BRST approach to higher spin field theories

I. L. Buchbinder^{a∗}, V. A. Krykhtin^{b†},

aTomsk State Pedagogical University Tomsk, 634041, Russia bTomsk Polytechnic University, Tomsk, 634034, Russia

Abstract

We develop the BRST approach to Lagrangian formulation for massive bosonic and massless fermionic higher spin fields on a flat space-time of arbitrary dimension. General procedure of gauge invariant Lagrangian construction describing the dynamics of the fields with any spin is given. No off-shell constraints on the fields (like tracelessness) and the gauge parameters are imposed. The procedure is based on construction of new representations for the closed algebras generated by the constraints defining irreducible representations of the Poincare group. We also construct Lagrangians describing propagation of all massive bosonic fields and massless fermionic fields simultaneously.

1 Introduction

Construction of higher spin field theory is one of the fundamental problems of high energy theoretical physics. At present, there exist the various approaches to this problem (see e.g. [1] for reviews). This paper is a brief review of recent development of BRST approach to free higher spin field theory. It is based on two papers [2, 3] (see also [4, 5] for recent development) devoted to Lagrangian construction of free fermionic massless higher spin fields and Lagrangian construction of free bosonic massive higher spin fields respectively. The main motivation for using BRST approach is to try to construct the theory of interacting higher spin fields analogously to string field theory. The first natural step in constructing a higher spin interacting model is formulation of the corresponding free theory.

The paper is organized as follows. In sections 2 and 3 we discuss operator algebras generated by primary constraints which define irreducible representations of the Pioncare group both in the massless fermionic and massive bosonic cases respectively. The sructure of the algebras proved to be the same and the method of Lagrangian construction is explained in section 4 on the base of a toy model. Then in sections 5 and 6 we applay this method for Lagrangian construction both for massless fermionic and massive bosonic fields respectively. Section 7 summarizes the obtained results.

2 Massless fermionic theory. Algebra of the constraints.

It is well known that the totally symmetrical tensor-spinor field Ψ_{μ1···μn} (the Dirac index is suppressed), describing the irreducible spin s = n+1/2 representation must satisfy the following constraints (see e.g. [6])

γ^ν ∂_ν Φ_{μ1···μn} = 0, γ^μΦ_{μμ2···μn} = 0. (1)

∗e-mail: joseph@tspu.edu.ru †e-mail: krykhtin@mph.phtd.tpu.edu.ru

Here γ^μ are the Dirac matrices {γ_μ, γ_ν } = 2η_{μν} , η_{μν} = (+, −, . . . , −).

In order to describe all higher tensor-spinor fields together it is convenient to introduce Fock space generated by creation and annihilation operators a^+_μ , a_μ with vector Lorentz index μ = 0, 1, 2, . . . , D − 1 satisfying the commutation relations [ a_μ, a^+_ν ] = −η_{μν} . (2)

These operators act on states in the Fock space

|Φ⟩ = ∞∑ n=0 Φ_{μ1···μn} (x)a^{+μ1} · · · a^{+μn} |0⟩ (3)

which describe all half-integer spins simultaneously if the following constraints are taken into account

T_0|Φ⟩ = 0, T_1|Φ⟩ = 0, (4)

where

T_0 = γ^μp_μ, T_1 = γ^μa_μ, (5)

with p_μ = −i^∂_{∂xμ} . If constraints (4) are fulfilled for the general state (3) then constraints (1) are fulfilled for each component Φ_{μ1···μn} (x) in (3) and hence the relations (4) describe all free higher spin fermionic fields together. The constraints T_0, T_1 are primary constraints. They generate all the constraints on the space of ket-vectors (3). Thus we get three more constraints

L_0|Φ⟩ = 0, L_1|Φ⟩ = 0, L_2|Φ⟩ = 0, (6)

where

L_0 = −p^2, L_1 = a^μp_μ, L_2 =^1_2 a_μa^μ. (7)

Our purpose is to construct Lagrangian for the massless fermionic higher spin fields on the base of BRST approach, therefore we must construct Hermitian BRST operator. In the case under consideration the constraints T_0, L_0 are Hermitian, T^+_0 = T_0, L^+_0 = L_0, however the constraints T_1, L_1, L_2 are not Hermitian. Therefore we extend the set of the constraints adding three new operators

T^+_1 = γ^μa^+_μ , L^+_1 = a^{+μ}p_μ, L^+_2 =^1_2 a^+_μ a^{+μ} (8)

to the initial constraints (5) and (7). As a result, the set of operators T_0, T_1, T^+_1 , L_0, L_1, L_2, L^+_1 , L^+_2 is invariant under Hermitian conjugation. Taking hermitian conjugation of (4) and (6) we see that the operators (8) together with T_0 and L_0 are constraints on the space of ket-vectors

⟨Φ|T_0 = ⟨Φ|T^+_1 = ⟨Φ|L_0 = ⟨Φ|L^+_1 = ⟨Φ|L^+_2 = 0. (9)

Algebra of operators (5), (7), (8) is open in terms of commutators of these operators. We will suggest the following procedure of consideration. We want to use the BRST construction in the simplest (minimal) form corresponding to closed algebras. To get such an algebra we add to the above set of operators, all the operators generated by the commutators of (5), (7), (8). Doing such a way we obtain one new operator

G_0 = −a^+_μ a^μ +^D_2 , (10)

which arises from the commutators

−^1_2 [T_1, T^+_1 ] = [L_2, L^+_2 ] = G_0, (11) and which is not a constraint neither in the space of ket-vectors nor in the space of bra-vectors. The resulting operators algebra may be found in [2].

Let us summarize what we have at the moment. The structure of the operator algebra in the fermionic case is as follows. First we have hermitian operators T_0, L_0, G_0. Two of them T_0 and L_0 are constraints both in the space of ket-vectors and in the space of bra-vectors, another G_0 is not a constrint neither in the space of ket-vectors nor in the space of bra-vectors. Then we have pairs of mutually conjugated operators (T_1, T^+_1 ), (L_1, L^+_1 ), (L_2, L^+_2 ). One representative from the pairs is a constraint in the space of ket-vectors another representative is a constraint on the space of bra-vectors. The problem is to find BRST operator which reproduce equations of motion (1) up to gauge transformations.

Let us turn to the massive bosonic case.

3 Massive bosonic theory. Algebra of the constraints.

It is well known that the totally symmetric tensor field Φ_{μ1···μs} , describing the irreducible spin-s massive representation of the Poincare group must satisfy the following constraints (see e.g. [6])

(∂^2 + m^2)Φ_{μ1···μs} = 0, ∂^{μ1} Φ_{μ1μ2 ···μs} = 0, η^{μ1 μ2} Φ_{μ1···μs} = 0. (12)

Analogously to the fermionic case, in order to describe all higher integer spin fields simultaneously we introduce Fock space generated by creation and annihilation operators a^+_μ , a_μ satisfying the commutation relations (2) and define the operators

L_0 = −p^2 + m^2, L_1 = a^μp_μ, L_2 =^1_2 a^μa_μ, (13)

where p_μ = −i^∂_{∂xμ} . These operators act on states in the Fock space

|Φ⟩ = ∞∑ s=0 Φ_{μ1···μs} (x)a^{μ1 +} · · · a^{μs+}|0⟩ (14)

which describe all integer spin fields simultaneously if the following constraints on the states take place

L_0|Φ⟩ = 0, L_1|Φ⟩ = 0, L_2|Φ⟩ = 0. (15)

If constraints (15) are fulfilled for the general state (14) then constraints (12) are fulfilled for each component Φ_{μ1···μs} (x) in (14) and hence the relations (15) describe all free massive higher spin bosonic fields simultaneously.

Constraints (13) are all constraints in the space of ket-vectors (14). Again, as in the fermionic case, in order to be possible to construct hermitian BRST operator we must add to the constraints (13) their hermitian conjugated operators. Since L^+_0 = L_0 we add two operators

L^+_1 = a^{+μ}p_μ, L^+_2 =^1_2 a^+_μ a^{+μ} (16)

to the initial constraints (13). As a result, the set of operators L_0, L_1, L_2, L^+_1 , L^+_2 is invariant under Hermitian conjugation. Taking hermitian conjugation of (15) we see that the operators (16) together with L_0 are constraints in the space of ket-vectors

⟨Φ|L_0 = ⟨Φ|L^+_1 = ⟨Φ|L^+_2 = 0. (17)

Algebra of the constraints (13), (16) is not closed and in order to construct BRST operator we must include in the algebra all the operators generated by (13), (16). Thus we have to include in the algebra two more hermitian operator

m^2 and G_0 = −a^+_μ a^μ +^D_2 . (18) which are obtained from the commutators

[L_1, L^+_1 ] = L_0 − m^2, [L_2, L^+_2 ] = G_0, (19)

and which are not not constraints neither in the space of ket-vectors nor in the space of bravectors. The resulting operator algebra can be found in [3].

Let us summarize the structure of the operator algebra in the bosonic case. It is the same as in the fermionic case. First we have hermitian operators T_0, L_0, m^2, G_0. Two of them T_0 and L_0 are constraints both in the space of ket-vectors and in the space of bra-vectors, another m^2 and G_0 are not constrints neither in the space of ket-vectors nor in the space of bra-vectors. Then we have pairs of mutually conjugated operators (L_1, L^+_1 ), (L_2, L^+_2 ). One representative from the pairs is a constraint in the space of ket-vectors another representative is a constraint on the space of bra-vectors.

In order to understand better the method used for construction of BRST operator leading to the proper equations of motion (1), (15) it is useful to consider a toy model.

4 A simplified model

Let us consider a model where the ’physical’ states are defined by the equations

L_0|Φ⟩ = 0, L_1|Φ⟩ = 0, (20)

with some operators L_0 and L_1. Let us also suppose that some scalar product ⟨Φ_1|Φ_2⟩ is defined for the states |Φ⟩ and let L_0 be a Hermitian operator (L_0)^+ = L_0 and let L_1 be non-Hermitian (L_1)^+ = L^+_1 with respect to this scalar product. In this section we show how to construct Lagrangian which will reproduce (20) as equations of motion up to gauge transformations.

In order to get the Lagrangian within BRST approach we should begin with the Hermitian BRST operator. However, the standard prescription does not allow to construct such a Hermitian operator on the base of operators L_0 and L_1 if L_1 is non-Hermitian. We assume to define the nilpotent Hermitian operator in the case under consideration as follows.

Let us consider the algebra generated by the operators L_0, L_1, L^+_1 and let this algebra takes the form

[L_0, L_1] = [L_0, L^+_1 ] = 0, (21) [L_1, L^+_1 ] = L_0 + C, C = const ≠ 0. (22)

It is known (see e.g. [7]) that in the case C = 0 if we construct Hermitian BRST operators as if all the operators L_0, L_1, L^+_1 were the first class constraints then this BRST operator will reproduce the proper equations of motion (20) up to gauge transformations.

Now let us consider the case C ≠ 0. In this case the central charge C plays the role analogous to m^2 and G_0 in the algebras of the two previous sections. If we construct BRST operator as if the operators L_0, L_1, L^+_1 , C are the first class constraints we get a solution |Φ⟩ = 0 [3] what contradicts to (20). This happens because we treat the operator C as a constraint.

But the case C = 0 may serve as a hint about solution to our problem. Namely, we construct new representation of the algebra (21), (22) with operator C_{new} = 0 in this representation.

Thus the solution is as follows. We enlarge the representation space of the operator algebra (21), (22) by introducing the additional (new) creation and annihilation operators and construct a new representation of the algebra bringing into it an arbitrary parameter h. The basic idea is to construct such a representation where the new operator C_{new} has the form C_{new} = C + h. Since parameter h is arbitrary and C is a central charge, we can choose h = −C and the operator C_{new} will be zero in the new representation. After this we proceed as if operators L_{0new}, L_{1new}, L^+_{1new} are the first class constraints.

For example, we can construct new representation of the operator algebra (21), (22) as follows

L_{0new} = L_0, C_{new} = C + h, (23) L_{1new} = L_1 + hb, L^+_{1new} = L^+_1 + b^+. (24)

Here we have introduced the new bosonic creation and annihilation operators b^+, b with the standard commutation relations [b, b^+] = 1.

In principle, we could set h = −C and get C_{new} = 0, but there is one more equivalent scheme. Namley we still consider C_{new} as nonzero operator including the arbitrary parameter h, but demand for state vectors and gauge parameters to be independent on ghost η_C as before. It can be shown [3] that these conditions reproduce that h should be equal to −C.

Now if we introduce the BRST construction taking the operators in new representation as if they were the first class constarints

Q_h = η_0L_0 + η_C C_{new} + η^+_1 L_{1new} + η_1L^+_{1new} − η^+_1 η_1(P_0 + P_C ), Q^2_h = 0. (25)

we shall get [3] that equation Q_h|Ψ⟩ = 0, where

|Ψ⟩ = ∞∑ k=0 1∑ k_i=0

(η_0)^{k1} (η^+_1 )^{k2} (P^+_1 )^{k3} (b^+)^k|Φ_{kk1k2k3} ⟩. (26)

reproduces (20) up to gauge transformations.

Let us pay attention that operators L_{1new} and L^+_{1new} are not mutually conjugate in the new representation if we use the usual rules for Hermitian conjugation of the additional creation and annihilation operators (b)^+ = b^+, (b^+)^+ = b. To consider the operators L_{1new}, L^+_{1new} as conjugate to each other we change a definition of scalar product for the state vectors (26) ⟨Ψ_1|Ψ_2⟩_{new} = ⟨Ψ_1|K_h|Ψ_2⟩, with

K_h = ∞∑ n=0 |n⟩ h^n n! ⟨n|, |n⟩ = (b^+)^n|0⟩. (27)

Now the new operators L_{1new}, L^+_{1new} are mutually conjugate and the operator Q_h is Hermitian relatively the new scalar product (4) since the following relations take place

K_hL^+_{1new} = (L_{1new})^+K_h, K_hL_{1new} = (L^+_{1new})^+K_h, Q^+_h K_h = K_hQ_h. (28)

Finally we note that the proper equations of motion may be derived using the following Lagrangian L = ∫ dη_0⟨Ψ|K_{−C} ΔQ_{−C} |Ψ⟩ (29)

where subscripts −C means that we substitute −C instead of h. Here the integral is taken over Grassmann odd variable η_0.

5 Lagrangians for massless fermionic fields

5.1 New representation Let us first construct new representation for the operator algebra. Ones find

L^+_{2new} =^1_2 a_μa^μ + b^+, L_{2new} =^1_2 a^+_μ a^{+μ} + (b^+b + d^+d + h)b, (30) T^+_{1new} = γ^μa_μ + 2b^+d + d^+, T_{1new} = γ^μa^+_μ − 2(b^+b + h)d − d^+b, (31) G_{0new} = −a^+_μ a^μ +^D_2 + 2b^+b + d^+d + h, (32) with the other operators being unchanged. Here b^+, b are bosonic creation and annihilation operators and d^+, d are fermionic ones with the standard commutation relations [b, b^+] = 1, {d, d^+} = 1. Then we introduce the scalar product in the Fock space so that ⟨Φ_1|Φ_2⟩_{new} = ⟨Φ_1|K|Φ_2⟩, with operator K K = ∞∑ n=0 1 n! ( |n⟩⟨n| C(n, h) − 2d^+|n⟩⟨n|d C(n + 1, h) ) , |n⟩ = (b^+)^n|0⟩, (33)

C(n, h) = h(h + 1)(h + 2) . . . (h + n − 1), C(0, h) = 1. (34) Now we construct BRST operator as if all the operators were the first class constraints Q̃ = q_0T_0 + q^+_1 T_{1new} + q_1T^+_{1new} + η_0L_0 + η^+_1 L_1 + η_1L^+_1 + η^+_2 L_{2new} + η_2L^+_{2new} + η_GG_{0new} + i(η^+_1 q_1 − η_1q^+_1 )p_0 − i(η_Gq_1 + η_2q^+_1 )p^+_1 + i(η_Gq^+_1 + η^+_2 q_1)p_1 + (q^2_0 − η^+_1 η_1)P_0 + (2q_1q^+_1 − η^+_2 η_2)P_G + (η_Gη^+_1 + η^+_2 η_1 − 2q_0q^+_1 )P_1 + (η_1η_G + η^+_1 η_2 − 2q_0q_1)P^+_1 + 2(η_Gη^+_2 − q^{+2}_1 )P_2 + 2(η_2η_G − q^2_1)P^+_2 . (35) Let us notice that the BRST operator (35) is selfconjugate in the following sense Q̃^+K = KQ̃, with operator K (33).

5.2 Lagrangians for the free fermionic fields of single spin It can be shown [2] that from equation Q̃|Ψ⟩ = 0 using gauge transformations we can remove dependence of the fields and the gauge parameters on the ghost fields η_0, P_0, q_0, p_0 and obtain equations of motion for field with given spin s = n + 1/2

ΔQ_π|χ^0⟩_n + 1 2 {~ T_0, η^+_1 η_1 } |χ^1_0⟩_n = 0, T̃_0|χ^0⟩_n + ΔQ_π|χ^1_0⟩_n = 0. (36)

Here |χ^0⟩_n and |χ^1_0⟩_n are states with ghost numbers 0 and −1 respectively and subscript n indicates that the corresponding field obeying the condition π|χ⟩_n = ( n + (D − 4)/2 ) |χ⟩_n, (37) with

π = G_0 + 2b^+b + d^+d − iq_1p^+_1 + iq^+_1 p_1 + η^+_1 P_1 − η_1P^+_1 + 2η^+_2 P_2 − 2η_2P^+_2 . (38) Next T̃_0 = T_0 − 2q^+_1 P_1 − 2q_1P^+_1 , {A, B} = AB + BA and Q_π is the part of Q̃ (35) which independent of η_G, P_G, η_0, P_0, q_0, p_0 with substitution h → −π [2].

These field equations (36) can be deduced from the following Lagrangian

L_n =_n⟨χ^0|K_πT̃_0|χ^0⟩_n + 1 2^n

⟨χ^1_0|K_π {~ T_0, η^+_1 η_1 } |χ^1_0⟩_n

+_n⟨χ^0|K_πΔQ_π|χ^1_0⟩_n +_n⟨χ^1_0|K_πΔQ_π|χ^0⟩_n, (39) where the standard scalar product for the creation and annihilation operators is assumed and the operator K_π is the operator K (33) where the following substitution is done h → −π [2].

The equations of motion (36) and the Lagrangian (39) are invariant under the gauge transformations

δ|χ^0⟩_n = ΔQ_π|Λ^0⟩_n + 1 2 {~ T_0, η^+_1 η_1 } |Λ^1_0⟩_n, δ|χ^1_0⟩_n = T̃_0|Λ^0⟩_n + ΔQ_π|Λ^1_0⟩_n, (40)

which are reducible

δ|Λ^{(i)0}⟩_n = ΔQ_π|Λ^{(i+1)0}⟩_n + 1 2 {~ T_0, η^+_1 η_1 } |Λ^{(i+1)1}_0⟩_n, |Λ^{(0)0}⟩_n = |Λ^0⟩_n, (41)

δ|Λ^{(i)1}_0⟩_n = T̃_0|Λ^{(i+1)0}⟩_n + ΔQ_π|Λ^{(i+1)1}_0⟩_n, |Λ^{(0)1}_0⟩_n = |Λ^1_0⟩_n, (42) with finite number of reducibility stages i_{max} = n − 1 for spin s = n + 1/2. It can be shown [2] that the Lagrangian (39) can be transformed to the Fang-Fronsdal Lagrangian [8] in four dimensions after eliminating the auxiliary fields.

5.3 Lagrangian for all half-integer spin fields Now we turn to construction of Lagrangian describing propagation of all half-integer spin fields simultaneously. It can be shown [2] that it looks like

L = ⟨χ^0|K_πT̃_0|χ^0⟩ + 1 2 ⟨χ^1_0|K_π {~ T_0, η^+_1 η_1 } |χ^1_0⟩

+ ⟨χ^0|K_πΔQ_π|χ^1_0⟩ + ⟨χ^1_0|K_πΔQ_π|χ^0⟩, (43)

where |χ^0⟩ and |χ^1_0⟩ are states with ghost numbers 0 and −1 respectively. Then we have the following gauge transformations for the fields

δ|χ^0⟩ = ΔQ_π|Λ^0⟩ + 1 2 {~ T_0, η^+_1 η_1 } |Λ^1_0⟩, δ|χ^1_0⟩ = T̃_0|Λ^0⟩ + ΔQ_π|Λ^1_0⟩. (44)

which are also reducible

δ|Λ^{(i)0}⟩ = ΔQ_π|Λ^{(i+1)0}⟩ + 1 2 {~ T_0, η^+_1 η_1 } |Λ^{(i+1)1}_0⟩, |Λ^{(0)0}⟩ = |Λ^0⟩, (45)

δ|Λ^{(i)1}_0⟩ = T̃_0|Λ^{(i+1)0}⟩ + ΔQ_π|Λ^{(i+1)1}_0⟩, |Λ^{(0)1}_0⟩ = |Λ^1_0⟩. (46)

Since the fields |χ^0⟩ and |χ^1_0⟩ contain infinite number of spins and since the order of reducibility grows with the spin value, then the order of reducibility of the gauge symmetry will be infinite.

6 Lagrangians for massive bosonic fields

6.1 New representation for the algebra To construct new representation, we introduce two pairs of additional bosonic annihilation and creation operators b_1, b^+_1 , b_2, b^+_2 with the standard commutation relations [ b_1, b^+_1 ] = [ b_2, b^+_2 ] = 1 and construct new representation as follows

m^2_{new} = 0, G_{0new} = −a^+_μ a^μ +^D_2 + b^+_1 b_1 +^1_2 + 2b^+_2 b_2 + h, (47) L^+_{1new} = a^μp_μ + mb^+_1 , L_{1new} = a^{+μ}p_μ + mb_1, (48) L^+_{2new} =^1_2 a^μa_μ −^1_2 b^{+2}_1 + b^+_2 , L_{2new} =^1_2 a^{+μ}a_μ −^1_2 b^2_1 + (b^+_2 b_2 + h)b_2, (49)

with the other operators being unchanged. Then we change the definition of scalar product of vectors in the new representation ⟨Φ_1|Φ_2⟩_{new} = ⟨Φ_1|K|Φ_2⟩, with operator K in the form K = ∞∑ n=0 |n⟩ C(n, h) n! ⟨n|, |n⟩ = (b^+_2 )^n|0⟩. (50)

with C(n, h) given in (34).

Next we introduce the operator Q̃ as if all the operators were the first class constarints

Q̃ = η_0L_0 + η^+_1 L_{1new} + η_1L^+_{1new} + η^+_2 L_{2new} + η_2L^+_{2new} + η_GG_{0new} − η^+_1 η_1P_0 − η^+_2 η_2P_G + (η_Gη^+_1 + η^+_2 η_1)P_1 + (η_1η_G + η^+_1 η_2)P^+_1 + 2η_Gη^+_2 P_2 + 2η_2η_GP^+_2 , (51)

One can show that the operator (51) satisfy the relation Q̃^+K = KQ̃, which means that this operator is Hermitian relatively the new scalar product with operator K (50).

6.2 Lagrangians for the massive bosonic field with given spin It can be shown [3] that we can construct Lagrangian for the field with given spin as L_n = ∫ dη_{0 n}⟨χ|K_σQ_σ|χ⟩_n. (52) Here field |χ⟩_n subject to the condition σ|χ⟩_n = (n + (D − 6)/2)|χ⟩_n. (53) with operator σ being σ = G_0 + b^+_1 b_1 + 2b^+_2 b_2 + η^+_1 P_1 − η_1P^+_1 + 2η^+_2 P_2 − 2η_2P^+_2 . (54) Next Q_σ is the part of operator Q̃ (51) independent of the ghost fields η_G, P_G with the substitution h → −σ. Analogouly, operator K_σ is operator (50) where substitution h → −σ be done.

The gauge symmetry induced by nilpotency of the operator Q_σ will be reducible with the first stage of reducibility δ|χ⟩_n = Q_σ|Λ⟩_n gh(|Λ⟩_n) = −1, (55) δ|Λ⟩_n = Q_σ|Ω⟩_n, gh(|Ω⟩_n) = −2. (56) 6.3 Unified description of all massive integer spin fields It is evident, the fields with different spins s = n may have different masses which we denote m_n. First of all we introduce the state vectors with definite spin and mass as follows |χ, m⟩_{n,mn} = |χ⟩_n δ_{m,mn} , (57) with |χ⟩_n being defined in (53) and m in (57) is now a new variable of the states |χ, m⟩_{n,mn} . Second, we introduce the mass operator M acting on the variable m so that the states |χ, m⟩_{n,mn} are eigenvectors of the operator M with the eigenvalues m_n M|χ, m⟩_{n,mn} = m_n|χ, m⟩_{n,mn} = m|χ, m⟩_{n,mn} . (58) Construction of the Lagrangian decribing unified dynamics of fields with all spins is realized in terms of a single state |χ⟩ containing the fields of all spins (57)

|χ⟩ = ∞∑ n=0 |χ, m⟩_{n,mn} . (59)

This Lagrangian describing a propagation of all integer spin fields with different masses simultaneously looks like [3] L = ∫ dη_0 ⟨χ|K_σ Q_{σM} |χ⟩. (60) Let us turn to the gauge transformations. Analogously to (57) we introduce the gauge parameters for the fields with given spin and mass |Λ, m⟩_{n,mn} = |Λ⟩_n δ_{m,mn} , |Ω, m⟩_{n,mn} = |Ω⟩_n δ_{m,mn} (61) and analogously to (59) we denote

|Λ⟩ = ∞∑ n=0 |Λ, m⟩_{n,mn} , |Ω⟩ = ∞∑ n=0 |Ω, m⟩_{n,mn} . (62)

Summing up (55), (56) over all n we find gauge transformation for the field |χ⟩ (59) and transformation for the gauge parameter |Λ⟩ δ|χ⟩ = Q_{σM} |Λ⟩, δ|Λ⟩ = Q_{σM} |Ω⟩. (63)

7 Summary

We have developed the BRST approach to derivation of gauge invariant Lagrangians both for massless fermionic and massive bosonic higher spin fields. We investigated the (super)algebras generated by the constraints which are necessary to define these irreducible representations of the Poincare group and found that the algebras have an identical structure. In particular, the algebras contain operators which are not constraints neither in the space of bra-vectors nor in the space of ket-vectors. For the operators which are not constraints to be made harmless this method includes construction of a new representation of the algebra, after which the BRST operator can be obtained as if all the operators were the first class constraints.

The main obtained results are

• The Lagrangians for free arbitrary spin fields are constructed in terms of completely symmetric tensor(-spinor) fields (see eq. (39) for massless fermionic fields and eq. (52) for massive bosonic fields) in concise form. No off-shell constraints (including tracelessness) on the fields and the gauge parameters are used. All the equations which define an irreducible representation of the Poincare group (including tracelessness of the fields) are consequences of the Lagrangian equations of the motion and the gauge fixing.

• The models under consideration are reducible gauge theories. In the bosonic case the models have the first order of reducibility and in the fermionic case the order of reducibility grows with the value of spin.

• Lagrangian describing propagation of all massless fermionic fields simultaneously is constructed (43). Lagrangian describing propagation of all bosonic massive fields (with different massess) simultaneously is constructed (60).

There are several possibilities for extending our results. This approach can be applied to Lagrangian construction of fermionic massive fields [4], for higher spin fields in AdS space [5] and to Lagrangian construction of higher spin fields (both massive and massless) with mixed symmetry of Lorentz indeces (see [9] for corresponding bosonic massless case).

Acknowledgements

The work was supported in part by the INTAS grant, project INTAS-03-51-6346, the RFBR grant, project No. 06-02-16346, the grant for LRSS, project No. 4489.2006.2.

References

[1] M. Vasiliev, Higher Spin Gauge Theories in Various Dimensions, Fortsch.Phys. 52 (2004) 702-717; hep-th/0401177;

D. Sorokin, Introduction to the Classical Theory of Higher Spins, hep-th/0405069; N. Bouatta, G. Compère and A. Sagnotti, An Introduction to Free Higher-Spin Fields, hepth/0409068;

X. Bekaert, S. Cnockaert, C. Iazeolla, M.A. Vasiliev, Nonlinear higher spin theories in various dimensions, hep-th/0503128.

[2] I.L. Buchbinder, V.A. Krykhtin, A. Pashnev, BRST approach to Lagrangian construction for fermionic massless higher spin fields, Nucl. Phys. B711 (2005) 367–391, hep-th/0410215.

[3] I.L. Buchbinder, V.A. Krykhtin, Gauge invariant Lagrangian construction for massive bosonic higher spin fields in D dimentions, Nucl. Phys. B727 (2005) 536–563, hepth/0505092.

[4] I.L. Buchbinder, V.A. Krykhtin, L.L. Ryskina, H. Takata, Gauge invariant Lagrangian construction for massive higher spin fermionic fields, hep-th/0603212.

[5] I.L. Buchbinder, V.A. Krykhtin, P.M. Lavrov, Gauge invariant Lagrangian formulation of higher spin massive bosonic field theory in AdS space, hep-th/0608005.

[6] I.L. Buchbinder, S.M. Kuzenko, Ideas and Methods of Supersymmetry and Supergravity, IOP Publ., Bristol and Philadelphia, 1988.

[7] A. Sagnotti, M. Tsulaia, On higher spins and the tensionless limit of String Theory, Nucl.

Phys. B682 (2004) 83-116, hep-th/0311257.

[8] J. Fang and C. Fronsdal, Massless fields with half-integer spin, Phys. Rev. D18 (1978) 3630-3633.

[9] C. Burdik, A. Pashnev, M. Tsulaia, On the mixed symmetry irreducible representations of the Poincare group in the BRST approach Mod.Phys.Lett. A16 (2001) 731-746, hepth/0101201.