Nonequilibrium Dynamics in Quantum Field Theory^�

J. Baacke, K. Heitmann, and C. Pätzold

Fachbereich Physik, Universität Dortmund D - 44221 Dortmund, Germany

1 Introduction

The nonperturbative dynamics of quantum fields out of and far from equilibrium has received recently an increasing interest in the contexts of cosmology, of the QCD phase transition, and in solid state physics. As an introduction to the field we will present three typical examples:

1.1 Field emission in quark-gluon plasma

In a heavy ion collision quarks and antiquarks moving in different directions or getting separated within jets will stretch chromoelectric field lines which in turn will lead to the production of qq̄ pairs by the Schwinger mechanism. Cooper et al. [1] considered this situation within the framework of quantum field theory, and in a classical formulation using the Boltzmann-Vlasov equation. We will use here their formulae - which are written in light cone coordinates - without too detailed an explanation. The back-reaction to the electric field is given by Gauss’ law which here reads 1 τ dE dτ = j_η . (1)

�presented by J. Baacke

In the classical description the current is computed from the distribution function which satisfies the Boltzmann-Vlasov equation ∂f ∂τ + eE ∂f ∂p = ± [1 ± 2f(p, τ)] (2)

× ln [ 1 ± exp ( − π(m^2 + p^2_⊥) e|E(τ)| )] δ(p_η) as j_η = 2e ∫ dp_η 2πτp_τ p_ηf(p_η, τ) + ... . (3) The r.h.s. of the Boltzmann-Vlasov equation is Schwingers formula for pair creation. In the quantum field theoretical description one computes the current as an expectation value

j_η = e 2 ⟨[ Ψ̄, γ^ηΨ ]⟩ = −2e τ^2 ∑ s ∫ d^3k (2π)^32ω_{k0}

(k^2_⊥ + m^2)λ_s|f^+_{ks}|^2 (4)

in a quantum state which is characterized by quantum modes satisfying the (reduced) Dirac equation ( d^2 dτ^2 + ω^2_k − iλ_sE ) f^+_{ks}(τ) = 0 . (5)

The authors find an essential agreement between the two approaches, it has to be pointed out, though, that Schwingers formula is a quantum field theoretical one. The close relation between transport equations and the nonperturbative quantum evolution, as apparent here, has not been formulated in a general way, yet.

1.2 Disordered chiral condensates (DCC)

In QCD chiral symmetry is spontaneously broken, it is assumed to be restored above the phase transition at T ≃ 170 MeV. In this range of energies the interactions of pions can be described by an effective theory, a linear O(4) ≃ SU(2) × SU(2) sigma model L = 1 2 (∂_μσ∂^μσ + ∂_μπ^a∂^μπ^a) (6) − λ 2 ( σ^2 + π^aπ^a − f_π )2 + f_πm^2_πσ with Mexican hat potential at T = 0. After cooling down, in a heavy ion collision, from temperatures above 170 MeV the symmetry breaking direction (σ) will in general be different from that of the one in the outside vacuum. This means that a coherent state with different isospin direction is formed after such a collision; such a disordered chiral condensate (DCC) [2] results in an unusual charge distribution in final state, that may be observable in experiment.

The evolution of such a condensate can be investigated using methods of nonequilibrium quantum field theory [3]. Realistic computations of spatially inhomogeneous condensates are still to be developed [4].

1.3 Inflation

The theory of inflation in the early universe [5] is characterized by a plethora of different models, there is old, new, chaotic inflation, and many other ones. A common problem consists in describing the reheating after the slow-roll-down period, i.e., in finding a mechanism by which the energy of oscillating inflaton field is transferred into thermal energy of the various quantum fields. In early formulations the relaxation of the inflaton field was described by a friction term via ϕ̈ + 3ȧ a ϕ̇ + Γϕ̇ + V^′(ϕ) = 0 . (7)

Early attempts of a microscopic description of particle production [6, 7] were based on parametric resonance. Copious particle production was predicted, but these formulations neglected the back reaction of the quantum fields onto the classical oscillation.

More recently reheating has been discussed in the framework of nonequilibrium dynamics [8] at one loop or large N; one finds that dissipation is nonlocal in time, i.e., non-Markovian. This consequence of quantum backreaction has been found in numerical and analytical studies. Furthermore, even when the oscillation of the inflation field relaxes completely, the created quantum ensemble is a non-thermal one; what is lacking is a mechanism which transports the low momentum excitations to higher momentum. The creation of a nonthermal ensemble, as already present in the simple parametric resonance models, has been called preheating.

2 Nonperturbative evolution of homogenous condensates

The basic equations of quantum field theory out of equilibrium, the Schwinger- Keldysh [9, 10] or Closed-Time-Path formalism, have been formulated long ago. We will not discuss this formalism here, as the equations for the evolution of condensates given below take a quite intuitive form.

As an example that has been studied extensively we consider scalar O(N) model L = 1 2 ∂_μϕ^i∂^μϕ^i − 1 2 m^2ϕ^iϕ^i − λ 4N (ϕ^iϕ^i)^2 (8)

where ϕ^i, i = 1, .., N are N real scalar fields. Such a Lagrangian could possibly describe the post-inflationary quantum evolution of the preheating period, for which the inclusion of the cosmological expansion is not essential 1. The nonequilibrium system is characterized by a time dependent expectation value (condensate, classical field, inflaton ..) ϕ^N = ϕ(t), chosen to lie in the direction of the N’th component, and by quantum fluctuations ϕ^1(x, t) = ϕ^2(x, t) = . . . = ϕ^{N−1}(x, t) = ψ(x, t), so that

ϕ^i(x, t) = δ^i_N √ Nϕ(t) + ψ(x, t) . (9) In the large-N limit the Lagrangian reduces to

L = N (L_ϕ + L_ψ + L_I) , (10)

with

L_ϕ = 1 2 ∂_μϕ∂^μϕ − 1 2 m^2ϕ^2 − λ 4 ϕ^4 ,

L_ψ = 1 2 ∂_μψ∂^μψ − 1 2 m^2ψ^2 + λ 4 (ψ^2)^2 , (11)

L_I = − λ 2 ψ^2ϕ^2 ,

1The inclusion of the cosmological expansion is discussed in the contribution presented by C. Pätzold at this conference.

where ψ^2 denotes ∑ ψ^iψ^i/N. In view of the spatial homogeneity of the classical field ϕ(t) it is appropriate to decompose the quantum fluctuations into momentum eigenmodes via ψ(x, t) = ∫ d^3k (2π)^32ω_{k0} [ akU_k(t)e^ikx + a^†kU^∗_k (t)e^{−i}kx ] (12)

with ω_{k0} = √ m^2_0 + k^2. The “initial mass” m_0 is given by the second derivative of the classical potential at the initial value of the field ϕ(0), it is not the physical mass. The creation and annihilation operators depend on m_0, and so does the “initial vacuum” state annihilated by the ak, or the initial density matrix built on this initial Fock space. From this Lagrangian we derive the field equations for the field ϕ as

d^2 dt^2 + m^2 + λ ϕ^2(t) + 1 3 3 F(t, T ) ϕ(t) = 0 . (13)

F(t, T ) = ⟨ψ^2(x, t)⟩ is the fluctuation integral determined by the initial density matrix F(t, T ) = ∫ d^3k (2π)^32ω_{k0}

N_0(k)|U_k(t)|^2 , (14)

where ω_{k0} = √ m^2_0 + k^2, and N_0 is the initial particle number. The quantum modes satisfy

d^2 dt^2 + k^2 + m^2 + λ 1 3 3 ϕ^2(t) + 1 0 3 F(t, T ) U_k(t) = 0 . (15)

with initial conditions:

U_k(0) = 1 ; U̇_k(0) = −iω_{k0} . (16)

The factors given in the upper entry of the square brackets refers to the large-N approximation as introduced here; the middle entry refers to the one-loop approximation and the lower entry to the Hartree approximation for N_1. Note that the one loop equation contain the quantum back reaction to the classical field only, while the other approximations contain also the back reaction to the quantum modes themselves. These approximations include a resummation of tadpole graphs. Note that in the large-N case the evolution of the classical field and the one of the quantum fluctuations are both determined by the same effective mass

M^2(t) = m^2 + λ(ϕ^2(t) + F(t)) (17)

Along with the field equations it is in general useful, and in cosmology necessary, to consider as well the energy-momentum tensor T_{μν} = −g_{μν} [ 1 2 ∂_αΦ∂^αΦ − m^2 2 Φ^2 − λ 4 Φ^4 ] + ∂_μΦ∂_ν Φ , (18)

which for spatial homogenous systems is determined by the energy density E = 1 2 ϕ̇^2(t) + 1 2 m^2ϕ^2(t) + λ 4 ϕ^4(t) − λ 4 F^2(t) (19) + ∫ d^3k (2π)^32ω_{k0}

N_0(k) 1 2 { |U̇_k(t)|^2 + ω^2_k(t)|U_k(t)|^2 }

and the pressure^2

p = ϕ^2(t) − E + A d^2 dt^2 [ ϕ^2(t) + F(t, T ) ] (20) + ∫ d^3k (2π)^32ω_{k0}

N_0(k) ( ω^2_{k0} + k^2 3 ) |U_k(t)|^2 . Conservation of the energy density represents a useful check for the numerics, the ratio p/E determines whether the generated quantum fluctuations form a relativistic or a nonrelativistic ensemble. The energy momentum tensor is quartically divergent, its covariant renormalization is essential for applications on cosmology.

The quantum evolution equations we have written down here are not yet suitable for numerical computation, the fluctuation integral in the equation of motion, and the fluctuation contributions to energy and pressure are divergent, the equations have to be renormalized. Before discussing this aspect, we would like to present a typical result of a numerical computation of the

2The term proportional to A is a counter term necessary for renormalization.

renormalized equations [11]. We have chosen results for the large-N case at temperature 0, with ϕ(0) = 2.8, and λ = 1.

The first of the figures shows the time dependence of the condensate field ϕ(t), the amplitude of oscillation decreases slowly, not exponentially. The second figure shows the evolution of the quantity V(t) = M^2(t) − m^2_0 which is seen to become constant asymptotically. The third figure shows the decreasing classical energy, the increasing energy of the quantum fluctuations, and the constant total energy. The fourth figure shows the pressure which is seen to approach a value of about one third of the energy, the produced quantum ensemble is ultrarelativistic, albeit nonthermal. The last figure shows the number density of produced particles. Such results are typical for the large-N evolution, in the one-loop case the amplitude of ϕ(t) decreases usually but becomes asymptotically constant.

3 Regularization and renormalization

While in a perturbative framework renormalization is discussed on the basis of suitably regularized Feynman graphs, in the present formalism one has to consider the ultraviolet behaviour of the mode functions entering the fluctuation integral. It is still true that the leading divergences can be obtained from the perturbative expansion of the mode functions U_k(t) with respect to orders in the potential or “vertex operator”^3. V (t) = λ(ϕ(t) − ϕ(0)) = m^2(t) − m^2_0 (21) We start [12] with the ansatz U_k(t) = e^{−iωk0t}(1 + h_k(t)) (22) in which the zeroth order has been taken out and h_k(t) contains all higher orders. We expand further in orders of V(t) as h_k(t) = ∞∑ n=1 h^{(n)}_k (t) . (23) We also introduce the partial sums h^{(n)}_k (t) = ∞∑ l=n h^{(l)}_k (t) , (24)

so that h_k(t) ≡ h^{(1)}_k (t) = h^{(1)}_k + h^{(2)}_k (t) . (25) The function h_k(t) satisfies the integral equation h_k(t) = i 2ω_{k0} ∫ t 0 dt^′(e^{2iωk0(t−t0 )} − 1)V (t^′)(1 + h_k(t^′)) . (26) So the first order contribution is given by h^{(1)}_k = i 2ω_{k0} ∫ t 0 dt^′(e^{2iωk0(t−t0 )} − 1)V (t^′) . (27)

High momentum behaviour of the function h^{(1)}_k can be obtained using integrations by parts h^{(1)}_k (t) = −i 2ω_{k0} ∫ t 0 dt^′V (t^′) + n∑ l=0 ( −i 2ω_{k0} )l+2 ( V^{(l)}(t) − e^{2iωk0t}V^{(l)}(0) ) (28) − ( −i 2ω_{k0} )n+2 ∫ t 0 dt^′e^{2iωk0(t−t0 )}V^{(n+1)}(t^′) ,

3We consider the one-loop equations in this section.

Inserting this, for n=2, into the fluctuation integral one finds F(t) = ∫ d^3k (2π)^32ω_{k0} ( 1 + 2Reh_k(t) + |h_k(t)|^2) ) (29) = ∫ d^3k (2π)^32ω_{k0} ( 1 − V (t) 2ω^2_{k0} + V (0) 2ω^2_{k0} cos(2ω_{k0}t)+

V̇ (0) 4ω^3_{k0} sin(2ω_{k0}t) + V̈ (t) 8ω^3_{k0} − V̈ (0) 8ω^3_{k0} cos(2ω_{k0}t) (30) − 1 8ω^4_{k0}

C(^{...}V , t) + 2Reh^{(2)}_k + |h_k|^2 ) . with C(f, t) = ∫ t 0 dt^′f(t^′) cos(2ω_{k0}t^′) , (31) The divergent parts of this integral come from the first terms in the parenthesis, 1−V (t)/(2ω^2_{k0}). They are obviously local in ϕ(t) and can be absorbed, therefore, into local counter terms corresponding to mass and coupling constant renormalization^4. The three-dimensional integrals can be regularized dimensionally or à la Pauli-Villars, in both cases they are equal to the expected 4-dimensional Feynman integrals. As these terms can be simply omitted from the fluctuation integral, which is computed using the functions h_k(t) one has in a simple way separated the divergent parts from the numerical computation of the finite ones. One finds for the coefficients of the counter terms the standard expressions

δm^2 = λm^2 32π^2

(L + 1) , (32) δλ = 3λ^2 32π^2

L , (33) L = 2 ϵ + ln 4πμ^2 m^2 − γ 4 The initial state

The renormalized fluctuation integral is not well-behaved at t = 0. This is due to the terms proportional to V (0), V̇ (0), and V̈ (0), which behave as

4Note that the fluctuation integral appears with a factor Œ(t) in the equation of motion and acts like an effective mass term.

1/t, ln t, and t ln t, respectively. Now with our choice of initial mass V (0) = 0 and if we choose ϕ̇(0) = 0 then V̇ (0) vanishes as well. However even then we find similar singularities in the pressure, proportional to V̈ (0) which is certainly discontinuous due to the equation of motion. In cosmology one finds that V̇ (0) is in general nonzero, so one should certainly care about these terms.

Their origin can be traced back to discontinuities of the external field, they are also known as Stueckelberg singularities [13]. Physically our initial conditions imply that we start with a system which corresponds to a coherent state (the condensate) on a Bogoliubov-transformed vacuum state (m_0 ≠ m_{phys}), m_0 being determined by the curvature of the classical potential at ϕ(0). If we choosed another initial mass this would correspond to a jump of the external field at t = 0, and V (0) would be nonzero, leading to the most prominent 1/t singularity. The different initial states would be related again by a Bogoliubov transformation. This means that one could get rid of the singularity by applying the inverse Bogoliubov transformation.

This observation is the clue for solving the problem of the less prominent initial singularities: the initial state has to be modified by another Bogoliubov transformation

ãk = cosh β(k)ak + e^{iδ(k)} sinh β(k)a^†_−k , (34)

as a consequence the mode functions are replaced by

F_k(t) = cosh(γ_k)U_k(t) + e^{iδk} sinh(γ_k)U^∗_k (t) . (35)

The explicit form of this transformation, which leads to the cancellation of all singular terms, is [14]

tan(δ_k) = 2ω_{k0}

V̇ (0) V̈ (0) , (36)

tanh(2γ_k) = 1 4ω^3_{k0} ( V̇^2(0) +

V̈ 2(t) 4ω^2_{k0} )1/2 . (37)

Removing Stueckelberg singularities by Bogoliubov transformations has also been considered recently by Maslov and Shvedov [15].

5 Late-time behaviour

Looking back at the numerical results presented above it is obvious that the amplitude of the classical oscillation decreases very slowly, and it is hard to guess what it does at even larger times, whether - and how - it tends to zero, or whether it settles to a constant value. Furthermore, one may not trust a purely numerical computation if extended over really large times, as numerical errors may pile up. It is therefore satisfying that that the asymptotic behaviour has recently been analyzed analytically for the large-N and for the one-loop equations.

The late-time behaviour of the one-loop equations has been analyzed by de Vega and Salgado [16]. They considered the asymptotic behaviour of a small-amplitude oscillation (which can be assumed to be reached if the amplitude is decreasing). The equations then become perturbative. These perturbative equations are characterized by the occurence of secular terms; a renormalization group equation relating equivalent initial conditions at different times reveals that for large times the amplitude becomes constant, the asymptotic limit being reached slowly, as t^{−2/3}. So there is no complete relaxation.

An anomalous relaxation was found by Boyanovsky et al. [17] for the asymptotic behaviour of the large-N equations. These authors used a multipletime-scale analysis in order to derive some results even analytically. The effective mass M^2(t) (Eq. (16)) becomes constant asymptotically, and satisfies a sum rule M^2_∞ = lim_{t→∞} M^2(t) = m^2_0(1 + η^2_0 /2) (38)

where η_0 is the initial amplitude rescaled as η_0 = √ λ/2ϕ(0)/m_0. Our numerical results presented above satisy this sum rule very well, see [11] for details. This amplitude also determines the asymptotic ratio of pressure and energy

p_∞ = E 3(1 + 2/η^2_0)

. (39)

Finally, the amplitude exhibits an ‘ anomalous’ power instead of exponential decrease as |η(τ)| ∝ τ^{−.27} , (40) the power −.27 being determined empirically.

6 Conclusions and outlook

The study of quantum fields out of equilibrium has disclosed a new area of nonperturbative semiclassical behaviour. New types of evolution of quantum systems have emerged, displaying non-Markovian long-memory kernels that result in the absence of relaxation or in anomalous, nonexponential forms of relaxation. The late-time behaviour is understood on an almost analytical level, with sum rules and universal scaling [16, 17]. The full nonperturbative quantum evolution has, however, not yet led to an understanding of thermalization; presumably higher order 1/N_C corrections would have to be studied, but this seems at present outside of the reach of even large computers.

The renormalization of the nonperturbative evolution equations has been fully developed. We have derived the covariantly renormalized equations for scalar [12], fermion [18] and nonabelian gauge fields [19] using the technique presented in section 3. Covariant regularization is essential for a consistent formulation of the evolution in FRW universes [20].

Besides divergences that can be taken care of via renormalization, one finds singularities in the time variable, which are related to the initial state. We have given recently an explicit construction [14] which solves this problem.

There are many interesting and physically important aspects of quantum field theory out of equilibrium that have to be tackled and solved in the near future, among them the consideration of spatially inhomogeneous background fields [4], the problem of thermalization and the application to gauge theories at high temperature.

References

[1] F. Cooper, J. M. Eisenberg, Y. Kluger, E. Mottola, and B. Svetitsky, Phys. Rev. D48, 190 (1993).

[2] for a review see e.g.: J. D. Bjorken, Acta Phys. Polon. B28, 2773 (1997).

[3] F. Cooper, Y. Kluger, E. Mottola, and J. P. Paz, Phys. Rev D51, 2377 (1995); D. Boyanovsky, H. J. de Vega, and R. Holman, ibid. 734 (1995).

[4] M. Lampert, J. F. Dawson, and F. Cooper, Phys. Rev. D54, 2213 (1996); D. Boyanovsky, F. Cooper, H. J. de Vega, and P. Sodano, Phys. Rev. D58:025007 (1998).

[5] see e.g. A. Linde, Particle Physics and Inflationary Cosmology, Harwood Acad. Publ., Switzerland 1990).

[6] Y. Shtanov, J. Traschen, and R. Brandenberger, Phys. Rev. D51, 5438 (1995).

[7] L. Kofman, A. Linde, and A. A. Starobinsky Phys. Rev. Lett. 76, 1011 (1996).

[8] D. Boyanovsky, H. J. de Vega, and R. Holman, Phys. Rev. D49, 2769 (1994); D. Boyanovsky, D. Cormier, H. J. de Vega, and R. Holman, ibid. D55, 3373 (1997); D. Boyanovsky, D. Cormier, H. J. de Vega, R. Holman, A. Singh, and M. Srednicki, ibid. D56, 1939 (1997).

[9] J. Schwinger, J. Math. Phys. (N.Y.) 2, 407 (1961).

[10] L. V. Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964); Sov. Phys. JETP 20, 1018 (1965).

[11] J. Baacke, K. Heitmann, and C. Pätzold, Phys. Rev. D57 ,6406 (1998). [12] J. Baacke, K. Heitmann, and C. Pätzold, Phys. Rev. D55, 2320 (1997). [13] E. C. G. Stueckelberg, Phys. Rev. 81, 130 (1951).

[14] J. Baacke, K. Heitmann, and C. Pätzold, Phys. Rev. D57, 6398 (1998). [15] V. P. Maslov and O. Yu. Shvedov, Initial conditions for semiclassical field theory, hep-th/9709151.

[16] H. J. de Vega, and J. Salgado, Phys. Rev. D56, 6524 (1997). [17] D. Boyanovsky, C. Destri, H. J. de Vega, R. Holman, and J. Salgado, Phys. Rev. D57, 7388 (1998).

[18] J. Baacke, K. Heitmann, and C. Pätzold, Nonequilibrium dynamics of fermions in a spatially homogeneous scalar background field, hepph/9806205, to be published in Phys. Rev. D.

[19] J. Baacke, K. Heitmann, and C. Pätzold, Phys. Rev. D 55, 7815 (1997). [20] J. Baacke, K. Heitmann, and C. Pätzold, Phys. Rev. D56, 6556 (1997).