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Outine

Introdu
tionAdS/CFT 
orresponden
e. SYM spin 
hainSpe
trum of Planar N = 4 SYMQuantum deformations
Uq(su(2|2)⋉R

2) 
hainHubbard model and its deformationsOpen QuestionsDynami
al transformationsUniversal R-matrix
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Why Integrabilty?

Easy models: Classi
al Me
hani
s (ossilator, free point parti
le)Integrable models: not ne
essarily easy/
ompli
ated.�Compli
ated�, 
haoti
 models. Almost untra
table.Integrable models 
an be 
ompletely solved
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What is Integrabilty?

Exists an in�nite set of independent 
ommuting 
harges
{Qα}, [Qα ,Qβ ] = 0Finite dimensional: me
hani
al model of order n (n d.o.fs) � existsn-1 lo
al �rst integrals in involutionField Theory: In�nite dimensional symmetry, S�matrix satis�esintegrability 
onstraints.We are fo
used on QFTs and spin 
hains
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Signatures of Integrabilty

Expli
itely �nd all 
ommuting 
hargesInvestigate S-matrix (�eld theory, spin 
hains) S-matrix satis�esYang-Baxter equation, Unitarity 
onditions

Some methodsAnalyti
 Bethe Ansatz. [Leningrad s
hool, 70-80s℄Coordinate Bethe Ansatz. Mostly for spin 
hainsAlgebrai
 integrability.
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AdS/CFT 
orresponden
e. String side

Conje
tured duality between IIB string theory (
losed strings andopen strings bound to D-branes; no ta
hyon; massless 
hiralfermions) on AdS5×S5 and N = 4 SYM on its boundary S3×RCoset spa
e

AdS5×S5× f ermions =
PSU(2,2|4)

SO(4,1)×SO(5)String theory as 
oset sigma model on a 
ylinder (GS superstring)[Metsaev, Tseytlin hep-th/9805028℄
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N=4 4D Super Yang Mills
su(N) gauge 
onne
tion A, 4 Majorana gluinos as 16 
omponent 10dMajorana-Weyl spinor χ , 6 s
alars Φi. All adjoint!
S =

2

g2
Y M

∫

d4x Tr
{1

4
F2+

1
2

(∇Φi)
2− 1

4
[Φi,Φ j]

2+
1
2

χ̄∇/ χ− i
2

χ̄ Γi [φi,χ ]
}

Completely �xed by supersymmetry � two parameters g and N

g ∼
√

λ ∼ gY M
√

NAll �leds masslessFiniteness: beta fun
tion is exa
tly zero, no runningUnbroken 
onformal symmetry.Super
onformal symmetry psu(2,2|4)
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Establishing the Corresponden
e

String sideSolution of 
lassi
al EOM + Quantum 
orre
tionsGauge sideStates: Lo
al operators O = TrΦ∇∇ΦF . . .Energies: S
aling dimensions
〈O(x)O(y)〉 = α |x− y|−2D(λ )Strong-weak duality. Strong g → ∞ for strings
E(g) = gE0 +E1 +E2/g+ . . .Weak for SYM

D(g) = D0 +g2D1 +g4D2 + . . .Problems in 
omparison. Integrabilty may helpQuantum Deformations of the One-Dimensional Hubbard Model � p. 8/41



Anomalous DimensionsConsider lo
al operators of many �elds.

O(x) = TrΦi(x)Φ j(x)F(x)∇k(x)Ψm(x) . . .S
aling dimensions [Φ ] = 1, [Ψ ] = 1, [∇] = 1 a�e
t D0Correlators

〈O(x)O(y)〉 = α |x− y|−2D(g)Renormalization: 
laim 
orrelators to be �nite.Cal
ulate anomalous dimension: double series g2�loops, N−2g�genera

D(g) = D0 + ∑
l=1

g2l ∑
g=0

N−2gDl,g

Compli
ated beyond s
alar se
tor (nonplanar 
ontributions) Huge
ombinatorial problem, 
lassifying Feynman dyagrams (even treelevel), mixingBut simpler in planar limit O(N0) graphs at arbitrary 
ouplingQuantum Deformations of the One-Dimensional Hubbard Model � p. 9/41



Dilatation Operator

Composite gauge invariant operators need renormalization O → ZO

〈O(x)O(y)〉 = α |x− y|−2(D0+D(λ ))No mixing in s
alar se
tor at 1 loop [Minahan, Zarembo hep-th/0212208℄

a b cAnomalous dimension matrix (dilatation generator) D = d logZ
d logΛinterpreted as a spin 
hain Hamiltonian

D(g)O = g2
H O = D(g)OQuantum Deformations of the One-Dimensional Hubbard Model � p. 10/41
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Spin Chains. S
alar Se
tor
[Φ ]=1. Length of spin 
hain = bare s
aling dimension. Spe
trum ofHamiltonian � anomalous dimensionHibert spa
e

H = R
6⊗·· ·⊗R

6States � single tra
e operators
|ΦiΦ jΦkΦl . . .〉 = TrΦiΦ jΦkΦl . . .Hamiltonian H = ∑Hk,k+1. Boiled down to su(2) se
tor XXX1

2

spin
hain

Hk,k+1 = Ik,k+1−Pk,k+1 = 1
2(1−~σk~σk+1)Integrable !
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Higher loops

Dilatation operator

D(g) = D0 +g2D1 +g3D2 + . . .Intera
tion with I in and O out legs is of order O(gI+O−2)

A
tion is homogeneouslo
allong-ranged (range grows with g)dynami
 (
reation and annihilation of sites)
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SYM Spin Chain Va
uum

Three 
omplex s
alars X = Φ1 + iΦ2,Y = Φ3 + iΦ4,Z = Φ5 + iΦ6tranform under su(4) ≃ so(6)Va
uum: |X X X . . .〉 breaks super
onformal symmetryResidual symmetry u(1)⋉psu(2|2)×psu(2|2)⋉REx
itations transform in reps of psu(2|2)×psu(2|2)Can work with one 
opy of psu(2|2). Leeds us to psu(2|2) spin 
hain

On string side 
orresponds toLight 
one gauge using time form AdS5 and great 
ir
le of S5Va
uum: Point parti
le moving along great 
ir
leEx
itations: 4 
oordinates on S5, 4 
oordinates on AdS5
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su(2|2) Spin Chain [Beisert hep-th/0511082℄

d.o.f: 2 bosons φ1,φ2, 2 fermions ψ1,ψ2S-matrix: V1⊗V2 →V ′
2⊗V ′

1 is fully 
onstrained by symmetry upto overall s
alar fa
tor (pe
uliaraty of representation theory)Central extension to su(2|2)⋉R makes spe
trum 
ontinuousMagnon dispersion relation merely from symmetry

E(p) =
√

1+g2sin2(1
2 p)
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Lie Superalgebra

su(2)× su(2) generators Ra
b, Lα

β super
harges Qα
b, Sa

β and 
entral 
harge C

[Ra
b,R

c
d ] = δ c

b Ra
d −δ a

d Rc
b, [Lα

β ,Lγ
δ ] = δ γ

β Lα
δ −δ α

δ Lγ
β ,

[Ra
b,Q

γ
d ] = −δ a

d Qγ
b + 1

2δ a
b Qγ

d , [Lα
β ,Qγ

d ] = δ γ
β Qα

d − 1
2δ α

β Qγ
d ,

[Ra
b,S

c
δ ] = δ c

b Sa
δ − 1

2δ a
b Sc

δ , [Lα
β ,Sc

δ ] = −δ α
δ Sc

β + 1
2δ α

β Sc
δ .

{Qα
b,S

c
δ } = δ c

b Lα
δ +δ α

δ Rc
b +δ c

b δ α
δ C.Central extention

{Qα
b,Q

γ
d} = εαγ εbdP, {Sa

β ,Sc
δ } = εacεβ δ K.denote

h := su(2|2)⋉R
2 = psu(2|2)⋉R

3.
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Distinguished OXO (Chevalley) basis
H1 = R2

2−R1
1 = 2R2

2, E1 = R2
1, F1 = R1

2,

H2 = −C− 1
2H1− 1

2H3, E2 = Q2
2, F2 = S2

2,

H3 = L2
2−L1

1 = 2L2
2, E3 = L1

2, F3 = L2
1.Commutators

[H j,Hk] = 0, [H j,Ek] = +A jkEk, [H j,Fk] = −A jkFk.

[E1,F1] = +H1, {E2,F2} = −H2, [E3,F3] = −H3.Symmetrized Cartan matrix � degenerate
A jk =









+2 −1 0

−1 0 +1

0 +1 −2









Null ve
tor v j = (1,2,1)

C = −1
2

3

∑
j=1

v jH j = − 1
2H1−H2− 1

2H3Quantum Deformations of the One-Dimensional Hubbard Model � p. 16/41



Central Charges and Serre Relations

Central 
harges

P =
{

[E1,E2], [E3,E2]
}

, K =
{

[F1,F2], [F3,F2]
}

Serre relations

0 = [E1,E3] = E2E2 =
[

E1, [E1,E2]
]

=
[

E3, [E3,E2]
]

= [F1,F3] = F2F2 =
[

F1, [F1,F2]
]

=
[

F3, [F3,F2]
]

For U(su(2|2))

P = K = 0
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Quantum Deformation

Q-number (q ∈ C)

[A]q =
qA −q−A

q−q−1Commutators

[E1,F1] = [H1]q , {E2,F2} = −[H2]q , [E3,F3] = −[H3]q ,Serre relations

0 = [E1,E3] = [F1,F3] = E2E2 = F2F2

= E1E1E2− (q+q−1)E1E2E1 +E2E1E1 = E3E3E2− (q+q−1)E3E2E3 +E2E3E3

= F1F1F2− (q+q−1)F1F2F1 +F2F1F1 = F3F3F2− (q+q−1)F3F2F3 +F2F3F3Central 
harges
P = E1E2E3E2 +E2E3E2E1 +E3E2E1E2 +E2E1E2E3− (q+q−1)E2E1E3E2,

K = F1F2F3F2 +F2F3F2F1 +F3F2F1F2 +F2F1F2F3− (q+q−1)F2F1F3F2.
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Symmetry

Let g-(Lie) algebra. We want S-matrix to be invariant under g. Howto elaborate?S matrix intertwines two multiplets
S : V1⊗V2 −→V ′

2⊗V ′
1Representation of g

ρ : g → EndC(V )Need to tensor multiply two reps. Coprodu
t in Hopf algebra of g

∆ : g −→ g⊗g
onsistent way to do it.
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Hopf AlgebraBraided 
oprodu
t

∆(E2) = E2⊗1+q−H2U⊗E2,

∆(F2) = F2⊗qH2 +U−1⊗F2,

∆(P) = P⊗1+q2CU2⊗P,

∆(K) = K⊗q−2C +U−2⊗K,

∆(U) = U⊗U.Undraided for the rest generatiors (i=1,2,3, j=1,3)

∆(1) = 1⊗1,

∆(Hi) = Hi ⊗1+1⊗Hi,

∆(E j) = E j ⊗1+q−H j ⊗E j,

∆(F j) = F j ⊗qH j +1⊗F j,
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Unit Couniut AntipodeUnit element η(1) = 1. Counit ε : Uq(h) → C takes the form
ε(1) = 1, ε(H j) = ε(E j) = ε(F j) = 0.Antipode S : Uq(h) → Uq(h) is uniquely �xed by the 
ompatibility
ondition

µ ◦ (S⊗1)◦∆(J) = µ ◦ (1⊗S)◦∆(J) = η ◦ ε(J),for all J ∈ Uq(h), µ : Uq(h)⊗Uq(h) → Uq(h) � produ
t.

S(1) = 1, S(H j) =−H j, S(E j) =−qH jE j, S(F j) =−F jq
−H jfor 
entral 
harges

S(C) = −C, S(P) = −q−2CP, S(K) = −q2CK
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Co-
ommutativity and R-matrix

Hopf algebra quasi-
o
ommutative if (R ∈ g⊗g)
∆op(J)R = R∆(J), ∆op = P∆PComutative for 
enter of Uq(h) For 
entral 
harges P and K moreinvolved

∆(P) = P⊗1+q2CU2⊗P,

∆(K) = K⊗q−2C +U−2⊗K,

but ∆op(P) = P⊗U2q2C +1⊗P,

∆op(K) = K⊗U−2 +q−2C⊗K.have to be identi�ed with C and U

P = gα(1−q2CU2), K = gα−1(q−2C−U−2).Here g and α are two global 
onstants of the redu
ed algebra.

Quantum Deformations of the One-Dimensional Hubbard Model � p. 22/41



Braiding and R-matrixDeform the 
oprodu
t a

ording to Z-grading of the algebra. Grading asso
iates the
harges +2,+1,−1,−2 to the generators P,E2,F2,K, the others un
harged.Braiding leads to a non-trivial R-matrix.Introdu
e abelian generator U and deform the 
oprodu
t
∆(E2) = E2⊗1+q−H2U⊗E2,

∆(F2) = F2⊗qH2 +U−1⊗F2,

∆(P) = P⊗1+q2CU2⊗P,

∆(K) = K⊗q−2C +U−2⊗K,

∆(U) = U⊗U.The exponents of U follow the Z-grading of the algebra.Counit ε(U) = 1.Antipode

S(E2) = −qH2U−1E2, S(F2) = −q−H2UF2, S(U) = U−1for 
entral 
harges
S(C) = −C, S(P) = −q−2CU−2P, S(K) = −q2CU2K.Quantum Deformations of the One-Dimensional Hubbard Model � p. 23/41



Fundamental Reresentation

H1|φ1〉 = −|φ1〉, H2|φ1〉 = −(C− 1
2)|φ1〉, E1|φ1〉 = q+1/2|φ2〉, E2|φ1〉 = c|ψ1〉,

H1|φ2〉 = +|φ2〉, H2|φ2〉 = −(C + 1
2)|φ2〉, E2|φ2〉 = a|ψ2〉, F1|φ2〉 = q−1/2|φ1〉,

H3|ψ2〉 = +|ψ2〉, H2|ψ2〉 = −(C + 1
2)|ψ2〉, E3|ψ2〉 = q−1/2|ψ1〉, F2|ψ2〉 = d|φ2〉,

H3|ψ1〉 = −|ψ1〉, H2|ψ1〉 = −(C− 1
2)|ψ1〉, F2|ψ1〉 = b|φ1〉, F3|ψ1〉 = q+1/2|ψ2〉.Constraints

ad = [C + 1
2 ]q, bc = [C− 1

2 ]q, ab = P, cd = K.

(ad −qbc)(ad−q−1bc) = 1.Parametrization

a =
√

gγ, b =

√
gα
γ

1
x−
(

x−−q2C−1x+
)

,

c =
i
√

gγ
α

q−C+1/2

x+
, d =

i
√

g

γ
qC+1/2(x−−q−2C−1x+

)

.
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Fundamental R-matrix

R|φ1φ1〉 = A12|φ1φ1〉

R|φ1φ2〉 =
qA12+q−1B12

q+q−1 |φ2φ1〉+ A12−B12

q+q−1 |φ1φ2〉− q−1C12

q+q−1 |ψ
2ψ1〉+ C12

q+q−1 |ψ
1ψ2〉

R|φ2φ1〉 =
A12−B12

q+q−1 |φ2φ1〉+ q−1A12+qB12

q+q−1 |φ1φ2〉+ C12

q+q−1 |ψ
2ψ1〉− qC12

q+q−1 |ψ
1ψ2〉

R|φ2φ2〉 = A12|φ2φ2〉

R|ψ1ψ1〉 = −D12|ψ1ψ1〉

R|ψ1ψ2〉 = − qD12+q−1E12

q+q−1 |ψ2ψ1〉− D12−E12

q+q−1 |ψ1ψ2〉+ q−1F12

q+q−1 |φ
2φ1〉− F12

q+q−1 |φ
1φ2〉

R|ψ2ψ1〉 = −D12−E12

q+q−1 |ψ2ψ1〉− q−1D12+qE12

q+q−1 |ψ1ψ2〉− F12

q+q−1 |φ
2φ1〉+ qF12

q+q−1 |φ
1φ2〉

R|ψ2ψ2〉 = −D12|ψ2ψ2〉

R|φ aψβ 〉 = G12|φ aψβ 〉+H12|ψβ φ a〉
R|ψα φ b〉 = K12|φ bψα 〉+L12|ψα φ b〉
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Fundamental R-matrix. Coe�
ients
A12 = R0

12
qC1U1

qC2U2

x+
2 − x−1

x−2 − x+
1

B12 = R0
12

qC1U1

qC2U2

x+
2 − x−1

x−2 − x+
1

(

1− (q+q−1)q−1 x+
2 − x+

1

x+
2 − x−1

x−2 − s(x+
1 )

x−2 − s(x−1 )

)

C12 = R0
12(q+q−1)

igα−1γ2γ1qC1U1

q2C2+3/2U2
2

ig−1x+
2 − (q−q−1)

x−2 − s(x−1 )

s(x+
2 )− s(x+

1 )

x−2 − x+
1

D12 = −R0
12

E12 = −R0
12

(

1− (q+q−1)q−2C2−1U−2
2

x+
2 − x+

1

x−2 − x+
1

x+
2 − s(x−1 )

x−2 − s(x−1 )

)

F12 = −R0
12(q+q−1)

igα−1γ2γ1qC1U1

q2C2+3/2U2
2

ig−1x+
2 − (q−q−1)

x−2 − s(x−1 )

s(x+
2 )− s(x+

1 )

x−2 − x+
1

· α2

1−g2(q−q−1)2

U2qC2+1/2(x+
2 − x−2 )

γ2
2

U1qC1+1/2(x+
1 − x−1 )

γ2
1

G12 = R0
12

1

qC2+1/2U2

x+
2 − x+

1

x−2 − x+
1

, H12 = R0
12

γ1

γ2

x+
2 − x−2

x−2 − x+
1

K12 = R0
12

qC1U1

qC2U2

γ2

γ1

x+
1 − x−1

x−2 − x+
1

, L12 = R0
12qC1+1/2U1

x−2 − x−1
x−2 − x+

1
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Some q-notations
q2C = q

(q−q−1)/x+− ig−1

(q−q−1)/x−− ig−1 = q−1(q−q−1)x+ + ig−1

(q−q−1)x− + ig−1 .

u(y) = y+ s(y), s(y) =
ig−1 +(q−q−1)y
ig−1y− (q−q−1)

.
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Des
rete Symmetries of R-Matrix

Braiding unitarity R12R21 = 1⊗1 entails
A12A21 = B12B21+C12F21 = G12L21+H12H21 = 1,

A12D12 = B12E12−C12F12 = H12K12−G12L12.Yang�Baxter equation

R12R13R23 = R23R13R12.Matrix Unitarity

(R12)
†
R12 = 1⊗1.Crossing Symmetry

(C−1⊗1)RST⊗1

1̄2 (C ⊗1)R12 = 1⊗1.imposes relations on s
alar fa
tor R0
12Quantum Deformations of the One-Dimensional Hubbard Model � p. 28/41



Near Neighbour Hamiltonian

Homogeneous Hamiltonian

H =
L

∑
k=1

Hk,k+1.The pairwise intera
tion H12 is the following logarithmi
 derivativeof the R-matrix

H12 = −i

(

x+− s(x+)
)(

x−− s(x−)
)

q−1x+s(x+)

(

du∗

du

)−1/2

R
−1
12

d
du1

R12

∣

∣

∣

∣

x±12=x±
.

The spe
tral parameters uk are de�ned via x±k

uk = q−1u(x+
k )− i

2g
= qu(x−k )+

i
2g

.
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The Hamiltonian

H12|φ1φ1〉 = A|φ1φ1〉

H12|φ1φ2〉 =
qA+q−1B

q+q−1 |φ1φ2〉+ A−B
q+q−1 |φ

2φ1〉+ q−1C
q+q−1 |ψ

1ψ2〉− C
q+q−1 |ψ

2ψ1〉

H12|φ2φ1〉 =
A−B

q+q−1 |φ
1φ2〉+ q−1A+qB

q+q−1 |φ2φ1〉− C
q+q−1 |ψ

1ψ2〉+ qC
q+q−1 |ψ

2ψ1〉

H12|φ2φ2〉 = A|φ2φ2〉

H12|ψ1ψ1〉 = D|ψ1ψ1〉

H12|ψ1ψ2〉 =
qD+q−1E

q+q−1 |ψ1ψ2〉+ D−E
q+q−1 |ψ

2ψ1〉+ q−1F
q+q−1 |φ

1φ2〉− F
q+q−1 |φ

2φ1〉

H12|ψ2ψ1〉 =
D−E

q+q−1 |ψ
1ψ2〉+ q−1D+qE

q+q−1 |ψ2ψ1〉− F
q+q−1 |φ

1φ2〉+ qF
q+q−1 |φ

2φ1〉

H12|ψ2ψ2〉 = D|ψ2ψ2〉

H12|φ aψβ 〉 = G|ψβ φ a〉+H|φ aψβ 〉
H12|ψα φ b〉 = K|ψα φ b〉+L|φ bψα 〉
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The Hamiltonian

A = −D =
1
4g

(qCU +q−CU−1)(qCU−1 +q−CU)

(qCU −q−CU−1)(qCU−1−q−CU)

A−B = E −D =
q+q−1

g
1

(qCU −q−CU−1)(qCU−1−q−CU)

C = F = (q+q−1)
√

1− (q−q−1)2g2

G =
qC+1/2U−1−q−C−1/2U−1−qC−1/2U +q−C+1/2U

g(q−q−1)(qCU −q−CU−1)(qCU−1−q−CU)

L =
qC+1/2U −q−C−1/2U −qC−1/2U−1 +q−C+1/2U−1

g(q−q−1)(qCU −q−CU−1)(qCU−1−q−CU)

H = K = 0
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Bethe Equations and Spe
trumGeneri
 for rank 3 algebra

1 =
K

∏
j=1

RI,II (x j,yk)
N

∏
j=1
j 6=k

RII ,II (y j,yk)
M

∏
j=1

RIII ,II (w j,yk),

1 =
N

∏
j=1

RI,III (x j,wk)
N

∏
j=1

RII ,III (y j,wk)
M

∏
j=1
j 6=k

RIII ,III (w j,yk),

For our 
ase

1 =

(

q−C−1/2U−1 yk − x+

yk − x−

)K M

∏
j=1

q−1 qu(yk)−w j +
i
2g−1

q−1u(yk)−w j − i
2g−1

,

1 =
N

∏
j=1

q
wk −q−1u(y j)+ i

2g−1

wk −qu(y j)− i
2g−1

M

∏
j=1
j 6=k

q−1wk −qw j − i
2(q+q−1)g−1

qwk −q−1w j +
i
2(q+q−1)g−1

.

Energy

E = E0K +
N

∑
j=1

E(y j).

E0 = A, E(yk) = H +K −2A+Geipk +Le−ipk ,Quantum Deformations of the One-Dimensional Hubbard Model � p. 32/41



1D Hubbard ModelHamiltonian

H

Hub

j,k = ∑
α=1,2

(

c†
α, jcα,k + c†

α,kcα, j

)

+Un1, jn2, j.

exhibits su(2)× su(2) ∈ su(2|2) symmetry on
e
|φ1

k 〉= |◦〉, |φ2
k 〉= κc†

1,kc†
2,k|◦〉, |ψ1

k 〉= c†
1,k|◦〉, |ψ2

k 〉= c†
2,k|◦〉.
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Al
araz and Bariev model [Al
araz, Bariev '99℄
H

AB
j,k = (c†

1, jc1,k + c†
1,kc1, j)(1+ t11n2, j + t12n2,k + t ′1n2, jn2,k)

+(c†
2, jc2,k + c†

2,kc2, j)(1+ t21n1, j + t22n1,k + t ′2n1, jn1,k)

+ J(c†
1, jc

†
2,kc2, jc1,k + c†

1,kc†
2, jc2,kc1, j)

+ tp(c
†
1, jc

†
2, jc2,kc1,k + c†

1, jc
†
2, jc2,kc1,k)

+V11n1, jn1,k +V12n1, jn2,k +V21n2, jn1,k +V22n2, jn2,k +Un1, jn2, j

+V (1)
3 n2, jn1,kn2,k +V (2)

3 n1, jn1,kn2,k

+V (3)
3 n1, jn2, jn2,k +V (4)

3 n1, jn2, jn1,k

+V4n1, jn2, jn1,kn2,k,where

t11 = t4−1, t12 = t3−1, t ′1 = t5− t3− t4 +1,

t21 = t1−1, t22 = t2−1, t ′2 = t5− t1− t2 +1.and . . . Quantum Deformations of the One-Dimensional Hubbard Model � p. 34/41



Al
araz and Bariev model [Al
araz, Bariev '99℄. . . was found to be integrable in four 
ases A± and B±In the 
ase A±

t1 = εt2 = t3 = εt4 = sinϑ , t5 = ε = ±1,

J = −εtp = −1
2εU = V12e2η = V21e−2η = cosϑ ,

V11 = V22 = V (1)
3 = V (2)

3 = V (3)
3 = V (4)

3 = V4 = 0,and in the 
ase B±

t1 = εt2 = εt3e2η = t4e−2η = sinϑ , t5 = ε = ±1,

J = −εtp = V12e2η = V21e−2η = cosϑ , U = 2tp +sinϑ tanϑ (eη − εe−η)2,

V11 = V22 = V (2)
3 = V (4)

3 = V4 = 0, V (1)
3 = −V (3)

3 = V12−V21.with the free parameters ϑ ,η .
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Relation to CM notation

Four d.o.f. for ea
h site

|◦〉, |↑〉 ∼ c†
1|◦〉, |↓〉 ∼ c†

2|◦〉, |l〉 ∼ c†
1c†

2|◦〉or

|φ1
k 〉= |◦〉, |φ2

k 〉= κc†
1,kc†

2,k|◦〉, |ψ1
k 〉= c†

1,k|◦〉, |ψ2
k 〉= c†

2,k|◦〉.anti
ommutators

{cα,k,c
†
β ,l} = δαβ δkl , {cα,k,cβ ,l} = {c†

α,k,c
†
β ,l} = 0.number operators

nα,k = c†
α,kcα,k
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Our Hamiltonian in ele
troni
 notation
H j,k =

A−B
q+q−1 (c†

1, jc
†
2, jc2,kc1,k + c†

1,kc†
2,kc2, jc1, j)−

D−E
q+q−1 (c†

1, jc
†
2,kc2, jc1,k + c†

1,kc†
2, jc2,kc1, j)

+
1

q+q−1 c†
1, jc1,k

(

q−1κ−1C(1−n2, j)n2,k −qκFn2, j(1−n2,k)
)

+
1

q+q−1 c†
2, jc2,k

(

κ−1C(1−n1, j)n1,k −κFn1, j(1−n1,k)
)

+
1

q+q−1 c†
1,kc1, j

(

q−1κF(1−n2, j)n2,k −qκ−1Cn2, j(1−n2,k)
)

+
1

q+q−1 c†
2,kc2, j

(

κF(1−n1, j)n1,k −κ−1Cn1, j(1−n1,k)
)

+ c†
1, jc1,k

(

G(1−n2, j)(1−n2,k)−Ln2, jn2,k
)

+ c†
2, jc2,k

(

G(1−n1, j)(1−n1,k)−Ln1, jn1,k
)

+ c†
1,kc1, j

(

L(1−n2, j)(1−n2,k)−Gn2, jn2,k
)

+ c†
2,kc2, j

(

L(1−n1, j)(1−n1,k)−Gn1, jn1,k
)

+A+(K −A)(n1, j +n2, j)+(H −A)(n1,k +n2,k)+(A+D−H −K)(n1, jn1,k +n2, jn2,k)

+

(

A−2H +
qA+q−1B

q+q−1

)

n1,kn2,k +

(

A−2K +
q−1A+qB

q+q−1

)

n1, jn2, j

+

(

A−H −K +
qD+q−1E

q+q−1

)

n1, jn2,k +

(

A−H −K +
q−1D+qE

q+q−1

)

n2, jn1,k

+

(

−A−D+2H +2K − qA+q−1B
q+q−1 − q−1D+qE

q+q−1

)

n2, jn1,kn2,k

+

(

−A−D+2H +2K − qA+q−1B
q+q−1 − qD+q−1E

q+q−1

)

n1, jn1,kn2,k

+

(

−A−D+2H +2K − q−1A+qB
q+q−1 − qD+q−1E

q+q−1

)

n1, jn2, jn2,k
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Possible Transformations

One 
an: twist, add 
entral elements... and 
hange spe
trum in
ontrolable way

H
′

12 = a0T H12T
−1 + 1

2a1∆(H1)+a2∆(1)+ 1
2a3∆(H3)

+ 1
2b1(H1⊗1−1⊗H1)+b2(H1H1⊗1−1⊗H1H1)

+ 1
2b3(H3⊗1−1⊗H3)Twist [Reshetikhin '90 Let.MathPhys℄

T = exp

(

i f1
K

∑
j=1

( j−1)H1, j +
i
2 f2

K

∑
j<k=1

(H1, jH3,k −H3, jH1,k)

+ i f3
K

∑
j=1

( j−1)H3,k

)
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Transformations and Spe
trum

...and 
hange spe
trum in 
ontrolable way
1 =

(

ei( f3− f1− f2)q−C−1/2U−1 yk − x+

yk − x−

)K M

∏
j=1

e2i f2q−1 qu(yk)−w j +
i
2g−1

q−1u(yk)−w j − i
2g−1

,

1 = e2i( f2− f3)K
N

∏
j=1

e−2i f2q
wk −q−1u(y j)+ i

2g−1

wk −qu(y j)− i
2g−1

M

∏
j=1
j 6=k

q−1wk −qw j − i
2(q+q−1)g−1

qwk −q−1w j +
i
2(q+q−1)g−1

.

Energy

E ′ = (a0E0−a1 +a2)K +2a3M +
N

∑
j=1

(

a0E(y j)+a1−a3
)

.
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Quantum Deformation of the 1D Hubbard

Q-deformation of the Hubbard model limit [PK, Beisert 0802.0777℄
H

′
j,k = A′ ∑

ℓ= j,k

(

(1−n1,ℓ)(1−n2,ℓ)+n1,ℓn2,ℓ− 1
2

)

+ iq+1/2c†
1, jc1,k

(

1− (1−q+1/2)n2, j
)(

1− (1−q−3/2)n2,k
)

+ iq+1/2c†
2, jc2,k

(

1− (1−q−1/2)n1, j
)(

1− (1−q−1/2)n1,k
)

− iq−1/2c†
1,kc1, j

(

1− (1−q+3/2)n2, j
)(

1− (1−q−1/2)n2,k
)

− iq−1/2c†
2,kc2, j

(

1− (1−q+1/2)n1, j
)(

1− (1−q+1/2)n1,k
)

.
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So What is Al
araz�Bariev Case A? [PK, Beisert in progress℄

Same spe
trua for A and B 
asesRelation between quntum deformations
cosh2ηB = cosh2ηa cosϑ + ε sinϑadmits M�obius parametrisation (two �xed points ±1)

e2ηA = εξ
ξ −cosϑ

1−ξ cosϑ
, e2ηB =

ε
ξ

ξ −cosϑ
1−ξ cosϑSimilar stru
ture of II level S-matri
esNonlo
al dynami
al (momenta dependent) transformation fromA to B existsSolutions: Di�erent 
oalgebra?
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