Low-energy effective action in non-anticommutative
charged hypermultiplet model

I. B. Samsonov®}
@ Laboratory of Mathematical Physics, Tomsk Polytechnic University
30 Lenin Ave, Tomsk 634050, Russia

Abstract

We study the quantum aspects of a charged hypermultiplet in deformed A = (1,1)
superspace with singlet non-anticommutative deformation of supersymmetry. We prove the
renormalizability of this model and compute the leading contributions to the low-energy
effective action. In particular, the holomorphic part of the effective action is shown to be a
star-generalization of the standard holomorphic potential, while the antiholomorphic part is
not. The component structure of these contributions to the effective action is also discussed.

1 Introduction

The interest in N’ = (1/2,0) non-anticommutative deformations of supersymmetry originated
with the papers [1], where these deformations were derived from superstring theory on a con-
stant graviphoton background. As a rule, such deformations break supersymmetry only in
the chiral sector of superspace, which is possible in Euclidean superspace. The key feature of
non-anticommutative deformations on the quantum level is the preservation of renormalizabil-
ity, which was established for N' = (1/2,0) Wess-Zumino [2] and super Yang-Mills (SYM) [3]
models. This result is very non-trivial since the non-anticommutative deformations involve a
parameter with negative mass dimension which plays the role of a new coupling constant. Since
such theories appear to be renormalizable, their quantum dynamics should be explored. Indeed,
the low-energy effective action of such models was considered in [4], where the corrections due
to the non-anticommutative deformation were calculated. These results provide a promising
new method of partial supersymmetry breaking which preserves renormalizability.

These surprises of N' = (1/2,0) theories motivated analogous investigations of deformed ex-
tended supersymmetric theories. There are several types of non-anticommutative deformations
of the extended supersymmetry. The simplest one depends on a single scalar parameter I which
appears in the anticommutator of the chiral N'= (1,1) Grassmann coordinates,

{02,07}, = 21", (1)

Such a deformation was introduced in [5] and was named a chiral singlet deformation; the
corresponding field theories are referred to as N' = (1,0) non-anticommutative. Although more
general types of deformations of extended supersymmetry have been considered in [6, 7], here
we shall restrict ourselves to the singlet deformation (1), since this case is most elaborated now
on the classical level [8]-[11] and its stringy origins have been established [8].

The quantum aspects of A/ = (1,0) non-anticommutative theories are more involved. In
[8, 9, 10] it was shown that the A' = (1,0) SYM and hypermultiplet models acquire a number
of new classical interaction terms even in the Abelian case. In principle, such terms can spoil

*e-mail: samsonov@mph.phtd.tpu.edu.ru



renormalizability. In our recent paper [12] we addressed this problem in two such N' = (1,0)
theories, namely the Abelian SYM model and the neutral hypermultiplet interacting with an
Abelian gauge superfield. By computing all divergent contributions to the effective action we
proved that both these models remain renormalizable. Note that these theories are deformations
of free ones, and thus all interaction terms vanish in the undeformed limit I — 0. A physically
more important example is the charged hypermultiplet model, which — already prior to the
deformation — features the interaction of a hypermultiplet with a background Abelian vector
superfield. In particular, the low-energy effective action of this theory is goverend by the so-
called holomorphic potential, which plays a significant role in the Seiberg-Witten theory [13].
Therefore, in the present work we study the low-energy effective action and renormalizability
for the N' = (1,0) non-anticommutative charged hypermultiplet model.

Theories with extended supersymmetry are most naturally described within the harmonic
superspace approach [14, 15]. Hence, we will consider the N' = (1,0) non-anticommutative
charged hypermultiplet in the harmonic superspace that was studied on the classical level in
[9, 10]. We are interested in the non-anticommutative deformation of the holomorphic effective
action that was discussed in [16] using the harmonic superspace approach. Here we generalize
the results of these works to the non-anticommutatively deformed hypermultiplet theory and
compute the leading contributions to the effective action.

One of our main results is the proof of one-loop renormalizability of the deformed charged hy-
permultiplet system. It supports the idea that the non-anticommutative deformations in general
do not spoil the renormalizability of supersymmetric theories. Next, we find the leading con-
tributions to the (anti)holomorphic effective action including non-anticommutative corrections.
We observe that the holomorphic and antiholomorphic pieces are deformed differently: the holo-
morphic piece is nothing but the star-generalization of the standard holomorphic potential while
the antiholomorphic piece is not. We study also the component structure of the deformed effec-
tive action and derive the corrections to the standard terms in the (anti)holomorphic potential
for the bosonic component fields.

The present contribution is based essentially on our recently published results [17].

2 Non-anticommutative charged hypermultiplet model

In the undeformed case the classical action of the charged hypermultiplet interacting with the
external Abelian vector superfield is given by

S = / d¢du gt (DT + Vih)gt, (2)

Here ¢ and its conjugate ¢ are complex analytic superfields which describe the hypermulti-
plet, while VT is a real analytic superfield which corresponds to the vector multiplet. The
integration in (2) is performed over N' = 2 analytic superspace with the measure d(du. In the
present work we consider the non-anticommutative generalization of this model in the case of
chiral singlet deformation of N = (1,1) supersymmetry. Such a deformation was introduced
in [5] and the corresponding field models were studied in [8]-[12]. It is effectively taken into
account by the star product operator

B Ai R
* = exp [—IE EianQﬁ ) (3)
which should be placed everywhere instead of usual product of superfields in the classical actions.

The constant I here is a parameter of non-anticommutativity, Q! are the supercharges. In
particular, the non-anticommutative generalization of the action (2) is given by [9]

S = /dCduq“+*V++*q+, (4)
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where we use the notations
VTt =Dt v+t V=D " +V . (5)
This action (4) is invariant under the following gauge transformations
Gt = —qT % A ¢t =Axq", SVt =Dt A — [V ). (6)

In the deformed case the strength superfields W, W are defined by the standard equations
= 1 1, - ..
W = —ZDMD;FV“, W= —ZD;FDJFO‘V‘_. (7)

However, the superfield V ~7 is now given by a series

o

V™ (z,u) = Z(—l)”/dul ... duy,

n=1

Vit (z,ur) * VT (z,ug) % ... x VI (2 uy,)
(whar ) ug) - (uut) ’

(8)

which solves the star-deformed zero-curvature equation [8]
DYtV DVt VT VT =0. (9)

Let us introduce the “bridge” superfield Q(z,u) as a general N' = (1,1) superfield which
relates the covariant harmonic derivatives V** with the plain ones D*:

VI = el x Dt e V= =elxD e (10)

The bridge superfield was originally introduced in [14] for the undeformed N' =2 SYM theory
as an operator relating the AV = 2 superfields in the 7- and A-frames. Using the bridge superfield
) one can alternatively rewrite the equation (8) in the following two equivalent forms

Q(z,u —Q(zu’ Q(z,u’ —Q(z,u
V(o) = du'e*( Vs e M)yt (2 ) iy VH(z,u) % 2 kg HEW (11)
T (utu/t)2 - (utu/*)? ’

The expression (11) can be checked directly to satisfy the zero-curvature condition (9).
It is well known [15] that the free propagator in the hypermultiplet model (2) is given by
the following expression !

402 (21 — 29)

(ugug)?

G 2) =~ (DDH(Df) (12)

which solves the equation D++G(()1’1)(1|2) = 51(5”1)(1|2), where 51(3’1)(1|2) is the analytic delta-
function. Let us define now the full propagator in the model (4) as a distribution satisfying the
equation

v a0 (1)2) = 6§V (1)2). (13)
The solution of (13) can formally be written as
1 1) —a@) 62(z1 —z)
1,1 _ 4 4
G( )(1|2) = —lj* *(Dii_) (D;_) {e* * €y *W s (14)

where [, is a covariant box operator

~

1
O, = —§(D+)4V“ *V7. (15)

Note that we write here (and further) the box operator [J assuming that it is nothing but the Laplacian
operator rather than a d’Alambertian one since we deal with the Euclidian space.



Clearly, it moves an analytic superfield to another analytic one. The operator (15), acting on
the analytic superfield, can be represented in the form

1 1 - - - .1
0, = Vm*Vm—E(VJrO‘*W)*V;—5(V§*W)*V_°‘—|—Z(VJ”"*V;'*W)*V"
1 1 -
gV Valk W — AW W (16)

Here VE = DX+ VF, ?i: = Ddi +Vdi are covariant spinor derivatives. Note that the expression
(16) has a similar form as in the undeformed theory [18] with the simple star-modification of
multiplication of superfields. This result is not surprising since eq. (16) is derived from (15)
only by using the (anti)commutation relations between spinor derivatives which have the same
form as in the undeformed theory.

3 Computation of low-energy effective action

In general, the effective action in the hypermultiplet model (4) is a functional of external
strength superfields W, W and, possibly, the prepotential V*7. The part of the effective action
which depends only on the superfields without spatial and covariant spinor derivatives can be
written as

r= / dixd*0 F, (W) + / d'zd®*OH (VT VT W, W), (17)

where F, and H, are some functions. Note that the antiholomorphic piece is prohibited in
the non-anticommutative case. Indeed, the strength superfields W, W are not (anti)chiral, but
covariantly (anti)chiral

DIW=V_+«W =0, DIW=vV_+«W=0. (18)

Therefore the expression [ d*zd*0F, (W) depends on 6 variables
D, / dizd' 0 F (W) = / dzd* 0 [F, (W), V. ], #0. (19)

The rhs of (19) does not vanish since the star-product is not cyclic under d*zd*@ integration.
Therefore, the possible terms in the low-energy effective action which correspond to the anti-
holomorphic potential in the limit I — 0 is included into the function H, (VT V== W, W)
integrated in full superspace. The direct computations will specify these functions F, and H.
For the further considerations it will be more convenient to study the variation of effective
action 0T rather then T itself. In particular, given the holomorphic part of the action (17)

Thot = / dzd* F (W), (20)

using the same steps as in the undeformed non-Abelian N' = 2 supergauge theory [19], one can
write its variation in the full superspace

6T o = /d12zdu VT V™« % *x FL(W). (21)

The one-loop effective action in the model (4) is defined by the following formal expression
2
[ =Trln s Trin(VTta) = —Trln G (1]2) (22)
6™ (1)6¢™(2) ’

2Note that the one-loop effective action in the Euclidean space is given by I' = Trln Sq%) rather then the

Minkowski space expression I' = ¢Trln Sq%) . Here Sq%) is the second mixed functional derivative of a classical

action S[¢, @].



where GV (1]2) is given by eq. (14). It is easy to find the variation of (22)
6T = Tr[sVHH +« gLY] = / dCdu sV (1) % G (112)](1y=(2)- (23)
There is an important relation between full and free hypermultiplet propagators
GO (13) = GV (1)3) — / dCadus LY (1]2) x VEH(2) « GV (2]3) (24)
which can be checked directly to satisfy (13). Substituting (24) into (23), we find
6T = — / ¢y duydCadus SV (1) GEPV (112) % VEH(2) » GUD(2)1). (25)

Taking into account the exact form of the propagators (12,14), we rewrite eq. (25) as follows

16%(21 — 29)
_ 12 12 +4+ 1 2
12(, _
KV HH(2) « —— « (D (DS {68(2> x ey ) o %} (26)
Ua2) (ug uy’)

The equation (26) is a starting point for further calculations of different contributions to the
effective action.

3.1 Divergent part of effective action

To derive the divergent part of the effective action it is sufficient to consider the approximation

1

U

~
~

(27)

Ol =

since all other terms in the operator (1, result to higher powers of momenta in the denominator.
Upon the condition (27), the variation of effective action (26) simplifies essentially

durdu
0l = /d1221d1222(+17+2

1
5v++ 1 _512 _
) (1) * 507 (21 — 22)

1 _
XV (2) % = (D) (DF)* {ei’@) ey W 4§12 — zl)} . (28)
We have to apply the identity
8%(01 — 02) (D)1 (DF) 6" (21 — 22) = (ufug ) 6" (21 — 22) (29)

to shrink the integration over the Grassmann variables to a point. Note that all the derivatives
D7 in eq. (28) must hit the delta function, otherwise the result is zero since there are exactly
eight such derivatives to apply (29). Moreover, the presence of star-product can not modify the
relation (29). Calculating the divergent momentum integral and applying the equation (29),
the integration over d'2z, in (28) can be performed resulting to

1 VIt (z,ug) % fHEu) | —Uzwm)
T = 12 ++ / ) * * .
0T gin 62 /d zduy OV (z,up) x| dus ()2 (30)

Using the relation (11) we obtain finally

1

0Lz = 1672¢

/ dzdu VT <V (31)

5



The variation (31) can be easily integrated with the help of eq. (21)

Fdz‘v =

d*zd*o W 32
32n2e / o (32)
We see that the divergent part of effective action is proportional to the classical action in
N = (1,0) SYM model. In this sense the non-anticommutative charged hypermultiplet model
(4) is renormalizable.

3.2 Finite part of the effective action

Now we will derive the finite part of the effective action of deformed hypermultiplet model. We
start with the expression (26) applying the following approximation
1 1
— R = (33)
Uk U - §{VV7 W}*
This means that we neglect all spatial and spinor covariant derivatives of strength superfields
in the decomposition (16)

OmW =0,W =0, VT«W =0, VI«W=0. (34)

Exactly such an approximation (34) is sufficient for deriving the (anti)holomorphic contribu-
tions. Therefore the effective action (26) can be rewritten as follows

duydu 1
_ 12 712 1au2 ++ 12
o = /d Zld Z27(ufu;)65[/ (1)*—D5 (Z1 —22)

1

( ) 0 - %{WW}*

(DH (DF)* {e?@) xer M) 5124, — zl)} . (35)

Once again, all the derivatives D' in the second line of (35) must hit the delta-function.
Applying the identity (29) the integration over d®y is performed

duqd _

or = / d1221d4$2%5v++($1, 97 Ul) * V++ ($27 97 u2) * 62(2) * €y o)

(uyuz)?
1 1

*—54($1 —$2)m54($2 —.rl). (36)

O

In the momentum space the second line of (36) reads

/d‘%i 1 . {W, W},
m)* k2 K2+ Lw, Wy, 162 T [ 2A2

} + (divergent term), (37)

where A is an arbitrary constant of dimension +1. Note that the integral (37) has the logarithmic
divergence. We consider here only its finite part since the divergent contribution have been
calculated above. As a result, the finite part of (36) is given by

Q(x,0,u2) —Q(z,0,u1)
o = T /d zduy OV (x,0,u1) * | dug (UTU;V
{(W, W}
*ln* T (38)
Applying the identity (11), we conclude
1 12 ++ o —— (W, W},

6



The variation of the effective action (39) is one of the main results of the present work.
It gives us the part of the low-energy effective action depending on the strength superfields
without derivatives.

If the parameter of non-anticommutativity tends to zero, I — 0, the equation (39) reduces
to the holomorphic and antiholomorphic parts of the effective action

1
1672

w w
/ d?zdu VTtV T <ln + +In K) : (40)

0l (1=0) =
The variation (40) exactly corresponds to the usual holomorphic potential and its conjugate.

3.3 Holomorphic contribution

Let us single out purely holomorphic part from the expression (39). For this purpose we restrict
the background strength superfield W to be constant

W =W = const, (41)
and the log function in (39) simplifies to

W, W}, W W
ln* % = h’l* K + In T (42)
The holomorphic part is now given by

1
1672

Ol hot = /dl2zdu SV %V ™" xIn, % (43)

According to the equation (21), the variation (43) can easily be integrated:

Tho = / d*zd*O W * W * In, % (44)

322
As a result, we proved that the holomorphic part of effective action in the hypermultiplet model
is nothing but a star-product generalization of a standard holomorphic potential.

3.4 Antiholomorphic contribution

Similarly, the antiholomorphic part of the effective action can be found from (39) when we
restrict the strength W to be constant

W =W = const. (45)

The antiholomorphic part now reads

1 __ W
5Pantz‘h0l = @ /d12zdu (5V++ *V * ln* K (46)
In contrast to the variation (43), the expression (46) can not be so easily integrated since there
is no antiholomorphic potential written in the antichiral superspace. However, one can readily
find the (part of) effective equation of motion corresponding to the variation (46)

5Fantihol _ 1
oV ++ 1672

(D)2 [W*ln* %} . (47)

The variation (46) will be integrated in the next section only for some particular choice of
background gauge superfields.



4 Component structure of low-energy effective action

We are interested in the leading component terms of the (anti)holomorphic effective actions (44)
and (46) in the bosonic sector. Here we will follow the works [8, 9], using the same conventions
and notations for the component fields and sigma-matrices.

The scalar and vector fields enter the prepotential VT in the Wess-Zumino gauge as follows

Vi h = (0720 + (0N + (0T 0m0) Ay — 20(07)(0707)0 A — (07)* (0 00T ) . (48)

The prepotential V=~ is defined as a solution of zero-curvature equation (9). Unfolding the
star-product in (9), we have

D++V__ — D__V$—ZF + QI[ag_Vm—t}a—aV—_ - 82‘/;}84'0“/__]

B, __ o __
+7[a_(a+)2vv¢ga+a(a_)2v — 0%(0-)*Vii£0-a(04)* V] =0, (49)
where 5 9
8+a == W’ a_a == W (50)
One can look for the prepotential V'~ in the following form
Vo = o Bu o (07)PA+ (050 )
O Y+ (070570 4 (00 51

where all fields in the rhs of eq. (51) depend only on 67, 6. variables. The superfields v~
@

v, =7, A, 7% 77~ should be found from the eq. (49). The iterative procedure of solving
eq. (49) is given in [8]. Following the same steps we find

_ o 0
= (") —— 52
v O (52
& (H_Um)‘j‘Am
YT Tt (53)
__ 2i(07)20 Am
_ vm 4
v 1+4l¢ (54)
4IA,, A
A = — 9+ mne_ an7
O+ T (O omad) (55)
i _ 410~ omn) Fm_nam Ar7 (56)
14+41¢
—\2 -
14+41¢

Now we obtain the component structure of the strength superfields

4IA,, A,

1 -
W = —=(D")?V" =¢+ —""Z 4 (07 0pmnb ) Fun, 58
HDT PV = gt T (67 ,0) 53)
_ 1 __ ¢ . - K
— (DY = (B G0 59
7P T arg T~ om0 T (59)
Note that the strength superfields (58) and (59) are deformed differently.
Introducing the notations
41A,, Ay, . b Fon
oot dAndm g O g _Fwn (60)
1+ 419 1+ 419 1+ 419
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the egs. (58,59) can be written as follows
W =&+ (000 ) Fmn, W =@+ (076m0 )Fpmn. (61)

To find the component structure of the holomorphic potential we substitute the superfields
(61) into (44) and compute all star-products. The result is given by

Tt = —32;2 / do(F? 1 FF) [m% +AX(@, Fon))| (62)

where
AX) = S0 -XP(X ~ 1)+ 501+ X)W1+ X) ~ (14 X)X, (63)
X(®, Fop) = 2 (64)

2I\/2(F2 + FF)'

The equation (62) shows that the function A(X) is a correction due to non-anticommutativity
to the standard holomorphic effective action given by the logarithmic term.

Let us consider the antiholomorphic potential when the strength superfield W is defined by
the component expression (59) with the fields F,,, and ¢ being constant. Inserting this super-
field into the equation (46) we obtain the following component structure of the antiholomorphic
potential

o W 1 ~ d 3
Fani o) - d4 d49 21 —_— = — /d4 F2 FF In — —
tihel 327r2/ r W = g | G EE) (I g
1 (F? + FF) ) 3
- _ d* _ 1 — + = ). 65
327r2/ Tt 41g)2 <HA(1+4I¢) T3 (65)

We see that the non-anticommutativity manifests itself here by a simple rescaling of fields by
the factor 1/(1 + 41¢). In the limit I — 0 the expression (65) reduces to the standard one for
the antiholomorphic potential.

5 Conclusions

In this paper we studied the low-energy effective action and renormalizability of N' = (1,0)
non-anticommutative charged hypermultiplet theory. This model describes the interaction of
a hypermultiplet with an Abelian vector superfield under the singlet chiral deformation of
supersymmetry. Let us summarize the basic results obtained in the present work.

1. The divergent part of the effective action is calculated and is shown to be proportional
to the classical action of N’ = (1,0) non-anticommutative SYM theory. In this sense the
present model is renormalizable.

2. The general structure of the low-energy effective action of this theory is revealed. Away
from the undeformed limit, the antiholomorphic piece no longer exists by itself but is
incorporated in a full N' = (1,1) superspace integral.

3. The holomorphic effective action is calculated and remains a chiral superspace integral.
It is shown to be given by the holomorphic potential which is a star-generalization of
the undeformed one. The contribution to (the variation of) the effective action that
corresponds to the antiholomorphic potential is also found as an expression written in full
N = (1,1) superspace.



4. The component structure of the (anti)holomorphic effective action is studied in the bosonic
sector in the constant-fields approximation. It is shown that the holomorphic and anti-
holomorphic potentials still get deformed differently. In this approximation the deformed
holomorphic potential (62) acquires the extra terms given by the function (63). For the
antiholomorphic piece, it is shown that the deformation merely effects a rescaling of com-
ponent fields by a factor of (1 4+ 4I¢)~!, where ¢ is one of the two scalar fields of the
vector multiplet.

In the light of the present results, it would be rewarding to solve the following problems
concerning the quantum aspects of non-anticommutative theories with extended supersymme-
try. First, it is tempting to determine for the hypermultiplet model the deformation of the
next-to-leading terms in the effective action, which are necessarily non-holomorphic. Also, one
should develop the non-Abelian generalization. Next, it is important to perform an analogous
investigation for the pure SYM theory, since in the undeformed case this model (the Seiberg-
Witten theory) plays an important role in modern theoretical physics. Finally, it would be
interesting to extend the quantum studies of non-anticommutative theories to the case of non-
singlet (i.e. more general) deformations of supersymmetry, as considered particularly in [6] on
the classical level.
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