The æ-meson Wave Functions in QCD Sum Rules Approach with Nonlocal Condensates

A. P. Bakulev^†, S. V. Mikhailov^‡

Joint Institute for Nuclear Research, Bogoliubov Lab. of Theoretical Physics, 141980, Moscow Region, Dubna, Russia

Abstract

We apply the nonlocal condensate formalism to construct generalized sum rules (including O(α_s)-radiative corrections) for π-, ρ- and ρ^′-meson wave functions of twist 2. Besides, we predict the lepton decay constant f_ρ0 and estimate the mass of ρ^′-meson. For all these mesons we obtain the first 10 moments of longitudinal wave functions, suggest the models for them and discuss their properties. We consider the peculiarities of the QCD sum rules with nonlocal condensates for transverse ρ- and b_1-meson wave functions. These results are compared with those found by Ball and Braun and by Chernyak and Zhitnitsky.

1. Introduction. An important problem in the theory of strong interactions is to calculate hadronic wave functions φ_π(x), φ_ρ(x), ..., φ_N (x_1, x_2, x_3), etc. from the first principles of QCD. These phenomenological distributions of partons on the fraction xP of a hadron momentum P are a natural result of “factorization theorems” applied to hard exclusive processes [1, 2, 3, 4]. They accumulate all the necessary information about non-perturbative longdistance dynamics of partons in hadrons.

yE-mail: bakulev@thsun1.jinr.dubna.su zE-mail: mikhs@thsun1.jinr.dubna.su

In the standard QCD sum rule (SR) calculation of light meson wave functions (WF’s), first introduced by Chernyak and Zhitnitsky (C&Z) [5] and recently re-estimated by Ball and Braun (B&B) for the ρ-meson [6], it is assumed that the correlation length Λ of vacuum fluctuations is large compared to a typical hadronic scale ∼ 1/m_ρ. Thus, one can replace the original nonlocal objects like M(z^2) = ⟨q̄(0)E(0, z)q(z)⟩^1 by constant quantities of ⟨q̄(0)q(0)⟩-type. Based on this hypothesis, the well-known QCD SR approach [7] has been applied in [5] to calculate the first two moments ⟨ξ^N ⟩ ≡ ∫ 1 0 φ(x)(2x − 1)^N dx with N = 2, 4 for WF’s of light mesons. And just from these moments the whole WF’s have been reconstructed which are now referred to as C&Z WF’s.

Now it is known that hadronic WF’s are rather sensitive to the widths of the function M(z^2) and of other nonlocal condensates [8, 9, 10] and the crucial parameter Λ·m_ρ ∼ 1. Therefore, one should use nonlocal condensates (NLC’s) like M(z^2) whose forms reflect the complicated structure of QCD vacuum. Certainly, these objects can subsequently be expanded over the local condensates ⟨q̄(0)q(0)⟩, ⟨q̄(0)∇^2q(0)⟩, etc. (here ∇_μ = ∂_μ − igÂ_μ), and one can come back to the standard SR by truncating this series. Our strategy is to avoid an expansion of that sort because we thus lose an important physical property of non-perturbative vacuum – the possibility of vacuum quarks and gluons to flow through vacuum with non-zero virtuality k^2 ≠ 0. Indeed, the average virtuality of vacuum quarks ⟨k^2⟩ = λ^2_q is not small whereas the standard approach inevitably suggests that k is exact zero. The value of λ^2_q can be extracted from the QCD SR analysis [11] and is connected with the condensate of the next dimension d = 5

λ^2_q ≡ ⟨q̄∇^2q⟩ ⟨q̄q⟩ = ⟨q̄ (igσ_{μν} G^{μν}) q⟩ 2⟨q̄q⟩ = 0.4 ± 0.1 GeV^2, (1)

that is of an order of the typical hadronic scale, m^2_ρ ≈ 0.6 GeV^2. An estimate for λ^2_q in the framework of the instanton liquid model [12] yields a similar number, and the lattice QCD calculations [13] give λ^2_q = 0.55 ± 0.05 GeV^2, a similar estimate λ^2_q = 0.5 ± 0.05 GeV^2 has been obtained in [14].

Careful inspection of consequences of that approach to QCD SR for pion WF [8, 9, 15] has revealed that the introduction of the correlation length

1Here E(0, z) = P exp(i ∫_z 0 dt_μA^a_μ(t)τ_a) is the Schwinger phase factor required for gauge invariance.

Λ ∼ 1/λ_q into condensate distributions produces much smaller values for the first moments of pion WF than C&Z values. As a result, the pion WF is strongly different in shape from the C&Z and approaches the asymptotic WF φ^{as}(x) ≡ 6x(1 − x) [4], i.e. , φ_π(x) ≈ φ^{as}(x)^2. Later, this WF was confirmed by independent consideration of the QCD SR directly for the function φ_π(x) based on the non-diagonal correlator and on the advanced smooth distribution function for the quark nonlocal condensate [18, 19]. The key element of both the ways was to take into account the main physical reason – vacuum correlation length Λ ∼ 1/λ_q is of an order of 1/m_ρ.

Our goal here is to show that in the case of QCD SR for the ρ-meson channel the situation is similar to the pion one. All the predictions of the standard QCD SR (the C&Z ones for the longitudinal case [5] and B&B ones for the transverse case [6] – we call them the Local QCD SR) for moments ⟨ξ^N ⟩_ρ with N > 2 could not be considered as reliable; as we show in our analysis, even the value of ⟨ξ^2⟩_ρ is indefinite. We apply the NLC formalism to calculate the diagonal correlators for ρ-meson currents, introduced in [5], and construct generalized SR including O(α_s)-radiative corrections to obtain WF’s of twist 2. The first ten moments of longitudinal WF’s of ρ- and ρ^′- mesons are estimated (Table 1) and the models for them (see Figs.2) are suggested. Also, we predict the lepton decay constant f_ρ0 and estimate the mass of ρ^′-meson. We discuss the strong dependence of results for moments of transverse WF’s in ρ-channel on the model of nonlocal gluon condensate contribution. The calculation technique is the same as in Refs. [8, 9]; therefore, the corresponding details are omitted below, but we shall through the text keep the connection with the well-understood pion case.

2. Generalized sum rules for the π- and ρ-meson channels vs the standard version. For the helicity-zero charged vector meson M_{|λ|=0} = M_L, M_L = ρ, ρ^′ . . ., the leading-twist WF is defined as ⟨0 | d̄(z)γ_μu(0) | M_L(p)⟩ | | z2=0 = f L M_L pμ ∫ 1 0 dxe^{ix(zp)} φ^L_{ML} (x) (2) (In accordance with the B&B definition, in this case ε^{λ=0}_μ (p) ≃ p_μ/m_{ML} as p_z → ∞, where ε_μ(p) is the polarization vector); and for axial mesons

2Note here other independent evidences that the pion WF is close to its asymptotic form: lattice calculations of the corresponding ⟨ξ^2⟩_π in [16]; QCD SR estimate of the magnitude of φ_π (x) at the midpoint x = 1/2 in [17].

(M_A = π, A_1 . . .) as ⟨0 | d̄(z)γ_μγ_5u(0) | M_A(p)⟩ | | z2=0 = ifM^A pμ ∫ 1 0 dxe^{ix(zp)} φ_{MA} (x). (3) The information about φ^L(x) can be obtained from the correlator I_{(n0)}(q^2) of vector currents V_{(n)}(y), see e.g. [5]: i ∫ dye^{iqy}⟨0|T { V^+_{(0)}(y)V_{(n)}(0) } |0⟩ = i^n (zq)^{n+2} I_{(n0)}, V_{(n)}(y) ≡ d̄(y)ẑ (z∇)^n u(y) | | | z2=0; (4)

and the information about φ_{MA} (x), from an analogous formula with the substitution V → A and A_{(n)}(y) ≡ d̄(y)ẑγ_5 (z∇)^n u(y). The corresponding formula for the unit helicity state, M_⊥ = M_{|λ|=1}, M_⊥ = ρ, b_1 . . ., is as follows ⟨0 | d̄(z)σ_{μν} u(0) | M_⊥(p)⟩ | | z2=0

= if^T_M? ( ε^λ_μ(p)p_ν − ε^λ_ν (p)p_μ ) ∫ 1 0 dxe^{ix(zp)} φ^T_M?(x). (5) Moments of these functions φ^T (x) are extracted from the correlator J_{(n0)}(q^2) of tensor currents T^μ_{(n)}(y) [5, 6] i ∫ dye^{iqy}⟨0|T { T^{μ+}_{(0)} (y)T^μ_{(n)}(0) } |0⟩ = −2i^n (zq)^{n+2} J_{(n0)}, T^μ_{(n)}(y) ≡ d̄(y)σ^{μα}z_α (z∇)^n u(y). (6)

This correlator J_{(n0)}(q^2) contains the contribution from states with different parity (see the analysis in [6]). Therefore, the contamination from b_1-meson ( J^{P C} = 1^{+−} ) in the phenomenological part of SR is mandatory.

The theoretical “condensate” parts for both the correlators, I_{(n0)} in (4) and J_{(n0)} in (6), contain the same 6 universal elements as for the pion case. An exception concerning transverse SR’s (see (8)) will be discussed below. The diagram origins of these elements ΔΦ_Γ (x; M^2), where M^2 is the Borel parameter, are described in detail in [8, 9]. By the direct SR formulation for WF, one immediately constructs a “daughter SR” for any functional of φ_M (x). Let us write down the final SR’s including WF’s of ρ-meson and next resonances ρ^′ and b_1 into the phenomenological parts (the corresponding SR for the pion (axial) channel can be derived from SR (7) by substitution ρ → π, ρ^′ → A_1, m_ρ → 0, s^L_0 → s^A_0 and ΔΦ_S(x; M^2) → −ΔΦ_S (x; M^2)): ( f^L_ρ )2 φ^L_ρ (x)e^{−m2ρ/M2} + ( f^L_ρ0 )2 φ^L_ρ0(x)e^{−m2ρ}0^{/M2} = ∫ sL_0 0 ρ^{pert}_L (x; s)e^{−s/M2} ds + ΔΦ_G(x; M^2) − ΔΦ_S(x; M^2) + (7)

+ΔΦ_V (x; M^2) + ΔΦ_{T1} (x; M^2) + ΔΦ_{T2} (x; M^2) + ΔΦ_{T3} (x; M^2); ( f^T_ρ )2 φ^T_ρ (x)e^{−m2ρ/M2} + ( f^T_{b1} )2 φ^T_{b1} (x)e^{−m2b}1^{/M2} = ∫ sT_0 0 ρ^{pert}_T (x; s)e^{−s/M2} ds + ΔΦ_G(x; M^2) − ΔΦ^′_G(x; M^2) + (8)

+ΔΦ_V (x; M^2) + ΔΦ_{T1} (x; M^2) + ΔΦ_{T2} (x; M^2) − ΔΦ_{T3} (x; M^2),

where s^{L,T}_0 are the effective continuum thresholds in the ρ-meson L and T cases, respectively. Perturbative spectral densities ρ^{pert}_{L,T} (x; s) are presented in an order of O(α_s) in [8, 9] for the L case and in [6] for the T case (see Appendix B). Radiative corrections reach 10 % of ρ^{pert}_{L,T} (s ∼ 1 GeV^2). Contributions ΔΦ_Γ(x; M^2) depend on a specific form of NLC’s M(z^2), ..., etc. To construct SR for WF’s, it is useful to parametrize these NLC behaviors by the “distribution functions” [8, 9, 18, 19] a’la α-representation of propagators, e.g. , f_S(ν) for the scalar condensate M(z^2)^3 M ( z^2 ) = ⟨q̄(0)q(0)⟩ ∫ ∞ 0 e^{νz2/4} f_S(ν) dν, (9) where ∫ ∞ 0 f_S(ν) dν = 1, ∫ ∞ 0 νf_S(ν)dν = λ^2_q 2 . The function f_S(ν) and other similar functions f_Γ(ν) describe distributions of vacuum fields in virtuality ν for every type of NLC. They completely determine the r.h.s. of SR’s in (7)–(8). For the standard (constant) condensates ⟨G(0)G(0)⟩ and ⟨q(0)q(0)⟩ these distributions are trivial in form, e.g. , f_S(ν) = δ(ν) (Appendix A). To include the condensates of the next (∼ λ^2_q) and higher dimensions into consideration , one should add the contributions to f_S(ν) proportional to the derivatives of δ-functions, δ(ν) 0 , δ(ν) 00 , . . .. It is clear that since there is no QCD vacuum theory, merely models of real distributions can be suggested for these distribution functions. However, for the

3In deriving these sum rules we can always make a Wick rotation, i.e., we assume that all coordinates are Euclidean, z^2 < 0.

purpose of QCD SR’s for moments ⟨ξ^N ⟩ we need an approximate information about the f_Γ(ν) behaviour. Therefore, we here apply the simplest ansatz [8, 9], like f_S(ν) = δ(ν − λ^2_q/2), to take into account only the main effect, the non-zero average virtuality ⟨k^2⟩ of vacuum fields. This form of f_S(ν) can be regarded as a result of resummation of an infinite subset of the abovementioned contributions ∼ (λ^2_q/2)^n δ(ν)^{{n}} connected with the single scale λ^2_q [8, 9]. The corresponding expressions for ΔΦ_{G,S,V,Ti} (x; M^2) are collected in Appendix A.

Now let us take the limits λ^2_q → 0, ΔΦ_Γ(x, M^2) → Δφ_Γ(x, M^2) and ρ^{pert}_L (x, s) → ρ^{Born}_L (x, s) ≡ 3xx̄/ (2π^2) for SR in eq.(7) to return to the standard approach (see these reduced elements in Appendix A). We try to inspect the subtle points and the range of validity of C&Z SR. These authors extracted ⟨ξ^N ⟩ exactly in the same way as the f_ρ value. However, the nonperturbative terms in their sum rule (the ρ^′-contribution is omitted for simplicity) have a completely different N-dependence compared to the perturbative one and, a priori, it is not clear whether a straightforward use of the “N = 0 technology” can be justified for higher N (we consider here only the ρ-meson L-case; the same arguments apply also to the pion case, see criticism in [9, 10, 15]) ( f^L_ρ )2 ⟨ξ^N ⟩^L_ρ e^{−m2ρ/M2} + 3 4π^2

M^2 (N + 1)(N + 3) e^{−sN /M2} = = 3 4π^2

M^2 (N + 1)(N + 3) + ⟨(α_s/π)GG⟩ 12M^2 + 16 81 π(4N − 7) ⟨ √ α_sq̄q⟩^2 M^4

.(10)

The scale determining the magnitude of all hadronic parameters including s_N (the “continuum threshold” [7]) is eventually settled by the ratios of condensate contributions to the perturbative term. If the condensate contributions in the C&Z sum rule (10) had the same N-behavior as the perturbative term, the N-dependence of ⟨ξ^N ⟩ would be determined by the overall factor 3/(N + 1)(N + 3) and the resulting WF φ(x) would coincide with the “asymptotic” form φ^{as}(x).

However, the ratios of the ⟨q̄q⟩- and ⟨GG⟩-corrections to the perturbative term in eq.(10) are growing functions of N. This reduces the predictable power of the local QCD SR’s with the growth of N. To reveal consequences of this effect more clearly, let us consider the so-called SR fidelity windows, i.e. , regions of the Borel parameter M^2 where one should obtain reliable SR predictions. In accordance with the QCD SR practice [7] (see also very clear discussion in [20]), these fidelity windows are determined by two conditions: the lower bound M^2_− by demanding that the relative value of ⟨GG⟩- and ⟨q̄q⟩-contributions to OPE series should not be larger than 30%, the upper one M^2_+ by requiring that a relative contribution of higher states in the phenomenological part of SR should not be larger than 30%. Suggesting independence of the threshold of N (s_N ≈ s_0 ≈ 1.5 GeV^2), we have in the case of N = 0: M^2_− = 0.4 GeV^2, M^2_+ = 1.34 GeV^2. But for N = 2 we have M^2_− = 0.73 GeV^2, M^2_+ = 1.34 GeV^2, and for N = 4 – even M^2_− = 1.5 GeV^2, M^2_+ = 1.34 GeV^2. That is, the fidelity window shrinks to an empty set in the last case. C&Z had to suggest that s_2 ≈ 1.9 GeV^2 and s_4 ≈ 2.2 GeV^2 to extend the fidelity windows and to obtain any stability with respect to M^2. The criticism of such a strange type of a spectral model see in [9].

In our opinion, there is no need to propose such an exotic spectral model because the reason for this “exploding” behaviour of Local SR is quite evident, namely, a completely different dependence on N of the perturbative (the first term in the r.h.s. of Eq.(10)) contribution and of condensate ones. And the origin of this difference was explained in a series of papers [9, 10, 15]; this is due to the Taylor expansion of initial nonlocal objects like ⟨q̄(0)E(0, z)q(z)⟩ in powers of z. The first constant term of this expansion, ⟨q̄q⟩, produces an (N)^0-dependent term in SR (10); the next term, an (N)^1-dependent, and so on. On the contrary, the NLC terms ΔΦ_Γ(x; M^2) in (7) and (8) lead to the moments ⟨ξ^N ⟩ which well decay with N growing; so a physically motivated N-independent continuum threshold s^L_0 naturally appears in the SR processing.

3. The moments and the models of wave functions. Before analyzing the results of processing of SR (7) and (8) for the moments ⟨ξ^N ⟩_M , let us consider the peculiarity of the QCD SR structure represented in the r.h.s. of Eqs. (7-8). Unlike the π-meson case, the contribution of the numerically most significant “four-quark condensate” ΔΦ_S (x, M^2) [8] is equal to zero (for the T case, see also the sign of ΔΦ_{T 3}) or even has the opposite sign (for the L case). For this reason, the role of the vacuum interaction for the ρ-meson is weaker than for the pion. As a consequence of such an SR structure the nonlocal effects partially compensate themselves. Therefore, the extracted values of ⟨ξ^2⟩_M in the framework of NLC SR don’t drastically differ from the results of B&B obtained in the standard way^4. However, the sensitivity and stability of NLC SR are much better than for the standard one, compare the accuracy for the first moments in Table 1. This allows us to estimate the first ten moments in the L case for ρ- and ρ^′-mesons. For clarity see Fig.1, where the curves for ⟨ξ^2⟩^L_ρ are represented as functions of the Borel parameter M^2 in the range of stability window for two types of QCD SR’s: the solid line is determined from NLC SR (7) with s^L_0 = 2.4 GeV^2, the shortdashed line – from NLC SR without ρ^′-meson contribution (s^L_0 = 1.5 GeV^2), and the dashed one, from B&B SR [6] (s^L_0 = 1.5 GeV^2). As one can see, in the local SR case there is no stability at all. We have determined the fol-

Fig. 1: Curves ⟨ξ^2⟩^L_ρ as functions of Borel parameter M^2

lowing values for practically N-independent continuum thresholds: s^L_0 ≈ 2.4 GeV^2. Fidelity windows for the L case are: 0.6 GeV^2 ≤ M^2 ≤ 2.0 GeV^2 for all N = 0, 2, . . . , 10. The ranges of stability within these fidelity windows almost coincide with these windows, starting for all N at M^2 ≈ 0.8 GeV^2.

For transverse SR (8), in its theoretical side, we face the problem that an important part of nonlocal gluon contribution ΔΦ^′_G (x, M^2) is not yet esti-

4Note here that the results of the T case in an original CZ work should not be taken as a pattern for a standard SR, there is an error in the sign of the quark condensate contribution, see [21, 6]

mated. We have suggested a naive model, where the local result Δφ^′_G ( x, M^2 ) → ΔΦ^′_G ( x, M^2 ) (see Appendix (A.6)). This simulation eliminates end-point (x = 0, 1) effects due to the influence of the vacuum gluon nonlocality, which is inspired by the analysis in [22] and our experience in the nonlocal quark case (see Appendix A). For the zeroth moment SR (N = 0) any model is not too important, they give a gluonic contribution close to one in the local SR, and we obtain the best stability with s^T_0 ≈ 2.3 GeV^2 and for 0.75 GeV^2 ≤ M^2 ≤ 1.9 GeV^2. But for the next moment the results are very sensitive to the model of gluon contribution. Indeed, these results (see Table 1) drastically change if we leave the local expression Δφ^′_G ( x, M^2 ) un- changed: ⟨ξ^2⟩^T_ρ = 0.231(8) and ⟨ξ^2⟩^T_{b1} = 0.220(8)). So, we realize that our modelling is of great importance for the results discussed and we can’t give a reliable prediction for ⟨ξ^{2N} ⟩^T_{ρ,b1} (N = 1, . . .) without essential calculational efforts.

We also re-estimate the first ten moments for the pion case and confirm the main previous results of nonlocal approach [9]. In this axial channel we include the pion and A_1-meson into the phenomenological part of SR and obtain: s^A_0 ≈ 2.3 GeV^2, and the ranges of stability are 0.75 GeV^2 ≤ M^2 ≤ 1.9 GeV^2.

Another evidence of the efficiency of NLC SR is the estimate of the ρ^′- meson mass. First, the ρ^′-resonance with tabular mass m_ρ0 = 1465 MeV was inserted into SR (7) to improve the stability. But at the second step m_ρ0 was estimated from our SR, it appears to be rather close to the experimental value [23]

m^{theor}_ρ0 = 1496 ± 37 MeV , m^{exp}_ρ0 = 1465 ± 22 MeV. (11)

Possible models of WF’s corresponding to the moments in Table 1 have the form

φ^{mod}_π (x, μ^2) = φ^{as}(x) 6.739 (φ^{as}(x))^{1.305} ( x^2 + (1 − x)^2 )4.01 , (12) φ^{L,mod} ρ (x, μ^2) = φ^{as}(x) ( 1 + 0.077 · C^{3/2}_2 (ξ) − 0.077 · C^{3/2}_4 (ξ) ) , (13) φ^{L,mod} ρ0 (x, μ^2) = φ^{as}(x) ( 1 + 0.075 · C^{3/2}_2 (ξ) + 0.4 · C^{3/2}_4 (ξ)

−0.04 · C^{3/2}_6 (ξ) ) , (14)

where ξ ≡ 1 − 2x, C^ν_n(ξ) are the Gegenbauer polynomials and μ^2 ≃ 1 GeV^2 corresponds to an average value of M^2. The important problem of sensitivity of the results to the condensate parameters in SR’s will be addressed to in a separate paper. Here we only note that the main qualitative conclusions concerning the shapes of φ^L_{ρ,ρ}0 and φ_π do not change under accessible variation of λ^2_q.

Table 1. The moments ⟨ξ^N ⟩_M (μ^2) at μ^2 ∼ 1 GeV^{25} (errors are depicted in brackets following a standard manner) Type of SR f_M ( GeV^2 ) N = 2 N = 4 N = 6 N = 8 N = 10 Asympt. WF 1 0.2 0.086 0.047 0.030 0.021 NLC : π 0.131(2) 0.25(1) 0.110(7) 0.054(3) 0.031(2) 0.0217(7) C&Z : π 0.131 0.40 0.24 – – – NLC : ρ^L 0.201(5) 0.227(7) 0.095(5) 0.051(4) 0.030(2) 0.020(5) B&B : ρ^L 0.205(10) 0.26(4) – – – – C&Z : ρ^L 0.194 0.26 0.15 – – – NLC : ρ^{′L} 0.175(10) 0.226(10) 0.145(7) 0.106(5) 0.082(4) 0.064(4) NLC : ρ^T 0.169(5) 0.325(10) ? ? ? ? B&B : ρ^T 0.160(10) 0.27(4) – – – – C&Z : ρ^T 0.200 0.15 ≤ 0.06 – – – NLC : b^T_1 0.181(5) 0.090(5) ? ? ? ? B&B : b^T_1 0.180-0.170 – – – – – To check the reliability of these models, let us estimate the functional I[φ_M ] = ∫ 1 0 φ_M (x) x dx that is often used in calculations of different form

5C&Z give all moments normalized to the normalization point μ_0 = 500 MeV; here we present these moments normalized to the normalization point μ = 1 GeV.

factors. This integral naturally appears in the perturbative QCD approach to the electromagnetic form factor F_π [1, 2], to the evaluation of γγ^∗ → π^0 [24] and also to the QCD description of heavy meson semileptonic decays [25]. It is clear that I[φ_M ] is a new independent (of moments ⟨ξ^N ⟩_M ) quantity. Besides, the values of I[φ_M ] allow us to better discriminate between different models for the same φ_M (x). The I[φ_M ] can be obtained in two different ways: (i) from QCD SR adapted to the quantity I[φ^L] by integration with weight 1/x and (ii) by direct integration of the WF models (12)–(14).

Let us first consider the results for the pion case. The range of stability here is as wide as 0.6 GeV^2 ≤ M^2 ≤ 1.9 GeV^2 and the quality of stability is very high. As it is seen from Table 2 (columns 3 and 4), our estimates for I[φ_π], obtained in both the mentioned ways, are consistent with each other within 10% accuracy. Moreover, the estimation for I[φ_π] from SR, is quite close to the one obtained independently by using the nondiagonal NLC QCD SR in [19] (column 5). So, we may conclude that the nonlocal approach leads to self-consistent results which are not far from the estimate of I[φ_π] ≈ 2.4 in [24]^6 (see column 6) and can be reliably discriminated from the C&Z ones.

Table 2. Evaluations of the functional I[φ_M ] in different approaches

WF SR WF WF SR WF WF (asymp) (here) (here) ([19]) ([24]) (B&B) (C&Z)

I[φ_π] 3 2.75 ± 0.05 3.03 2.8 2.4(≤ 2.9) — 5.0

I[φ^L_ρ ] 3 3.1 ± 0.1 3.0 — — 3.54 4.38

I[φ^L_ρ0] 3 4.7 ± 0.2 4.3 — — — —

A similar situation holds also for the ρ_L-results, the stability is also of high quality in the range 0.5 GeV^2 ≤ M^2 ≤ 2.0 GeV^2. Agreement of both kinds of the results for I[φ^L] is rather good for the ρ_L-case (the discrepancy is smaller than 5%) and worse for the ρ

0_L -case. The models (12)–(13) confirm the property of NLC SR’s that WF of a meson in the “ground state” approaches the asymptotic WF (due to nonlocality effects), proposed by Radyushkin

6The authors of [24] state that the value I ≈ 2.4 may be underestimated not more than by 20%

[15]. The curve φ^L_{ρ,mod}(x) (see the left fig.2) is not far from the asymptotic WF curve and looks close to the B&B model WF. Note, nevertheless, that the latter visual closeness seems rather crude and does not allow quantitative conclusions, e.g. , NLC SR provides the values of moments ⟨ξ^2⟩_ρ, I[φ^L] in 15% smaller than in the B&B case. One may expect that WF’s of resonances would oscillate by analogy with the pion resonance π^′ case [18, 19]. Indeed, the shape of WF φ^{L,mod}_ρ0 (x) (see the right fig.2) for resonance looks similar to WF of π^′.

Fig. 2: Longitudinal wave function of the ρ-meson (the left picture) and of the ρ^′-meson (the right picture): solid line – from NL QCD SR, dotted line – asymptotic WF, dashed line – C&Z WF (on the left picture).

4. Conclusion. Our basic interest in the present paper is to explore the well-working method of NLC QCD SR in analyzing WF’s in the ρ-meson vector and tensor channels. As has been noted in the previous papers [8, 9, 10, 15, 18, 19], just in problems of “nonlocal” characteristics of hadrons, such as wave functions, form factors, etc. , one should use the formalism of nonlocal condensates. Let us summarize the main results of this paper.

1. The generalized sum rules for WF’s of the ρ-meson and related resonances with nonlocal condensates are constructed. Using the simplest ansatz [9] for nonlocal quark condensates we obtain new estimates for the first ten moments of the ρ-meson and its resonance WF’s. It should be emphasized that analogous evaluation within the standard QCD SR approach is impossible.

2. We suggest the models for (see Fig.2) longitudinal WF’s of π-, ρand ρ^′-mesons and verify their self-consistency. The form of the obtained longitudinal ρ-meson WF is not far from the asymptotic WF (this conclusion noticeably differs from the results of the Local QCD SR [5]).

3. As a by-product, we predict the lepton decay constant f_ρ0 = 0.175 ± 0.005 GeV^2 and estimate the mass of the ρ^′-meson, m_ρ0 = 1496 ± 37 MeV, which is now under experimental investigation [23].

4. For π- and ρ^L-channels we perform processing of SR directly for the

integral I[φ] = ∫ 1 0 φ_M (x) x dx and obtain high-stable predictions for these quantities. Their values unambiguously favor WF’s close to the asymptotic form rather than to the C&Z-one. Moreover, the result for π-meson is also consistent with the model WF obtained in a special variant of NLC QCD SR’s (in the non-diagonal QCD SR approach [18, 19] which directly connects π-WF only with nonlocal condensates) and with analysis of the γγ^∗ → π^0 transition form factor [24].

So we can conclude that the nonlocal QCD SR approach is self-consistent and gives the results of high stability. To complete the calculation for transverse ρ-meson WF, we need an exact result for the nonlocal gluon contribution to SR. An open problem of this approach is the determination of well-established models of distribution functions f_Γ(ν) from the theory of nonperturbative QCD vacuum.

Acknowledgments We are grateful to A. V. Radyushkin who inspired this work many years ago. We are also grateful to H. G. Dosch, A. Kataev, N. Kochelev, R. Ruskov and N. Stefanis for fruitful discussions of the main results. A special gratitude we express to A. Dorokhov and R. Ruskov for careful reading of the manuscript and giving many useful notes. We are indebted the Russian Foundation for Fundamental Research (contract 96- 02-17631) and the Heisenberg–Landau Program for financial support. We are grateful to Prof. H. G. Dosch for warm hospitality at the Institute for Theoretical Physics at Heidelberg University and to Prof. K. Goeke and N. Stefanis for warm hospitality at Bochum University.

Appendix A. Expressions for nonlocal contributions to SR. The contributions of different NLC’s ΔΦ_Γ(x, M^2) corresponding to the set of the simplest ansatzes f_Γ(ν) (discussed in [8, 9]) are shown below; the limit of these expressions to the standard (local) contributions φ_Γ(x, M^2) – λ^2_q → 0, ΔΦ_Γ(x, M^2) → Δφ_Γ(x, M^2) are also written for comparison. Here and in what follows Δ ≡ λ^2_q/(2M^2), Δ̄ ≡ 1 − Δ, and we suggest that Δ < 1:

ΔΦ_S ( x, M^2 ) = A_S M^4 18 Δ̄Δ2 {θ (x̄ > Δ > x) x̄ [x + (Δ − x) ln (x̄)] + (x̄ → x) + +θ ( Δ > x > Δ̄ ) [ Δ̄ + (Δ − 2x̄x) ln(Δ) ]} , (A.1) Δφ_S ( x, M^2 ) = A_S M^4

9 (δ(x) + δ(x̄)) ;

ΔΦ_V ( x, M^2 ) = A_S M^4

(xδ^′ (x̄ − Δ) + (x̄ → x)) , (A.2) Δφ_V ( x, M^2 ) = A_S M^4

(xδ^′ (x̄) + x̄δ^′ (x)) ;

ΔΦ_{T1} ( x, M^2 ) = − 3A_S M^4 { θ(2Δ > x > Δ)θ(x > 3Δ − 1) x̄ Δ̄ +θ(1 > 2Δ) (1 − 2Δ) · · [δ(x − 2Δ) − δ(x − Δ)] Δ [ 3x Δ − 6 − 1 + x̄ Δ̄ ]}

+ (x̄ → x) , (A.3) Δφ_{T1} ( x, M^2 ) = 3A_S M^4

(δ^′ (x̄) + δ^′ (x)) ;

ΔΦ_{T2} ( x, M^2 ) = − 4A_S M^4 x̄ { θ(2Δ > x > Δ)θ(x > 3Δ − 1)

1 + 2x − 4Δ Δ̄Δ2

−θ(1 > 2Δ) δ(x − 2Δ) Δ } + (x̄ → x) , (A.4) Δφ_{T2} ( x, M^2 ) = − 2A_S M^4

(xδ^′ (x̄) + x̄δ^′ (x)) ;

ΔΦ_{T3} ( x, M^2 ) = 3A_Sx̄ M^4Δ̄Δ { θ(2Δ > x > Δ)θ(x > 3Δ − 1) [ 2 − x̄ Δ̄ − Δ Δ̄ ]} + (x̄ → x) , (A.5) Δφ_{T3} ( x, M^2 ) = 3A_S M^4

(δ (x̄) + δ (x)) ;

ΔΦ_G ( x, M^2 ) = ⟨α_sGG⟩ 24πM^2

(δ (x − Δ) + (x̄ → x))

Δφ_G ( x, M^2 ) = ⟨α_sGG⟩ 24πM^2

(δ (x̄) + δ (x)) ;

ΔΦ^′_G ( x, M^2 ) = ⟨α_sGG⟩ 6πM^2 θ (Δ < x) θ (x < 1 − Δ)

1 − 2Δ Δφ^′_G ( x, M^2 ) = ⟨α_sGG⟩ 6πM^2

. (A.6)

Here A_S = 8π 81 ⟨ √ α_sq̄(0)q(0)⟩^2, for quark and gluon condensates we use the

standard estimates ⟨ √ α_sq̄(0)q(0)⟩ ≈ (−0.238 GeV)^3, ⟨α_sGG⟩ 12π ≈ 0.001 GeV^4

[7] and λ^2_q = ⟨q̄ (igσ_{μν} G^{μν} ) q⟩ 2⟨q̄q⟩ = 0.4 ± 0.1 GeV^2, normalized at μ^2 ≈ 1 GeV^2.

Appendix B. Expressions for perturbative spectral densities. First, ρ(x, s)^{pert}_L in an order of O(α_s) was calculated in [8, 9], but there was omitted the trivial term 2 ln [ s μ^2 ] that follows from the ln^2 [ −q^2 μ^2 ] -term in correlators (4)–(6); here we restore it. The corresponding term for the T case ρ(x, s)^{pert}_T has recently been presented in [6]. We have recalculated it and confirmed this result. ρ^{pert}_L (x, s) = 3 2π^2 xx̄ { 1 + α_s(μ^2)C_F 4π ( 2 ln [ s μ^2 ] + 5 − π^2 3 + ln^2(x̄/x) )} , (B.1) ρ^{pert}_T (x, s) = 3 2π^2 xx̄ { 1 + α_s(μ^2)C_F 4π × ( 2 ln [ s μ^2 ] + 6 − π^2 3 + ln^2(x̄/x) + ln(xx̄) )} . (B.2)

Here μ^2 ∼ 1 GeV^2 corresponds to the average value of the Borel parameter M^2 in the stability window; α_s ( 1GeV^2 ) ≈ 0.52.

References

[1] V. L. Chernyak, and A. R. Zhitnitsky, JETP Letters 25, 510 (1977);

V. L. Chernyak, A. R. Zhitnitsky, and V. G. Serbo, JETP Letters 26, 594 (1977) [2] A. V. Radyushkin, JINR Prep. P2-10717, Dubna (1977); [3] G. R. Farrar, and D. R. Jackson, Phys. Rev. Lett. 43, 246 (1979) [4] S. J. Brodsky, and G. P. Lepage, Phys. Lett. B87, 359 (1979);

A. V. Efremov, and A. V. Radyushkin, Phys. Lett. 94B, 245 (1980) [5] V. L. Chernyak, and A. R. Zhitnitsky, Nucl. Phys. B201, 492 (1982);

B214, 547(E) (1983); Phys. Rept 112, 173 (1984) [6] Patricia Ball, and V. M. Braun, Phys. Rev. D54, 2182 (1996) [7] M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Nucl. Phys. B147, 385, 448 (1979) [8] S. V. Mikhailov, and A. V. Radyushkin, JETP Lett. 43, 712 (1986);

Sov. J. Nucl. Phys. 49, 494 (1989) [9] S. V. Mikhailov and A. V. Radyushkin, Phys. Rev. D45 1754 (1992) [10] A. P. Bakulev and A. V. Radyushkin, Phys. Lett. B271, 223 (1991) [11] V. M. Belyaev, and B. L. Ioffe, ZhETF 83, 876 (1982);

A. A. Ovchinnikov, and A. A. Pivovarov, Yad. Fiz. 48, 1135 (1988) [12] M. V. Polyakov and C. Weiss, Phys. Lett. B387, 841 (1996);

A. E. Dorokhov, S. V. Esaybegyan, S. V. Mikhailov, Phys. Rev. D 56 4062 (1997) [13] M. Kremer and G. Schierholz, Phys. Lett. 194B, 283 (1987) [14] A. A. Pivovarov, Kratk.Soobshch.Fiz. (Bull.Lebedev Phys.Inst.) N 5, 3 (1991) [15] A. V. Radyushkin, JLAB Prepr. THY-97-29, Newport News (1997), hep-ph/9707335 [16] D. Daniel, R. Gupta and D. G. Richards, Phys. Rev. D43 3715 (1991)

[17] V. M. Braun and I. E. Filyanov, Z. Phys. C44 157 (1989) [18] A. V. Radyushkin, CEBAF Prepr. TH-94-13, Newport News (1994), hep-ph/9406237;

A. P. Bakulev, and S. V. Mikhailov, Z. Phys. C44, 831 (1995) [19] A. P. Bakulev, and S. V. Mikhailov, Mod. Phys. Lett. A 11, 1611 (1996) [20] Derek B. Leinweber, Ann. Phys. (USA) 254 328 (1997), nucl-th/9510051 [21] L. J. Reinders, H. R. Rubinstein, and S. Yazaki, Phys. Rept 127, 1 (1985) [22] S. V. Mikhailov, Phys. At. Nucl. 56, 650 (1993) [23] Crystal Barrel Collab., A. Abele et al., Phys. Lett. B391, 191 (1997);

ALEPH Collab., B. Barate et al., Z.Phys. C76, (1997) 15; Particle Data Group, Review of particle properties, Phys. Rev. D 54, 1 (1996) [24] A. V. Radyushkin and R. Ruskov, Phys. Lett. B374, 173 (1996); Nucl.

Phys. B481, 625 (1996) [25] Patricia Ball, and V. M. Braun, Phys. Rev. D55 5561 (1997);

E. Bagan, Patricia Ball, and V. M. Braun, Phys. Lett. B417, 154 (1998)