Topological Transitions and Effective Theories for High-Temperature Dynamics

Peter Arnold,^1 Dam Son,

2and Laurence G. Yaffe^3

1) Department of Physics, University of Virginia, Charlottesville, VA 22901 2)Center for Theoretical Physics, Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139 3) Department of Physics, University of Washington, Seattle, Washington 98195

Abstract

Bödeker has recently argued that non-perturbative processes in very high temperature non-Abelian plasmas (such as topological transitions in the very hot early Universe) are logarithmically enhanced over previous estimates and take place at a rate per unit volume of order α^5T^4 ln(1/α) for small coupling. We give a simple physical interpretation of Bödeker’s qualitative and quantitative results in terms of Lenz’s Law—the fact that conducting media resist changes in the magnetic field—and earlier authors’ calculations of the color conductivity of such plasmas.

1 Introduction

Standard electroweak theory violates baryon number via topological transitions involving the electroweak anomaly.^1 Such processes are exponentially suppressed under normal conditions, but are unsuppressed at very high temperatures in the early Universe. Non-perturbative baryon number violation is a key ingredient in scenarios for electroweak baryogenesis, which attempt

1For some reviews of electroweak baryon number violation and electroweak baryogenesis, see ref. [2].

to explain the matter/anti-matter asymmetry of the Universe in terms of the physics of the electroweak phase transition. Such scenarios typically depend on (among other things) the equilibrium rate of topological transitions in the hot, symmetry-restored phase of electroweak theory.^2 The rate of topological transitions—and more generally the rate of any generic non-perturbative process in high-temperature non-Abelian plasmas—has long been a source of theoretical confusion. In fact, it is only recently becoming clear how the rate scales with the fine structure constant α of the relevant gauge interactions in the arbitrarily weak coupling limit.

For non-Abelian plasmas at high temperatures, non-perturbative fluctuations of the gauge field are associated with magnetic fluctuations over distance scales L ∼ 1/g^2T (to be reviewed momentarily). For a long time in the literature, it was assumed that the time scale t of non-perturbative processes was also of order 1/g^2T , and that the rate Γ per unit volume was therefore of order 1/L^3t ∼ α^4T^4. Two years ago, we argued [4] that damping effects in the plasma slow the time scale down to t ∼ 1/g^4T , giving a rate of Γ ∼ 1/L^3t ∼ α^5T^4. More recently, Bödeker [5] has claimed that there is an additional logarithmic suppression of the time scale, so that t ∼ 1 g^4T ln(1/g)

, and Γ ∼ α^5T^4 ln(1/α) . (1)

Bödeker has also proposed an effective theory for the relevant distance and time scales in the form of simple stochastic dynamics for the gauge fields. Numerical simulation of this effective theory would give the non-perturbative numerical coefficient c of the logarithm:

Γ ≃ c α^5T^4 ln(b/α) (2)

for small α. (No one has yet proposed an explicit way to calculate the constant b under the log, and one should expect there to be sub-leading corrections suppressed only by powers of 1/ ln α.) We with to show that Bödeker’s

2We use the term “symmetric phase” loosely since, depending on the details of the Higgs sector, there may not be any sharp transition between the symmetric and “symmetrybroken” phases of the theory [3]. The analysis of this paper applies directly whenever the temperature is sufficiently high that the infrared dynamics of the Higgs is irrelevant at lengths of O(1/g^2T ), which is the case either (a) far above the electroweak phase transition or “crossover,” or (b) in the symmetric phase at the transition in cases where there is a first-order transition and the transition is not exceedingly weak.

results can be reproduced and interpreted through a simple argument based on the fact that plasmas are conductive.

Before presenting the essential argument, let us review the physical origin of the length scale 1/g^2T associated with non-perturbative fluctuations. Imagine a fluctuation of the gauge field of spatial size R and amplitude A. Non-perturbative means that, for example, gA is not a perturbation in the covariant derivative D = r−igA. So non-perturbative means A >∼ O(1/gR), and hence the energy E of this fluctuation is >∼ O(1/g^2R). The probability of such a fluctuation in energy is exponentially suppressed by the Maxwell- Boltzmann factor exp(−βE) ∼ exp[−1/(g^2RT )] unless R >∼ O(1/g^2T ). Because of entropy effects, non-perturbative processes will be dominated by the smallest size scale for which the probability is unsuppressed (since there are more small-wavelength degrees of freedom than large-wavelength ones), and so the characteristic length scale of non-perturbative physics is R ∼ 1/g^2T . Static electric fields are screened by the Debye effect on smaller distance scales, of order 1/gT . For this reason, non-perturbative physics in the hot plasma is essentially magnetic. More technically, it is only the transverse degrees of freedom of the gauge field which are important.

2 The Essential Argument

The essence of the argument is simple. It is based on realizing that the dynamics of magnetic fluctuations in plasmas is slowed down by Lenz’s law: conducting media resist changes in magnetic field. (In the context of high temperature baryon number violation, this qualitative explanation of the slow time scale for non-perturbative processes has been emphasized by Guy Moore [6].) Let’s make it quantitative.

Imagine splitting the gauge field into soft degrees of freedom—those associated with momenta of order g^2T , and hard degrees of freedom—those associated with much higher momenta such as T . The details of exactly how this split is made will not be relevant at the order we shall consider.^3 The amplitude of fluctuations is non-perturbative for the soft modes but perturbative for the hard ones. As is well known [8], the soft modes are also effectively classical—there are a large number of quanta in each mode be-

3That’s fortunate, because trying to make such a split explicit creates a host of difficulties. See ref. [7].

cause of Bose statistics. Now, treating the soft modes classically, start with the Maxwell equation D × B = D_t E + J_{hard} (3)

for the soft degrees of freedom, where B = D × A and where all covariant derivatives are to be understood as only involving the soft gauge field degrees of freedom. J_{hard} is the color current^4 due to the hard degrees of freedom, which is dominated by excitations with momenta of order T . It is important to distinguish between the hard momenta of the particles which contribute to J_{hard} and the momentum components of J_{hard} itself (which is bilinear in the fundamental fields). It is the soft momentum components of J_{hard} which are relevant in the context of (3).

Plasmas are conductors. Hence, for sufficiently small momentum and frequency, we have J_{hard} = σE , (4)

where σ is the color analog of conductivity. The Maxwell equation then becomes D × B = D_t E + σE. (5)

Let us assume that non-perturbative processes will be slow enough (which we will verify a posteriori) that we can neglect the time derivative term. Then the Maxwell equation becomes simply

D × B = σE. (6)

In A_0 = 0 gauge, this is a simple first-order equation of motion: σ d dt A = −D × B. (7)

This equation is dissipative and describes the relaxation of fluctuations of the soft fields away from equilibrium. The dissipation results from interactions of the soft modes with the hard degrees of freedom, which are accelerated by and steal energy from the soft fields. Interactions with the hard modes, however, not only provide dissipation for the soft modes; they also serve as a source of thermal noise. In the above analysis, the noise has

4We are using “color” as a descriptive name for some non-Abelian gauge field. It should be emphasized that all discussion of “color” is applicable to the dynamics of, in particular, the SU(2) electroweak gauge field.

been implicitly disregarded, and we will need to put it in if we wish to describe equilibrium fluctuations. Fortunately, this is simple to do after the fact because noise and dissipation are intimately related by the fluctuationdissipation theorem. In the language of an effective theory of the soft modes, equilibrium requires a delicate balance between the soft modes’ excitation from thermal noise and their dissipative decay.

To be more specific, note that (7) has the general form σ d dt q = −rqV (q), (8)

where V (q) is the potential energy of the degrees of freedom q (which in our case is the non-Abelian magnetic energy^1_2 ∫ x B^2). Such systems are common in physics, and a simple way to incorporate thermal noise is to include a random force ¸: σ d dt q = −rqV (q) + ¸. (9)

This is a typical example of a Langevin equation. The simplest possible choice of thermal noise, Gaussian white noise, reproduces the correct equilibrium distribution exp(−βV ) if the noise variance is suitably scaled with the amount of dissipation, ⟨ξ_i(t)ξ_j(t0)⟩ = 2σ T δ_{ij} δ(t−t0) . (10) This well-known result can be verified by converting the Langevin equation (9) into a Fokker-Planck equation for the probability distribution. (See, for example, chapter 4 of ref. [9].)

Let us introduce noise as in (9). Translating back to our particular system (7), we obtain the following effective theory for the soft modes: σ d dt A = −D × B + ¸, (11) ⟨ξ^a_i (t, x) ξ^b_j (t0, x0)⟩ = 2σ T δ^{ab}δ_{ij} δ(t−t0) δ(x−x0), (12) where i, j and a, b are spatial vector and adjoint color indices, respectively.^5

5For a more detailed derivation, see reference [5]. Subtleties concerning the treatment of longitudinal modes are being glossed over. See reference [1].

The effective equation (2) turns out to have the wonderful property that it is insensitive to how the soft modes are cut off at large momentum [1]. It means that one can ignore the soft/hard separation that was necessary to write (3) but which was never specified in detail. It means that (2) will be insensitive to short-distance lattice cut-offs used in numerical simulations. Finally, it also means that such simulations will not be plagued by lattice artifacts, such as loss of rotational invariance, that were thought to arise in other approaches [13].

¿From (11) and B = D × A, one can immediately see that the time scale of non-perturbative dynamics is given by

σ t�^1A ∼ R�^2A, (13)

so that t ∼ R^2 σ ∼ σ g^4T^2

. (14)

Thus, one need only know the color conductivity σ. There has been some confusion in the literature (described later) about this quantity, but the correct value was first presented by Selikhov and Gyulassy [10]. The color conductivity is of order σ ∼ T ln(1/g)

. (15)

We will review below how to understand this physically. Inserting Eq. (15) into Eq. (14) then gives the time scale t ∼ 1 g^4T ln(1/g)

, (16)

and so Γ ∼ α^5T^4 ln(1/α), which has the logarithmic enhancement claimed by Bödeker. Earlier estimates [4] of the time scale as t ∼ 1/(g^4T ) correspond to ignoring the effects of collisions on the conductivity. Note that ignoring the time derivative term in (5) was justified since the characteristic time scale (16) is much greater than the inverse conductivity σ�^1 determined by (15).

On a more quantitative level, the color conductivity is [10]^6 σ ≈ m^2_{pl} γ_g

, (17)

6The reader of ref. [10] should beware the final equation of that paper, eq. (47). In that equation, the authors replace their result by something rough and approximate.

where m_{pl} is the plasma frequency and

γ_g ≈ α C_AT ln(1/g) (18)

is the damping rate for hard thermal gluons [11]. Here, C_A is the adjoint Casimir, conventionally normalized as C_A = N for the gauge group SU(N), and “≈” means equality up to relative corrections suppressed by powers of ln(1/g). That is, no claim is made about discriminating ln(1/g) from ln(2/g).^7 The only place where the matter content of the theory enters is in the value of the plasma frequency. For hot electroweak theory, it is given by

m^2_{pl} =

(5 + 2n_f ) 18 g^2T^2 [1 + O(g)] , (19)

where n_f is the number of fermion families. The Langevin equation (2) with the value (17) of σ precisely reproduces the effective theory derived by Bödeker [5].

3 Color conductivity

Begin by considering the current response to an external electric field in a collisionless ultra-relativistic plasma. For simplicity of notation, consider a QED plasma for the moment rather than a non-Abelian one. If the external field were static and homogeneous, particles in the plasma with charge g would respond to the field by a change in momentum

Δp = gE Δt (20)

over a time Δt. For small deviations, the change in velocity of a typical particle whose energy is order T would then be

Δv ∼ Δp p^0 ∼ gE Δt T , (21)

and the resulting current would be

J ∼ n g Δv ∼ (g^2T^2Δt) E , (22)

7It is not clear whether the color conductivity even has meaning except as an approximate concept valid at the level of leading logarithms. We do not know of any directly measurable (gauge-invariant, non-perturbative) definition of the color conductivity.

where n ∼ T^3 is the density of hard particles. The current is dominated by the most prevalent particles in the plasma: those with momentum of order T . The current (22) grows indefinitely with the length of time the electric field is applied. There are two things which can cut off this growth of the current: (a) collisions, and (b) temporal or spatial oscillation of the electric field. Stick with the collisionless plasma for a moment and consider oscillations of E. As we’ve discussed, the time scale for non-perturbative processes turns out to be slow. So suppose, for example, that the electric field varies in the z direction as E ∼ E_0 cos(kz) but not significantly in time. Then current carriers, which have an rms z velocity of 1/ √ 3, will move from regions of positive E_z to regions of negative E_z in a time of order

Δt ∼ k�^1. (23)

This change in direction of the electric field felt by the charge carriers then limits the average current response to a magnitude J ∼ g^2T^2 k E. (24)

If we identify the (k-dependent) conductivity as σ(k) ∼ g^2T^2 k , (collisionless) (25)

and take k to be the inverse spatial scale g^2T for non-perturbative physics, then the time scale t for non-perturbative physics would be t ∼ 1 g^2k ∼ 1 g^4T

, (26)

provided we could indeed ignore the effects of collisions on the conductivity. This is the qualitative physics behind the more formal and quantitative discussions of refs. [4, 12, 13].^8

The divergence of the conductivity (25) as k → 0 is cut off in real physical systems by the effects of collisions, as pointed out by Drude in 1900. Let’s continue to focus on a QED plasma for the moment. A charge accelerated by the electric field eventually experiences a collision with other particles in the

8σ(k) corresponds exactly to the damping coefficient γ introduced in ref. [13].

plasma which changes the charged particle’s direction by a large angle. Such collisions randomize the direction of the particle and so randomize its contribution to the current. So the relevant time Δt determining the conductivity (21) becomes the mean collision time τ_{large} for large angle scatterings:

τ�^1_{large} ∼ g^4T ln ( T m_{pl} ) . (27)

The g^4 above just comes from the square of the scattering matrix element. The logarithm arises because the randomization of the velocity can occur either through a single large-angle scattering or through the cumulative effect of many (individually more probable) small-angle scatterings.^9 If τ_{large} were the relevant mean free time in the non-Abelian case, then the effects of collisions on the conductivity σ(k) could safely be ignored when investigating non-perturbative fluctuations. That’s because τ_{large} ≫ 1/k ∼ 1/g^2T , and so it would be the collisionless time scale 1/k instead of τ_{large} that determines Δt and so σ(k).

However, Selikhov and Gyulassy [10] have pointed out that τ_{large} is not the relevant mean free time in the non-Abelian case. In the non-Abelian case, even arbitrarily small angle scatterings can randomize the current, not by randomizing the velocity of the current carriers, but by randomizing their color charge. The crucial difference with QED is that an exchanged non- Abelian gauge boson, no matter how soft, carries color and so changes the color charge of the scatterers, whereas an exchanged photon is neutral. The relevant time scale for the non-Abelian case is then the mean free time τ_{small} for any-angle scattering, which is much shorter than the mean free time for large-angle scattering. Specifically, t-channel gauge boson exchange gives a cross-section σ̂ such that

τ�^1_{small} ∼ nσ̂ ∼ ng^4 ∫ dt_M t^2_M

, (28)

where n ∼ T^3 is the density of particles and t_M = −Q^2 is the virtuality of the exchanged gauge boson. τ�^1_{small} is also known as the thermal width of the hard particle carrying the current [11, 16, 17]. For t_M below m^2_{pl} ∼ (gT )^2, screening