Avoiding cosmological chaos with S-branes

V. D. Ivashchuk^{a∗}, V. N. Melnikov^{a †}and D. Singleton^{b‡}

a Center for Gravitation and Fundamental Metrology, VNIIMS and Institute of Gravitation and Cosmology, Peoples’ Friendship University of Russia 46 Ozernaya Street, G-361, Moscow, 119361, Russia b Physics Department, CSU Fresno 2345 E. San Ramon Ave. M/S MH37, Fresno, CA 93740-8031, USA

June 5, 2007

Abstract

In 4 dimensions there are cosmological models which exhibit chaotic BKL oscillations as one approaches the initial singularity i.e. the Kasner parameters “oscillate” between different values as τ → +0. Similar BKL oscillations have been found in higher dimensional, string inspired cosmological models, which have form fields and scalar dilaton fields, and it has been conjectured that this behavior is generic in such higher dimensional cosmologies. In this essay we give an example where this chaotic behavior is avoided. The system is 5 dimensional spacetime with 3-form fields; the metric is diagonal and the form field describes a “maximal” set of composite, electric S-branes. When the composite S-branes are replaced by non-composite S-branes chaotic oscillation occur again. This leads us to propose the conjecture that the occurrence or non-occurrence of chaotic oscillating behavior for diagonal metrics depends on the character of the S-brane – composite or non-composite.

In [1] Belinskii, Lifshitz and Khalatnikov investigated the dynamics of 4-dimensional Bianchi- IX cosmological solutions. They found that near the initial singularity these solutions took a Kasner form but with the Kasner parameters performing a never-ending chaotic oscillations as one approached the singularity. The asymptotic metric was

ds^2_{as} = −dτ^2 + n∑ i=1 τ^{2αi} g^{(i)}_{mini} (x_i)dx^{mi}_i dx^{ni}_i , (1)

where g^{(i)} are Einstein metrics for the spatial coordinates, having dimension given by d_i. The Kasner parameters, α^i, satisfy the following two conditions: n∑ i=1 d_iα^i = 1 , n∑ i=1 d_i(α_i)^2 = 1 (2)

The oscillatory behavior arose in that the Kasner parameters were time-dependent, α^i(τ), and took constant values for some time interval τ ∈ [τ_{k+1}, τ_k) k = 0, 1, 2.... but took different values in neighboring intervals. A graphical way of picturing this behavior was given by Chitre in [2] in terms of “billiard” description. In this “billiard” picture the anisotropy part of scale factors was described by a point that was “moving freely” in the Lobachevsky plane, H_2, until it

∗e-mail: rusgs@phys.msu.ru †e-mail: melnikov@phys.msu.ru ‡e-mail: dougs@csufresno.edu

encountered a “hard wall” corresponding to a constraint (inequality) on the Kasner parameters due to gravity or various matter sources. At the wall there is a “reflection” after which the parameters, α^i take new values and “move freely” until they encounter another “hard wall”. If the Lobachevsky plane is completely enclosed this oscillation or switching of the parameters persists indefinitely.

In [3, 4, 5, 6, 7, 8] these results from 4D were extended to higher dimensions with blockdiagonal metrics and various fluid or matter sources using the billiard approach on generalized Lobachevsky spaces. Additionally in [7] mathematical conditions were given under which one would get asymptotic Kasner versus BKL type oscillations of the metric. These conditions were formulated in terms of brane U^I co-vectors

U^I (α) ≡ U^I_i α^i ≡ ∑ i∈I d_iα^i, (3)

The brane is labeled by index I where I = {i_1, . . . , i_k}, i_1 < . . . < i_k, describes the location of brane, i.e. the brane is “attached” to the sub-manifold M_s = M_{i1} × . . . × M_{ik} . In [7] (3) also contained terms associated with scalar fields. These are omitted since in what follows we do not consider a scalar field. The scalar products of the U^I co-vectors were defined using the inverse (G^{ij} = δ_{ij} +^1_{2−D} ) of the minisuperspace metric [9] [10].

(U^I , U^I ) = G^{ij} U^I_i U^I_j = d_I ( 1 + d_I 2 − D ) . (4)

In the above d_I is the dimension of the brane world-volume manifold. Asymptotic Kasner type behavior occurred if there existed a Kasner set α such that for all branes with (U^I , U^I ) > 0

U^I (α) > 0. (5)

If, on the other hand, one had that for any Kasner set α there existed I such that (U^I , U^I ) > 0 and U^I (α) ≤ 0, (6)

then BKL oscillating behavior occurred near the singularity.

In [11] it was conjectured that this never-ending oscillating behavior is generic to a certain class of string theory inspired cosmologies (see [12] for a review and [13] for recent work on simple models with 2-forms). The system considered in [11] was D dimensional gravity coupled to a scalar field, and a p-form field, whose action is

S_g = ∫ d^Dx √ |g| ( R(g) − g^{MN} ∂_M φ∂_N φ − ∑ p 1 p! e^{2λpφ}(F^p)^2 ) (7) where g is the multidimensional metric, φ, is a scalar, dilaton field, and F^p = dA^{p−1} is a p-form field. The action (7) is the one used for investigating S-branes [10, 14, 15, 16].

In this essay we present an example, involving higher dimensional gravity and a composite form field, where the BKL oscillating behavior is avoided. When the form field is taken to be non-composite BKL oscillations are reinstated.

The multidimensional system considered here is similar to that of [17] but without the scalar field. The action is given by S = ∫ d^Dx √ |g| [ R[g] − 1 q! F^2_{[q]} ] , (8)

The metric is diagonal and is taken to have the form

ds^2 = −e^{2γ(t)}dt^2 + n∑ i=1 e^{2ϕi(t)}(dx^i)^2. (9)

The (q = p + 2)-form, F , is taken in the electric composite Sp-brane ansatz of the form F = ∑ I∈Ω_e

dΦ^I ∧ τ(I) (10)

where Φ^I is a scalar potential. This ansatz is composite since it is a sum of terms rather than a single term as in the non-composite case. In (10) Ω_e is the set of multi-indices having the form {i_0, i_1, ..., i_p} with all i_k being among the numbers 1, ..., n. Also in (10) we have introduced a volume form of rank p + 1, τ(I) ≡ dx^{i0} ∧ . . . ∧ dx^{ip} with I = {i_0, ..., i_p} corresponding to the brane submanifold with the coordinates x^{i0} , . . . , x^{ip} . The ansatz functions γ(t), ϕ^i(t), and the q-forms are all assumed to depend only on t.

The q = (p + 2)-form took the form [17]

F_{[q]} = 1 (p + 1)!

Q_{i0...ip} exp(2ϕ^{i0} + · · · + 2ϕ^{ip} )dt ∧ dx^{i0} ∧ · · · ∧ dx^{ip} . (11)

Q_{i0...ip} are components of antisymmetric form coinciding with constant charge densities Q_I where I ∈ Ω_e and i_0 < · · · < i_p. Since the Ricci tensor is diagonal one finds

F_{iM2...Mq} F^{M2...Mq} j ∝ T_{ij} = 0, i ≠ j. (12)

where T_{ij} is the stress-energy tensor. This leads to constraints among the charge densities, Q_{i0...ip} . The functional dependence on t can be absorbed by defining Q̄_{i0...ip} = Q_{i0...ip} exp(2ϕ^{i0} + · · · + 2ϕ^{ip} ). With this definition the constraints in (12) can be written as [17]

C^j_i ≡ n∑ i_1,...,i_p=1

Q̄_{ii1...ip}Q̄^{ji}1^{...i}p = 0, (13)

i ≠ j, i, j = 1, . . . , n. These Q̄_{i0...ip} can be viewed as “running” charge densities with the functional dependence coming from ϕ^{ik} (t).

In [17] it was shown that for spacetimes with D = 4m + 1 and form fields with p = 2m − 1 (m = 1, 2, 3, ...) these constraints could be satisfied if the non-running charge densities were selfdual or anti-self-dual (i.e. Q_{i0...ip} = ±^1_{(p+1)!} ε_{i0...ipj0...jp} Q^{j0...jp} = ±(∗Q)_{i0...ip} – where ε_{i0...ipj0...jp} is the completely anti-symmetric symbol) and if all the scale factors were the same ϕ^i(t) = ϕ(t) From [17] [18] if the above conditions are satisfied then the equations of motion for the action (8) have the following solution

ϕ(t) = 2 n f(t) , f(t) = − ln [ (t − t_0)|Q^2K|^{1/2} ] , (14)

ds^2 = −e^{2nϕ(t)}dt^2 + e^{2ϕ(t)} n∑ i=1 (dx^i)^2, (15)

F = e^{2f(t)}dt ∧ Q, Q = 1 (p + 1)!

Q_{i0...ip} dx^{i0} ∧ · · · ∧ dx^{ip} , (16)

where K = −^n_{4(n−1)} and Q^2 = ∑ I∈Ω_e Q 2 I . In the above the ansatz function γ(t) =

∑_n i=1 ϕ^i(t) = nϕ(t) because all ϕ^i(t) are the same. The charge density form Q is of rank n/2 = 2m and is self-dual or anti-self-dual. This solution with composite form field does not have oscillating Kasner like behavior as one approaches the singularity at t → +∞ (or τ → +0). It should be stressed that the solution presented above is a general one when all charge densities Q_I are non-zero.

We now specialize to the case D = 5 and p = 1 (i.e. the form fields are 3-forms) and show explicitly that one does not have BKL oscillating behavior. For these choices – D = 5, n = 4, p = 1 – the solution in (14) (15) (16) becomes

ds^2 = −dτ^2 + τ √| | | Q^2 3 | | | 4∑ i=1 (dx^i)^2 , F_{[3]} = 1 (2)!

dτ ∧ Q_{ij} dx^i ∧ dx^j , (17)

where we have used dτ^2 = e^{2nϕ}dt^2 → dτ = −e^{nϕ}dt to write the results in terms of τ. Also in (17) I = {i, j}, i < j; i, j = 1, 2, 3, 4, and all charges – Q_{12}, Q_{13}, Q_{14}, Q_{23}, Q_{24}, Q_{34} – are nonzero. As can be seen from (17) this solution has neither an oscillating nor even a Kasner-type behavior (i.e. writing the metric in Kasner form, (1), the Kasner powers do not satisfy (2) near the singularity. From the billiard representation point of view the solution in (17) corresponds to a static point in the billiard.

Omitting the constraints (13) leads to a model with six 3-forms having the action

S_{5br} = ∫ M d^5z √ |g| [ R[g] − 1 3! ∑ I (F^I_{[3]})^2 ] , (18)

instead of (8) and a non-composite ansatz

F^I_{[3]} = dΦ^I ∧ τ(I), (19)

instead of the composite one (10).

Using the results of [5, 7] one can show that these non-composite solutions with non-zero charge densities, Q_I , of the 1-branes (strings) give never-ending oscillating behavior near the singularity as τ → +0. The walls of the “billiard” come from the fact that the scalar products of all U-vectors obey (U^I , U^I ) ≡ G^{ij} U^I_i U^I_j = 2 3 > 0, (20)

for I = {i, j}, i < j, [5, 7]. In (20) we have used (4) with d_I = 2.

One will get never-ending oscillating behavior for the non-composite model since for any Kasner set, α = (α^i), there exists a brane U-vector which satisfies

U^I (α) = α^i + α^j ≤ 0, (21)

for I = {i, j}, i < j. Using the results [5, 7, 18] we find α = (0, 0, 0, 1), (^1_2 ,^1_2 ,^1_2 , −^1_2 ) and 6 other sets obtained by permutations. These are points on the Kasner sphere S^2 coinciding with the eight vertices of the “deformed” cube. For these point the equality in (21) holds, and from (20) we see that the conditions in (6 are satisfied giving BKL oscillating behavior near the singularity.

One can also use the billiard representation to show that this example gives never-ending oscillating behavior. The billiard representation gives a 3-dimensional billiard “table” with six walls that form a deformed cube. From the relationships in [7] the explicit form of this billiard belongs to the 3-dimensional Lobachevsky space (“ball”) H^3 = D^3 = {⃗z ∈ R^3 : |⃗z| < 1} and the walls of the billiard are given by the six inequalities: |⃗z −⃗v_k| > √ 2. where k = 1, ..., 6 where ⃗v_1 = −⃗v_6 = ( √ 3, 0, 0), ⃗v_2 = −⃗v_5 = (0, √ 3, 0), and ⃗v_3 = −⃗v_4 = (0, 0, √ 3). The enclosure of this billiard is not compact, but according to the “illumination” theorem of [5, 7] the billiard has a finite volume, thus indicating BKL oscillations. This can be seen in terms of the “illumination” of the Kasner sphere by point sources of “light”. The sources of light are located at the points ⃗v_k, k = 1, ..., 6, and completely illuminate the unit sphere S^2 = {⃗z ∈ R^3 : |⃗z| = 1}.

Thus, in this essay we have presented an example showing that the never-ending BKL oscillating behavior near the singularity with diagonal metric can be broken when non-composite branes are replaced by composite ones.

In general some of the walls of the billiard could be “destroyed” due to some of the charge densities being zero. This was the case in the 4D example of [18]. “Destroying” some of the billiard walls would lead to asymptotic Kasner-like, non-oscillatory behavior. In the example presented here however all the walls survive since all the charge densities, Q_{ij} (i < j), are non-zero and obey (anti)-self-duality relations. In this case the constraints select only those solutions that have simple isotropic behavior (with non-Kasner and non-oscillating behavior near the singularity).

These examples suggest a conjecture that an analogous effect may take place for 11-dimensional supergravity and 10-dimensional models of superstring origin. In other words, one may consider the following hypothesis: for certain supergravity models (say, for D = 11, or D = 10 IIA supergravities) there are no composite S-brane solutions with diagonal metrics that have a BKL oscillating behavior near the singularity.

The main conclusion of this essay is that the never-ending oscillating behavior near the singularity of solutions in certain cosmological models with form fields can be broken or avoided. This avoidance can be attributed to the form of the ansatz considered here: a diagonal metric, and composite electric Sp-brane ansatz for the form fields. This result comes from the constraints on the brane charge densities which are due to the diagonality of the metric and the compositeness of the brane system. This shows that BKL like oscillating behavior may not be generic to such higher dimensional cosmologies.

Acknowledgments

The work of V.D.I. and V.N.M.was supported in part by a DFG grant Nr. 436 RUS 113/807/0-1 and by the Russian Foundation for Basic Researchs, grant Nr. 05-02-17478.

References

[1] V.A. Belinskii, E.M. Lifshitz and I.M. Khalatnikov, Usp. Fiz. Nauk 102, 463 (1970) (in Russian); Adv. Phys. 31, 639 (1982).

[2] D.M. Chitre, Ph. D. Thesis (University of Maryland), 1972

[3] V.D. Ivashchuk, A.A. Kirillov and V.N. Melnikov, Izv. Vuzov (Fizika) 11, 107 (1994) (in Russian)

[4] V.D. Ivashchuk, A.A. Kirillov and V.N. Melnikov, Pis’ma ZhETF 60, No 4, 225 (1994) (in Russian)

[5] V.D. Ivashchuk and V.N. Melnikov, Class. Quantum Grav. 12, 809 (1995)

[6] A.A. Kirillov and V.N. Melnikov, Phys. Rev. D 52 , 723 (1995)

[7] V.D. Ivashchuk and V.N. Melnikov, J. Math. Phys. 41, No 8, 6341 (2000)

[8] H. Dehnen, V.D. Ivashchuk and V.N. Melnikov, Gen. Rel. Grav., 36, 1563 (2004)

[9] V.D. Ivashchuk, V.N. Melnikov and A.I. Zhuk, Nuovo Cimento B 104, 575 (1989)

[10] V.D. Ivashchuk and V.N. Melnikov, J. Math. Phys. 39, 2866 (1998)

[11] T. Damour and M. Henneaux, Phys. Rev. Lett. 85, 920 (2000)

[12] T. Damour, M. Henneaux and H. Nicolai, Class. Quantum Grav. 20, R145 (2003)

[13] R. Benini, A.A. Kirillov and G. Montani, “Oscillatory regime in the multidimensional homogeneous cosmological models induced by vector field”, gr-qc/0505027

[14] M. Gutperle and A. Strominger, JHEP 0204, 018 (2002)

[15] C.M. Chen, D.M. Gal’tsov and M. Gutperle, Phys. Rev. D 66, 024043 (2002) [16] V.D. Ivashchuk, Class. Quantum Grav. 20, 261 (2003) [17] V.D. Ivashchuk and D. Singleton, JHEP 0410, 061 (2004) [18] V.D. Ivashchuk, V.N. Melnikov, and D. Singleton, Phys. Rev. D 72, 103511 (2005)