1125_ ( “Izs 1(tul IJnluj,l)IJJzS :

a—1

2s—1 i 1
Z U 25+1— BUJ B IJ ; Z Uiosr1-pUj g
|

2 123—1
+ U > z u| ,25+1— ,BUJ,B

‘|‘I~1125 1

fora =s+1,...,2s— 1. Useful (shift symmetry) properties

~

(§a+1)ij = (Ra)ij —Ui2st1-aUjqa

o
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—1t —1 —1
Jnl I_l‘]m:r] , r25+1_a:ra ] a

hese mappings satisfy

2,...,25—1

It was shown

detR
r, == Rﬁ“, a=2,..,2s—1
det Ry
For type Il we have n; =1 and
detR
= —— = (i)
det Ry

LFor type Ill n; =2 and I is a mapping of R? to SO, (C).
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Soliton solutions

-

f By an N-soliton solution we mean a solution depending
on N linear combinations of independent variables.

= Type Il system (n=p=2s—1)
L detTa+1

[, = T, =D }(f. )R
a detTy ' a (F, DRy

(Ry)ij = Dij(f, f)+€f§l(f_l)ezDij(ﬂ f)

= 7 —2pila—1 2p0i(a—1) 7 £ N\ .Z —2pjla—1
—|‘Dij(f,f)ezjg _pJ( >—|—£p|_(a >€Z|Dij(f,f)ezjg4 _pzj( )
4s—2 4s—2 S
f; = 1 —
Dij(f.0)=tdg  Z=mky({T'Z 42+
Kpizzsinepia 6p|:%7 fi:‘gfsi_zZi? ﬁ:ggt_sgiZZh ZiDI'li
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fFor one-soliton solution we setr =1 (here T, are ordinary
functions)

cos(2a —1)6, 2
cos 6

27

Ta_|_1:1—|—2 _|_e

For two-soliton solutions we setr =2

cos(2a—1)
coS 6p2

cos(2a—1)6p, Z
cosep1

4 cos(2a—1)(6p; —6p, ) _ cos(2a—1)(6p; +6py) \ 7, 17
+ (2’712 COS Qpl COS 9p2 +2’712 cOS Qpl cOS 9p2 e~ T2

9 ~ ~ ~
detTgyr; = 142 142 P2 el2 +e221 +e222

4+ [ cos(2a—1)6p, Z 107, , cos(2a—1)6p, 22 47
+2r’12 12( cos Bp, ! 2+ cos Bp, e

(’712’712) 201+2y)

o
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where the quantities

it — (018" +847") +2c0s(6p, + 6p,)
(4G + 87 +2c08(6p, — 6p,)

and
(04" + 441 —2c0s(6p, — 6Bp,)
(04" + 441 —2c0s(6p, + 6p,)

make sense as soliton interaction factors.

N =

The same could be reached along the lines of the Hirota's
approach. The functions det T, of the rational dressing

formalism coincide with the functions 1, of the Hirota’s
method.
B Nirov & Razumov, 2004—2008
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f Setting s= 2, so that n= p= 3 we describe the (T)DBM T
equation. Here I = (—1)", I, =I,"' =I'. Besides, 6, = mp/3,
where p takes values 0, +£1 and +2.

In particular, the one-soliton solution can be written in the
form

B 1—4efzv+e22
(1+ e2)2

For the two-soliton solution one should respectively simplify
the expression of detT,.; given above for r = 2.

r

Geometrically, these soliton solutions describe stationary
and moving affine spheres as surfaces immersed in R?.

Rogers & Schief, 1994-1999
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In this case we have two different classes of soliton solutions.
One is the same as in the odd-dimensional case, save that
here I = (—1)J;, also to be transformed to I,.
Another (new) class of soliton solutions is constructed by
taking into account the null-eigenspace of c_ and c...

= Type lll system (n=p+1=29)

r
=1+ Z Vi (R’l_l)ijth J
,]=1

where v; are 2-dimensional column vectors with components

(texp(~Z)),  Vig=——=(1—exp(~Z)))

Vio= /2

1
L’ﬁ
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End T
L detTa_|_1
T detTy

Here we have used the notations
(R)ij = Dij(¢*7 1,371 — e 4Dij({,{)e ™
(ﬁa)ij = I:)ij (525—1 ] ZZS_I) — (_I)GZiZS—O{ e_ZiIDij (Z, Z)e_zi Zja—ZS

for the matrix elements of the r x r matrices R, and R, with
Ta _ D—l(zZS—l)z2S—l)§/a

and now
B Zi=m({Z +§GZ7) ...
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Setting r = 1 we obtain a novel one-soliton solution

0 I I +exp(—2')
r = | | r—
r 0 1 —exp(—2)

and
1+ (=19 27’
[q = (1) exp( ), a=2,...,S
1 —(—1)% exp(—22’)

Apart from I, , , =T, ' here we also have I, | =T,
Setting r = 2 we obtain new two-soliton solutions

I_ B I_ O I_ B 1.'.6_21 — 6_22 — ”"12 e_(zl+22)
= O I__l ’ - 1 — e—Z _|_e—22 - ’712 e—(21+22)

o
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where the “solitons-interaction” factor and the exponents are

= =
L +0 25— +75

-

N2 = Zi =2 -0

for some constant &’. To define I, for a =2....,swe have

detTosy = 14 (—1)7 (622 ¢ 22)

a & 28_ +4'¢; al —(Z1+2)
—4(—1 11742
(=) <zl+zz>< 251 zzs—f

2 Z\+Z
—|_r’126 (1"’ 2)

(& — )= (T
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Concluding remarks

-

= Qur construction is based on the classification of Toda
equations associated with loop groups of complex
classical Lie groups whose Lie algebras are endowed
with integrable Z-gradations with finite-dimensional
grading subspaces (Nirov & Razumov, 2005-2007).

= Although initially there were no group and algebra
defining conditions in the case of general linear groups,
certain restrictions were to be imposed on the mappings
entering the loop Toda equation just due to the specific
structure of the outer automorphisms generating the
Z~gradations.

= As a consequence, unlike the untwisted case, the pole
positions of the dressing meromorphic mappings turned
L out to be related in the twisted loop group case.
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