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Why Integrabilty?

® FEasy models: Classical Mechanics (ossilator, free point particle)
® Integrable models: not necessarily easy/complicated.

® “Complicated”, chaotic models. Almost untractable.

Integrable models can be completely solved
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What is Integrabilty?

Exists an infinite set of independent commuting charges
{Qa}, [Davﬂﬁ] =0

Finite dimensional: mechanical model of order n (n d.o.fs) — exists
n-1 local first integrals in involution

Field Theory: Infinite dimensional symmetry, S—matrix satisfies
integrability constraints.

We are focused on QFTs and spin chains
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Signatures of Integrabilty

Explicitely find all commuting charges
Investigate S-matrix (field theory, spin chains) S-matrix satisfies

Yang-Baxter equation, Unitarity conditions

Some methods
K Analytic Bethe Ansatz. |[Leningrad school, 70-80s]
® C(Coordinate Bethe Ansatz. Mostly for spin chains

® Algebraic integrability.
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AdS/CFT correspondence. String side

Conjectured duality between IIB string theory (closed strings and
open strings bound to D-branes; no tachyon; massless chiral
fermions) on AdS; x S° and ./~ =4 SYM on its boundary S* xR

Coset space

PJ(2,2/4)

AdS; x S x fermions = (4.1 x SO)

String theory as coset sigma model on a cylinder (GS superstring)

[Metsaev, Tseytlin hep-th /9805028
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N=4 4D Super Yang Mills

su(N) gauge connection A, 4 Majorana gluinos as 16 component 10d

Majorana-Weyl spinor ), 6 scalars @,. All adjoint!
2 1 1 1 1_ |

S= o [d* Tr{—F2 S (O®)2— [, D12+ = XX — = xT; }
g%M/ X 4 —|_2( |) 4[ I J] —|_2me 2X |[¢%X]

® Completely fixed by supersymmetry — two parameters g and N
g~ VA ~gymvN

® All fileds massless

°

Finiteness: beta function is exactly zero, no running

® Unbroken conformal symmetry.

Superconformal symmetry psu(2,2|4)
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Establishing the Correspondence

String side

Solution of classical EOM -+ Quantum corrections
Gauge side

States: Local operators ¢ = Tr@ULPF ...

Energies: Scaling dimensions
(O(x)O(y)) = alx—y|2PN
Strong-weak duality. Strong g — oo for strings
E(g)=0Ec+E1+Ex/g+...

Weak for SYM
D(g) =Do+9°D1+9g'Do+...

Problems in comparison. Integrabilty may help
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Anomalous Dimensions

Consider local operators of many fields.
O (X) = Tr @ (X) P;(X)F (X) Ok (X) Hn(X) . ..

Scaling dimensions [®]| =1, [W] =1, || = 1 affect Do
Correlators

(0(00(y)) = alx—y|~ @

Renormalization: claim correlators to be finite.

Calculate anomalous dimension: double series g°loops, N~ ?9—genera

D(g) =Do+ § g” Y N “Dy 4
=1 g=0

Complicated beyond scalar sector (nonplanar contributions) Huge
combinatorial problem, classifying Feynman dyagrams (even tree
level), mixing

But simpler in planar limit ¢(N") graphs at arbitrary coupling
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Dilatation Operator

Composite gauge invariant operators need renormalization & — Z&
(0()6(y)) = alx—y 2P

No mixing in scalar sector at 1 IOOp [Minahan, Zarembo hep-th/0212208]

Anomalous dimension matrix (dilatation generator) D = —g Egi

interpreted as a spin chain Hamiltonian

D(9)0 =g°# 0 =D(9)0
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Spin Chains. Scalar Sector

|®]=1. Length of spin chain = bare scaling dimension. Spectrum of
Hamiltonian — anomalous dimension

Hibert space

States — single trace operators
DODD..) =Tr OO DD ...

Hamiltonian 7 =y J# k1. Boiled down to su(2) sector XXX spin
2

chain
1 - —
Hick+1 = Fikrl — Pkt = 5(1— OkOicy1)

Integrable !
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Higher loops

Dilatation operator

D(9) =Do+gD1+ Do+ ...

® Action is homogeneous .
Interaction with I in and O out legs is of order £(g

® local

I+O—2)

® Jong-ranged (range grows with g)

® dynamic (creation and annihilation of sites)
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SYM Spin Chain Vacuum

Three complex scalars 2" = O1+1P2, % = O3+ 1Py, & = P5+ 1Dg
tranform under su(4) ~ so(6)

Vacuum: |2 Z X ...) breaks superconformal symmetry

Residual symmetry u(1) x psu(2|2) x psu(2[2) x R

Excitations transform in reps of psu(2|2) x psu(2|2)

Can work with one copy of psu(2|2). Leeds us to psu(2|2) spin chain

On string side corresponds to
Light cone gauge using time form AdS; and great circle of S
Vacuum: Point particle moving along great circle

Excitations: 4 coordinates on S, 4 coordinates on AdSs
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su(2|2) Spin Chain [Beisert hep-th/0511082]

d.o.f: 2 bosons @', @?, 2 fermions Y1, P?
S-matrix: Vi ® Vo — V5 ® V] is fully constrained by symmetry up

to overall scalar factor (peculiaraty of representation theory)
Central extension to su(2|2) x R makes spectrum continuous

Magnon dispersion relation merely from symmetry

E(p) =/ 1+ g2sir(3p)
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Lie Superalgebra

5u(2) x s1u(2) generators 9%, £%; supercharges : and central charge €
9320, M%) = §SR3y — SRS, (L9, LY 5] = 05 £%5 — 85 £V,
(PR3, QVg] = —08Q"p + 35204, [£96,QY4] = 55/530’ - %5,?53"(1,
[9‘%%,605] = 5&6615 — %5€6C5, [ﬁaﬁ,605] = —5g6cﬁ + %5g6c5.

{Q%, 6%} = 5L£%5+ 05 R, + &; 05 €.

Central extention
{Q%,Q"4} =B,  {6%,6%) =" gpsR.

denote
b= su(2]2) x R? = psu(2[2) x R,
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Distinguished OXO (Chevalley) basis

O—&—0O

91 =NR% — R =202, ¢ = M2y, 31 =Ry,
H2=—C— 391 — 393, ¢y = 0%, 32 = 6%,
93 = L% — £l =282, ¢3 = g1y, F3 = £21.

Commutators
19,9 =0, 19, & = +AjKkE, 19,8k = —AjkSk-

[€1,81] = +91, {€2,82} = —92, [€3,53] = —9s3.

Symmetrized Cartan matrix — degenerate

+2 -1 0
Ajk = -1 0O +1
0 +1 -2
Null vector vj = (1,2,1)
1 : 1 1
C=—3 D Vi) =—391—H2— 393
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Central Charges and Serre Relations

Central charges

P={[€1,E),[€3,E]},  R={[F1, T2, T3 52}

Serre relations

0= [y, E3] = E2€ = |1, [E1, &]| = [E3,[€3,E]]
= [§1, 3] = F282 = |51, [51,52)] = [T3,[33,52]]

For U(su(2/2))
B—R=0
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Quantum Deformation

Q-number (g€ C)

Commutators

[€1,531] = [91]q, {€2,52} = —[92]q, (€3,53] = —[93]q

Serre relations

0=[C1,E3] = [§1,83] = €2€r = F2F2
= E1E1E — (q+ 0 1) E1E2¢] + E2E1E1 = E3E3C, — (40 1) E3¢2¢3 + EoE3C3

= 515182 — (Q+ a4 H)F1F281 + F25181 = F3F3T2 — (A+ 9 1) T35283 + 525353

Central charges

P =CE1E2E3Er 4 E2E3EE] + E3CE2E1Er - ExE1EHE3 — (CH— q_l)szQlengfz,
A= F1525332 + F2835281 + F3T28182 + 52515283 — (A+ 9 1) F2315332.
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Symmetry

Let g-(Lie) algebra. We want S-matrix to be invariant under g. How
to elaborate?

S matrix intertwines two multiplets
S N1 Vo —>V2/®V]{

Representation of g
p:g— Endc(V)

Need to tensor multiply two reps. Coproduct in Hopt algebra of g
Aig—gRyg

consistent way to do it.
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Hopt Algebra
Braided coproduct

A1) =1®1,
A($i) = HiQ1+1 5Hi,
AE)=¢@1+q ¢,
A(Sj) =5 ®C|f” +1®73Fj,
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Unit Couniut Antipode

Unit element (1) = 1. Counit € : Ug(h) — C takes the form
£(1)=1  &(H)) =¢(¢)=¢(3j) =0

Antipode S: Ugq(h) — Ug(h) is uniquely fixed by the compatibility

condition
Ho(S®1)oA(J) = o (1@ oA(J) =noe(),

for all J € Uq(h), t:Uqg(h) ®Uq(h) — Uqg(h) — product.

(1) =1, S(9j) =—9j, S(Gj):—qf’icij, 5(3])2—3]01_56

for central charges

S(€)=-¢,  SP)=-q P, SH=-0°R
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Co-commutativity and R-matrix

Hopf algebra quasi-cocommutative if (Z € g g)

Comutative for center of Ugy(h) For central charges 3 and K more

involved
A(P) = PR 1+gU P, t Dop(P) = P UG+ 10,
u
AR)=Rq X +U 2R A, Nop(R) = RARU2+q ¢ R K.

have to be identified with ¢ and U
P=ga(l-g*U?), RK=ga (g *-u?.

Here g and a are two global constants of the reduced algebra.
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Braiding and R-matrix

Deform the coproduct according to Z-grading of the algebra. Grading associates the
charges +2,4+1,—1, —2 to the generators [3, &>, §2, R, the others uncharged.
Braiding leads to a non-trivial R-matrix.

Introduce abelian generator il and deform the coproduct

The exponents of U follow the Z-grading of the algebra.
Counit g(U) = 1.
Antipode

(€)= —q22u7 e, SF)=—-q 22UF, Su) =yl

for central charges

S@)=-¢  SP)=-qUAP,  R) = -gCUA.
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Fundamental Reresentation

91leh) ==Y,  92eh) =—(C—3)|eh), Eileh) =qt2|¢?),  Ele) =clyh),
91|07 = +|9?),  9200?) =—(C+3)|¢%), E2/¢?) =aly?), 31l0?) = a7 V?|e"),
D3|W?) = +1P?),  92lW?) =—(C+)Y?), ElY?) =g 2gl), Flg?) =d|¢?),
falpt) =—[gt),  9olgt)y=—(C-3)|Yt), Folut) =blet), Falyhy = qt/2|yY?).
Constraints
ad = [C+ 3]q, bc=[C—3]q, a=P  cd=K
(ad —qgbc)(ad — g tbc) = 1
Parametrization
a= /gy, b:\/gaxi_(x_—qzc_lxﬂ,
_iyGy g ©tt? _ WO ciy2p- co1n
c=—_ v d_Tq (x —q x").
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Fundamental R-matrix

Z|9 ") = Aol o)

2|0 ¢7) = qu;ig_ 22|24 1 A;iq_”l ') - q+q_1|w )+ q+q_ ot W)
g = Bz gy TRt Bz gy O gy G2y
%0 ¢°) = P2l g°0%)

Z|WHYT) = —Dalyryrh)

g = - Pt B g OBz Q+q_1\<o2cp 2l
AW =~ 2Ry - qf;_?E”\wlw% 10+ 0

Z|WPP?) = —Dao| Y2 Y?)

Z|0PYP) = G1o| @PYP) + Haa| WP ¢?)
R|WY @°) = Kio| @ @) + Lio| * @)
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Fundamental R-matrix. Coeflicients

C + -
g-tU1 X5 — X
A2 = Ry,

qC2U2 X5 —Xi-

_|_
_ . -1
B = Rl g 2o (1- (@ s

1% =X % —s(xf))
X3 =X X —S(X|)
iga tyydiUy ighxg — (g—q7t) s(xd) —s(x])

Co=R
12=R(a+q ) 02 +3/22 X5 —S(X]) Xy — X

Eio— _ 1_ —1\ y—2Co— 1U—2X2 X1 % )

12 12( (a+9)q- X, =X % —s(x)
s(%
X,

Fy— RO, (gt 199 end UL ig 6 —(@-a7) s0g) — i)
12 q202+3/2U2 X, —S(X; ) X
aZ UZqCZ—l-l/Z(X—l- X ) Uqu1+l/2<X+ X]_)
1-g?(q—q)? v V2
1 X — xt i NS U Ve
PR 0GRy, i —x) T T Ry o — Xt
C e
q U 2 X1 =% Ci11/2 Xy —X;
Kio=R; e : =R,y 2L
12712060, » X5 — X[ 2d X, —Xf
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Some g-notations

(q—gY)/x"—igt  _(g—gHxt+ig

T T a—a ) —ig T T (g=gx fig T
i1 _ g1
uly) =y+sly),  sly)= :8_1;_(?(1 _qq_)f)’ .
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Descrete Symmetries of R-Matrix

Braiding unitarity #12%>1 = 1® 1 entails

A12A21 = B1oBo1+ CroFp1 = Giolog +HioHo1 =1,
A12D12 = B1oE12 — CioF12 = H1oK12 — Giol1o.

Yang—-Baxter equation

RK19K 13K 23 = F23KH13%12.

Matrix Unitarity
(9?12)T9?12 =1® 1.

Crossing Symmetry
(¢ Q125N C ®1) %2 =101,

imposes relations on scalar factor Rcl)2
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Near Neighbour Hamiltonian

Homogeneous Hamiltonian

L
I = Z T k+1-
=1

The pairwise interaction 747 is the following logarithmic derivative
of the R-matrix

(X =s(xP)) (x —s(x7)) [ dut 2z
e s T A T N

The spectral parameters Ux are defined via X@t

U =0 () —
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S| @r¢?) =

S|P @t

) =

S| 0P ¢°)

oYty

Aoty

oYY

S| PP Y?

)

?) =

H =

)

S| P YP)

2P

o°)

The Hamiltonian

=Alp'e')
P Bty + A0+ S0 - e
R NI ans L B T N T
= Al¢°¢)
= D[yty)
qziglE\wlw% qD+q_1wJ ) + q+;1\cp (Hq_l\gozgo
q+q—1‘¢’ it q1+;‘qEW vy q+Fq—1‘CP 0+ q+q— Grqt?e)
= D|y?y?)

= G|YP ¢?) + H|¢PyP)
= K|y% ¢°) +L|g°y?)
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The Hamiltonian

1 (U +qg U YU t+qgCu)
~ 4g (fU —g~CU-1) (Ut —qg~CU)
q+q* 1
g @U-gCUgu-tl-qgctu)
C=F= (q+Q‘1)\/1— (a—g1)g
qc+1/2U -1 q—C—l/ZU ~1_ qC—l/ZU 4 q—C+1/2U
9g—ag (U —gCU-) (U1 —g~U)
qC—i—l/ZU _ q—C—l/ZU _ qC—l/ZU —1 + q—C—I—l/ZU —1

gd—g 1) (g“U —g“U-1) (U1 —g~CU)
H=K=0

A= -D

A—-B=E-D=

G—

| —
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Bethe Equations and Spectrum

Generic for rank 3 algebra

K N M
1= I—l RI,II (Xjayk) I—l R” II yj I—l III II WJ y

j£k
AR AR L
1=[]R (Xj,Wk)I_IIR’ (i, wi) TR (Wi, i),
j=1 J= J=1
j4k

For our case

( o121 Y= X )K M1 QU — W+ 59

Yk =X ,rlu g tu(yk) —wj — 397
Mgty + 29‘1IM|Q‘lwk—qwj—fz(qm—l)g—l
rll w—au(yj) — 5971 b awke—gtwj + 5(g+q1)gt
ik

Energy
N
E =E)K+ Z E(yj).
=1

Eo =A E(yi) =H+K—2A+GePc 1 Le Pk,
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1D Hubbard Model

Hamiltonian

Hub __ T T , :
Ak = Z (Ca,jca,k+ca,kca,j)+Un1,1n2,1-
a=12

exhibits su(2) x su(2) € su(2|2) symmetry once

g =lo), @) =kcl,cho), gy =clylo), W) =c] o).
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Alcaraz and Bariev model [Alcaraz, Bariev '99]

AB T T /
Hix = (CpjCrk+CpCj) (1 +tuanzj + a2k + N2 jNp k)

+ (€ jCok + ChyCa. ) (1+ toany j + ooy +tony N )

tt t
+J(C1,{C2C2,iCri T C1C2 jC2KCrj)

+ tp(CJ{,j Cg,j CokCrk T CI,j Cg,j C2kC1k)

+ V110 jNyk + Vo jNo k + Vo1 jN k + Vool jNz k +UNg jNg |
+ ngl) Np Ny kN2 K + ngz) Ny jN1 kN2 k

+ V353> N1, jN2,jNok + ng4) N1, jN2,jN1k

+Vang jN2 jNy kN2 k,
where
tu=ti—1, to=tz—1 U =ts—tz—ts+1,
thb1=1t1—1, too=1t,—1, té:t5—'[1—'[2—|—1.

and ...
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Alcaraz and Bariev model [Alcaraz, Bariev '99]

... was found to be integrable in four cases A* and B*
In the case A*

t1=¢ethr=t3=¢€ty=sINd, tg=¢€=+1,
J=—¢gty = —3€U = V26T = V,6 21 = cosd,
Vig=Vor =Y =P =¥ —vi¥ —v, =0,
and in the case B*
t; = ety = et3e?1 = 46721 =sind, tg=¢& =41
J= —gty =Vi6"1 =V =cosd, U =2t,+sindtand (e —ee )2
Vir =Var =V =Y =v, =0, VY =-v{¥ =vi— .

with the free parameters 4,n.
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Relation to CM notation

Four d.o.f. for each site

o), M) ~cllo), |1y ~cCilo), 1)~ cich|o)

or
1 2 T Af 1 T 2 T

@) =1o), @) = KCpCoklo), [ Wic) =Cp o), i) =Calo).

anticommutators

T T T
{Ca,kanJ} — 50{3 5kh {Ca,kvcﬁ,l} — {Ca,kanJ} =0.

number operators

.'.
na,k — Ca7kCa,k
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Our Hamiltonian in electronic notation

A k

A-B + 1 t D-E + 1 t
= g gL CLi%C2kCkt CkCakC2Ci) gt (Ol k2 Ckt 1k C2kCu)
1 1,41
T grg T CLiCk(@ KO N2 )na— aKkFg (1))
1 _
""ch,jcz,k(’( "C(1—ng,j)nik—KFNg j(1—ny))
1
qrqt C-]l:,kcl,j(q 'KF(1—ng,j)Npk— Ok 1Cnp (1 —py))
1
- grql C2C2,] (KF(1—ngj)nk— K "Cnyj(1—my))

+ CI,j Cr(G(L—ngj)(1—nak) —Lngjnzk) + C;,j Cok(G(1—ngj)(1—nyk) —Lngjng )

+ CJ{,kcl,j (L(1—n2j)(1—ngk) — G jna k) + Cg,kCZ,j (L(1=ngj)(1—ngk) —Gnyjnik)
+ A+ (K=A)(ng,j +n2j) + (H—=A) (N k+N2k) + (A+ D —H —K)(Ny jni k + N, jn2 k)

+ \A—ZH - qgi—giB) N kN2 k + (A—2K+ %) M1,jM2
+ /A— H-K+ qzing> Ny, jN2k+ <A— H-K+ q:f;f) M2,iN1k
+ \—A— D+2H+2K - q':‘igiB - qzigiE) N1,jN1 kN2 k
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Possible Transformations

One can: twist, add central elements... and change spectrum in

controlable way

=80T Hi2T "+ 3a1A(91) + @A(1) + 3330(H3)
+301(H1®1-1291) +b(H1H1 01— 1R H191)
+2b3(H321-1® H3)

Twist [Reshetikhin ’90 Let.MathPhys]

K K

9:exp<iflz(j—1)ﬁl,j+i§f2 Z (91,93k —9H3,iH1k)
j<k=1

=1

=1

K
+ifs ) (- 1)563,k>
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Transformations and Spectrum

...and change spectrum in controlable way

1— (é(fg—fl—fz>q—c—1/2u—1—yk_X+)K P itag1 QUK — Wi+ 507
Yk — X~ ,U, g u(yk) —wj — 3971’

1 e2| f2 f3 Iﬁl 2If2 Wk q u(yj)+29_l M q Wk_qWJ__(q+q )g_l
-1 Wk_qu(yj) 5971 law—gtwj+5(g+g gt
j#k
Energy
N

E' = (aEp — a1 + a2)K + 2asM + Z (a0E(yj) + a1 —ag).
J_

Ouantum Deformations of the One-Dimensional Hubbard Model — p. 39/4



Quantum Deformation of the 1D Hubbard

Q-deformation of the Hubbard model limit [PK, Beisert 0802.0777]

c%”j',k — A Z ((1— Nis)(1—n20)+ N1 N2 — %)

15Tk
+igtt2c] jCuk(1—(1- q"%)nz ;) (1 (1—q %))
+igtt/ac] 1Cx(1=(1—a ")) (1 - (21— 7))
—iq- 1/2(31 C1j(1—(1- a2z 1) (1— (1— g ?)ng)
g2 0 (1 (1= a0y ) (1- (1—q 2)nyy).
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So What is Alcaraz—Bariev Case A7 [PK, Beisert in progress|

Same spectrua for A and B cases

Relation between quntum deformations
cosh 2)g = cosh 2),c0s9 + €sind

admits Mobius parametrisation (two fixed points +1)

¢ —cosd Pe _ e & —cosd

eZHA:gEl—Ecosﬁ’ - &1—E&cosd

Similar structure of II level S-matrices

Nonlocal dynamical (momenta dependent) transformation from
A to B exists

Solutions: Different coalgebra?
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